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Minimum Energy-per-Bit Wireless Multi-Hop Networks
with Spatial Reuse

Changhun Bae and Wayne E. Stark

Abstract: 1n this paper, a tradeoff between the total energy cons-
umption-per-bit and the end-to-end rate under spatial reuse in
wireless multi-hop network is developed and analyzed. The end-
to-end rate of the network is the number of information bits trans-
mitted (end-to-end) per channel use by any node in the network
that is forwarding the data. In order to increase the bandwidth
efficiency, spatial reuse is considered whereby simultaneous relay
transmissions are alowed provided there is a minimum separation
between such transmitters. The total energy consumption-per-bit
includes the energy transmitted and the energy consumed by the
receiver to process (demodulate and decoder) the received signal.
The total energy consumption-per-bit is normalized by the dis-
tance between a source-destination pair in order to be consistent
with a direct (single-hop) communication network. Lower bounds
on this energy-bandwidth tradeoff are analyzed using convex opti-
mization methods. For a given location of relays, it is shown that
the total energy consumption-per-bit is minimized by optimally
selecting the end-to-end rate. It is also demonstrated that spatial
reuse can improve the bandwidth efficiency for a given total energy
consumption-per-bit. However, at the rate that minimizes the total
energy consumption-per-bit, spatial reuse does not provide lower
energy consumption-per-bit compared to the case without spatial
reuse. This is because spatial reuse requires more receiver energy
consumption at a given end-to-end rate. Such degraded energy effi-
ciency can be compensated by varying the minimum separation of
hops between simultaneous transmitters. In the case of equi-spaced
relays, analytical results for the energy-bandwidth tradeoff are
provided and it is shown that the minimum energy consumption-
per-bit decreases linearly with the end-to-end distance.

Index Terms: Cochannel interference, convex optimization, mini-
mum energy-per-bit, relay networks, spatial reuse.

1. INTRODUCTION

Multi-hop routing for wireless networks has garnered consid-
erable interest recently. Energy optimization is a critical issue
in the design of low-power wireless multi-hop networks. Typi-
cally, the analysis of such networks considers only the transmit-
ted energy. However, the energy consumption of the receiver
may not be negligible compared to the transmitter energy con-
sumption. Thus, reducing the total energy consumption for end-
to-end transmission is a critical design objective for such net-
works. In addition, efficient utilization of the scarce spectrum
is important. In these multihop networks, as in point-to-point
links, there is a fundamental tradeoff between energy efficiency

Manuscript received October 1, 2009.

This research was supported by the Air Force Office of Scientific Research
under grant FA9550-07-1-0456.

The authors are with the Electrical Engineering and Computer Science De-
partment at the University of Michigan, Ann Arbor, MI 48109, USA, email:
{changhun, stark } @umich.edu.

and bandwidth efficiency.

Recently, research on the performance evaluation of multi-
hop networks has focused on the problems of capacity and min-
imum transmission energy consumption [1]j-{7]. Network ca-
pacity in random networks was analyzed to find the maximum
throughput in both random and arbitrary networks [1]. The max-
imum achievable rate per bit is analyzed in [2]-[4] while in [5],
[6] the minimum transmission energy per bit is analyzed to mea-
sure the efficiency of transmission. A potential energy savings
of multi-hop transmission results from reducing the distance be-
tween communicating nodes [7]. However, emphasis on trans-
mission energy may not be an effective approach when a signifi-
cant amount of energy relative to the transmission energy is con-
sumed in the receiver. In addition to energy consumption, band-
width utilization needs to be considered. In [8] and [9], while
receiver energy consumption is modeled and incorporated into
the total energy consumption, bandwidth utilization is not con-
sidered. The minimum energy-bandwidth tradeoff with receiver
energy consumption is analyzed in [12] without considering spa-
tial reuse.

Because of the practical constraints in the design of radio
devices, multi-hop transmission is usually accomplished with
half duplex nodes, which leads to a loss in bandwidth efficiency.
However, by reusing the time or frequency, increased utilization
of radio resources can be anticipated, since more transmissions
are involved. This, however, comes at the price of increased
interference. In this paper, we analyze the energy-bandwidth
tradeoff with spatial reuse in a multi-hop network where nodes
can be placed arbitrarily between a single source-destination
pair over an additive white Gaussian noise (AWGN) channel. In
this analysis, we formulate the overall performance in terms of
how much energy will be consumed and how efficiently the net-
work utilizes the bandwidth to deliver a single information bit
using spatial reuse. The main outcome of this paper is charac-
terization of the tradeoff between energy efficiency Ej, /Ny and
bandwidth efficiency R, similar in nature to the tradeoff in a
single hop (point-to-point) transmission over an AWGN channel
determined by Shannon. Our work differs from previous work in
two ways: (1) Unlike the equi-distant assumption, relay nodes
can be placed arbitrarily in a 2-dimensional plane with the re-
quirement that the sum of each relaying distance should be equal
or greater than the end-to-end distance, which makes it possible
to compare the performance of different routing paths; and (2)
unlike the typical transmission energy optimization, receiver en-
ergy consumption is included to find the minimum total energy
consumption-per-bit and corresponding optimal end-to-end rate.

This paper is organized as follows. In Section I, the system
model is described. Section III presents the performance mea-
sures considered in this work and the problem formulation. Sec-
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Fig. 1. llustration of network model with spatial reuse, p = 3.

tion IV investigates lower bounds of the performance in terms of
the end-to-end energy-bandwidth tradeoff. In Section V, the spe-
cial case of equi-spaced relays is considered. Numerical results
are presented in Section VI, and finally Section VII concludes
the work.

II. SYSTEM MODEL

In this section, we describe the model we use for the net-
work. We consider a stationary network that consists of a single
source node and a single destination node, separated by a dis-
tance d,, and k — 1 relaying nodes located arbitrarily between
the source and destination node, as shown in Fig. 1. In particu-
lar, we consider a decode-and-forward relaying protocol where
relay node j + 1 decodes the message sent from relay node 7,
re-encodes it using the same or a different codebook, and then
forwards the message to relay node j + 2. We denote the re-
lay distance of hop ¢ from node 7 — 1 to node i as d;, given
by d; = a;d, where 0 < o; < 1. Note that 37, o; > 1,
which implies that not every relay is necessarily located on the
line between the source and destination. Data from the source
is forwarded to the destination through & — 1 relays. The trans-
mission at each hop is implemented using capacity-achieving
codes with the same duration for each coded symbol for each
link. For reliable communication, the rate of transmission R in
information bits per channel use must be less than the capac-
ity C. Thatis, R < C(y) & v > g(R), where ~ is the re-
ceived energy per channel use-to-noise power spectral density
ratio and g(R) = C~'(R) is the inverse of the channel capac-
ity C{v). We assume that the channel capacity function C(~) is
continuous, twice differentiable, and concave. For the case of an
AWGN channel, the capacity and its inverse function are given
by C(v) = 31ogy(1 + 2v) and g(R) = 222‘1, respectively.

We assume that the network operates with spatial reuse to
facilitate simultaneous transmissions over the network. The
bandwidth is reused by transmitters with a minimum separation
of p hops between simultaneous transmitters. All interference
from simultaneous transmitters is assumed to be modeled as
Gaussian noise. Thus, it is important to determine which relays
are selected to operate in the same transmission slot. We con-
sider a transmission strategy whereby nodes are separated by at
least 3 hops. This strategy avoids simultaneous transmissions by
two nodes that are one hop from a neighboring receiving node.
Hence, 3 < p < k and there are p non-overlapping transmission
slots. Let .S; be the set of nodes that transmit simultaneously
inslot 4, 1 < 5; < p. We assume the propagation of signals
follows a nth path-loss law model with distance. The received
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Fig. 2. lllustrative example of multi-hop transmission scenario: (a) Multi-
hop communication without spatial reuse and (b) multi-hop commu-
nication with spatial reuse.
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power P, atnode j+ 1is given by P, = dP; 5/ d;’ , where P; ;;
is the transmitter output power of node j. The energy transmit-
ted per channel use (modulation symbol) of node j, E;+, can
then be expressed as E; 1, = Pj 1,1, for a modulation symbol
duration 7. Note that § is a constant depending on the antenna
characteristics. We set § = 1 throughout this paper. In Fig. 1,
as an example with p = 3, transmission by node 3 creates a cer-
tain amount of interference to node 1 and the destination, thus
impairing the performance. The link signal-to-interference-and-
noise ratio of the jth link in the ith transmission slot is then

o By nd;” _ o
! NO + Zle&,l#j El,t:cdl-:;] 1+ ZleSi,b&j ﬁl,j'Yl

1)

where v; =

Ejie 1 (a4 |
Fo=d; " and B = ﬁ) # ;1. Note that

8,7 denotes the relative distance ratio of the relaying distance to
the interfering distance of link 7 in slot ¢. Therefore the interfer-
ing distances from other simultaneous transmitters and the mini-
mum separation of hops affects the possible rate of communica-
tion and the performance. The rate of transmission ; is given
by R; = C(I';). We assume each node has the same receiver
energy consumption, i.e., £, Joules are required to process a re-
ceived coded symbol. In practice, the energy consumption per
channel use depends on the power consumption and the process-
ing time in the receiver. For some cases the power consumption
of the RF front end can dominate the energy consumption of the
digital processing. In this case, the receiver energy consumption
can be expressed as a product of the receiver power consump-
tion and the modulation symbol duration. Throughout this paper
we assume [, is constant.

III. PERFORMANCE MEASURES
A. End-to-End Rate

To measure the end-to-end bandwidth efficiency, we con-
sider the number of information bits transmitted (end-to-end)
per channel use transmitted by any node in the network that
is forwarding the data. Unlike multi-hop transmission without
spatial reuse, multi-hop transmission with spatial reuse suffers
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from interference from other active transmissions. As shown in
Fig. 2, with spatial reuse there are p non-overlapping transmis-
sion slots and & hops for the end-to-end transmission. In con-
trast, for no spatial reuse there are k non-overlapping transmis-
sion slots and & hops.

Consider N total uses of the channel by the network. We
assume that the same number of channel uses are assigned to
the same transmission slot, i.e., N; channel uses are assigned
to the ith slot for i = 1,- -, p. The number of information bits
communicated in slot ¢ by node j € S; is N;R;. Let Ry, ; de-
note the minimum rate of all the transmissions in slot 7. Then,
the minimum number of information bits for the ith slot is
N;Rmin; = %?(NZRJ) With N; channel uses, the jth link

can deliver N; R; information bits while the network can only
handle N; Ry, ; information bits. Hence, N;Rpmin;/R; chan-
nel uses are needed to transmit NV, Ry ; information bits. Max-
imizing the minimum end-to-end number of information bits
yields the end-to-end rate as follows

N.
R, = i "iRmin [
e "m?\i(:N min { N , }

i=1

= _max min{q; Ruin,i }
21':1 Qizl

where ¢; = N;/N. The optimal solution to the above minimax
problem can be easily obtained by letting ¢; Riin i = ¢; Rmin,j»

which yields ¢f = Rr;liln,i / 25:1 Rmin, ;. Therefore, the end-
to-end rate with spatial reuse is

) -1
R, = <Z R;}m) (bits/channel use) (2

where p denotes the minimum separation of hops between si-
multaneous transmitters. Therefore, with spatial reuse, the end-
to-end bandwidth utilization is enhanced by the spatial reuse
factor p while the rate of each link is degraded by interference
from simultaneous transmissions.

B. End-to-End Energy Consumption-per-Bit

Consider the jth link in slot ¢ which is communicating at rate
R;. The energy consumption per information bit of link j, F;
consists of transmission energy consumption and receiver en-
ergy consumption to process N; Ry, i/ R; received symbols.
Thus, we have

NiRuin,:
B R (Ejtz + Ep) _ L+ Ep
! N;Rnin R; '

3)

Note that E; ;, and I, can be normalized with d. to be consis-
tent with a single hop case [12] as follows:

Eiw E; .. _

Tifé ;" = —J’; a?dj T = ajfyj 4)
FE.

v, & 2d" 6))

No

where «; = d;/d. is the normalized distance for link j. Our
major interest in this paper is to consider the overall energy con-
sumed by all the nodes that forward the data across the network.

In order to fairly represent the total energy consumption for dif-
ferent hops, we define the normalized total energy consumption
per information bit-to-noise power spectral density ratio as

k k n
Eior A Ej — a'7j+’Yc
2 E =14 71:2 I
No “Not T = R

(6)

Note that, for low rates, the processing energy for the circuitry
will dominate the total energy consumption, whereas for high
rates the transmitted energy will dominate. In particular, when
~e = 0, (6) denotes the sum of received energy per information
bit in each link that is involved in the end-to-end transmission.
This is consistent with a single link where the received energy
is the usual performance measure as opposed to the transmitted
energy.

C. Minimum Energy Consumption-per-Bit with Arbitrary
Transmission Energy

For a given multi-hop routing path, the problem of minimiz-
ing total energy consumption-per-bit with arbitrary transmission
energy of each link for a given end-to-end rate can be formulated
as the following optimization problem:

Etot (67 Re) _ min i O[;%YJ + 'Yc
N() Y3 j=1 Rj
s.t. Rj :C(F]‘),jzl,"',k (7)
P
Z Rr:nlnz - R;l
i=1 ’
where the optimization variables are v;’s for j = 1,---, k. Due

to the cross coupled terms of variables in the objective function,
which can be seen in (1), it is difficult to prove the convexity of
the optimization problem for the general case of number of hops
and to find the optimal set of transmission energies for each link
as well. Instead of finding the optimal solution to the general
problem, we propose a common power strategy as a sub-optimal
strategy, which was shown to provide a good result for the case
without spatial reuse in [12]. We assume that concurrent trans-
mitters in the same transmission slot transmit with the same en-
ergy, thatis, F;;, = Eg, ;; for j € 5;. With this assumption
we obtain the following relations. For j, I € §;

aly;=aly (8)
I = ESi,t;cd;n — Vs (9)
T No+ ez Esimdy] 1758
d;\"
Bi= > (j) (10)
1€8;,l#7 »

where 3; denotes the sum of relative distances of link j in slot
7. The fundamental goal of this paper is, for a given multi-hop
routing path @ = (ay,- -+, ) and 8 = (B1, -+, Bx), to find the
optimal set of transmission energies (E1 4z, - -, E, +o) that pro-
vides the minimum total energy consumption per information
bit for a given end-to-end data rate R.. We also focus on finding
the global minimum total energy consumption and correspond-
ing optimal end-to-end rate.
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IV. MINIMUM ENERGY CONSUMPTION-PER-BIT
A. Minimum Energy-per-Bit for a Given End-to-End Rate

We start with the optimization problem for a given end-to-
end rate. This general problem of minimizing the total energy
consumption-per-bit for a given end-to-end rate is given as
Problem I:

Etot(a R ) — min zk: Em,tz + Ep ﬂ
No Es;te = 1 Rm NO
s.t. ) Rini = RZ! (11
Em,tm = E.Sl,ta:
R, =C(T,)forme S;
where the optimization variables are Eg, ¢,’s fori = 1,---, p.

Because the objective function contains the sum of decreasing
convex functions and the constraint contains increasing con-
cave functions, Problem I is not a convex optimization problem.
However, by letting z,.! = C(I',,,), Problem I can be converted
into the following problem.

Etot (67 Re) k —1

Mo X ohh) 4]
s.t. Z T; = Re_l 12)
=1
alh(z;!) = alh(i; )
where
- 9(zm')
Ym=h(z;}) = —2"" 0 50 (13)
m=hlam) =7 Bmg(zm')
I; = argmax x; (14)
JES;
i =y, = max z; = R_i . i (15)
&i=ay, B = Bl (16)

The form in (12) is still not a convex optimization prob-
lem due to the non-affinity of the second equality constraint.
While numerical methods can provide the minimum energy
consumption-per-bit for a given end-to-end rate, it is hard to ob-
tain an optimal solution for arbitrary networks.

In summary, the original problem in (7) is simplified to Prob-
lem I'in (12) by the assumption of equal transmission power for
concurrent transmitters. This enables us to simplify the SINR
relation in (1) to (9). While optimal solutions for both problems
can be obtained by numerical methods, it is not easy to find
optimal solutions when the number of nodes becomes large. In
particular, Problem I is a nonconvex optimization problem even
though it has been converted. Thus, instead of finding the op-
timal solution of Problem I, a lower bound to Problem I can
be obtained by eliminating the equal power constraint in (12),
which is applicable to any arbitrary networks with a large num-
ber of nodes. This leads to the following convex problem.
Lower bound of Problem I:

Bia(@, Re) ;

> mi 7
N, > min m{:l Tm (o h(z

P
s.t. Z I; = Re_l
i=1

)+ e .
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where the optimization variables are x,,’s for m = 1,---, k.
For (17) to be a convex problem, it is required that h(z) =
_9@)
1 - Bg(x)
1/8 and 3 > 0 [12], which can be easily shown. Therefore, the
optimal parametric solution to the lower bound of Problem I can
be obtained from the Karush-Kuhn-Tucker (KKT) conditions.
Parametric solution to lower bound of Problem I: For m =
k,let z;} = C(T,,). For a given Lagrange multiplier ),
and @ and 3, 2} can be determined by solving the following
equation from its Lagrangian function for £;,7 = 1,---, p

T -

3

be an increasing convex function for 0 < g(z) <

(13)

and z7 # &; for j € S; can be determined by solving the fol-
lowing equation for z;

ag, [ M) | =,

where 0 < z.)! < C(1/Bn) form = 1, k and v, > 0.
Since the function f(u) = wh’(u) — h(u) in the left hand side
of (18) and (19) is increasing with v > 0 and f(0) = 0, it is
required that A < ~y.. Hence, the optimal vy, is obtained from
25, which also provides

(z:;m) (Zo (1/8) >_1 (20)

where it should be noticed that the end-to-end rate is bounded,
since the minimum link rate of each slot 7 is bounded by the
maximum achievable SINR. The resulting minimum total en-
ergy consumption-per-bit is lower bounded by

(19)

T [ h(1/25,) + 7]

"h'<i*)+xx +Zo/’h’<1>].
x; jes x]

J#i

@1

i=1

The parametric solution to the lower bound of Problem I is ob-
tained from the following procedure using numerical methods:

Step 1. Fix A.

Step 2. Solve (18) for z;.

Step 3. For z; # &; with j € S}, solve (19) for z;.
Step 4. Repeat the above stepsfori =1,---,p
Step 5. Determine R, and ?V—“S‘ from (20) and (21).

By varying A we can determine the tradeoff between FEiy /Ny
and R.. Using (13), (18) can be simplified to

a;"(&7 g (&7 — g(@7 ") + Big(d71)?)
= (Ye — M(1 = 2Bi9(3;7 1) + (B:)29(271)?).

Note that when there is no significant interference, i.e., ﬁz <1,
(22) can be approximated as

(22)

ai"z; tg(27h) + [261-(% —A) — di"] g(@7h) = . — A (23)
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For the case of an AWGN channel, we have g(z) = C~(z) =
- . _ 2/®m _
0.5(2%% — 1), which leads to h(z ') = 2_/(33(2‘2/%})_1) There-

fore, it is straightforward to obtain the solution to the lower
bound of Problem I for an AWGN channel. In particular, the
solution to (22) for an AWGN channel can be approximated as

23;2 ~ {W (9—1(}%60161) +1- 9131} (24)

where 0, = 20;7"(y. — A), and W(") is the principal branch
of the Lambert W-function, for which W(§) > —oo [13]. Note
that when there is no interference, i.e., 5; = 0, the approximated
solution (24} is the same as the result of [12].

B. Minimum Energy-per-Bit for an Optimal End-to-End Rate

Now consider the minimum total energy consumption-per-bit
by optimally selecting the end-to-end rate for a given multi-hop
routing path as follows.

Problem II:

Etol(aa R:) k Ej,tw + Ep de:

= min
NO Ejta j; Rj NO (25)
st. Rj=C(T;),j=1,k

Eji=FEs, ipforjes;

where the optimization variables are E; ;,,’s. Note that in (11)
and (25), both F; +, and Eg, 4, are the same, but in (25) our goal
is to find the global minimum energy-per-bit over the rates by re-
moving the constraint for the given rate related to the first con-
dition related to p in (11). Thus, E; i 18 preferred over Eg, 4.

As in Problem I, (25) cannot be converted into an equivalent
convex optimization problem. However, a lower bound of Prob-
lem II can be obtained from the unconstrained convex optimiza-
tion problem of (17)

— s .
‘_Em[(oz,Re) > min ( S T [oﬂ hz,
Ng

Tm m=1

>+%]> .9

Solution to lower bound of Problem II: Let x},
-, k be the solution to

for m =

m 7)

- )| =

xm
The solution to the lower bound of Problem 11 is then as follows

Etot (aa R:)
No

Mw

2 ) amlanh(l/zn) +0d  (28)

1

a"mh’< ! )
m=1 x:"

where (28) can be obtained from (21) by substituting A = 0. For
the case of an AWGN channel, when 8 < 1, the solution to (27)
is approximated as

o~ {W (Me%ﬂm) 41— HZBm:I (30)

m

&

(29)

2In2

*
‘rm
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where 6, = 2a,."7v.. Notice that when there is no inter-
ference, i.e., 5, = 0, the approximated solution (30) is the
same as the result of [12]. In particular, when the circuit pro-
cessing energy is ignored, substituting v. = 0 to (27) yields
w(u) 2 ug'(u) — g(u)(1 — Bmg(w))? = 0, where u =z 1. It
can be easily shown that w(u) is increasing in u for 0 < g(u) <
1/Bm and w(0) = 0. Therefore, we obtain the optimal solution
1/2*, = 0 and, correspondingly, the optimal minimum total en-
ergy consumption-per-bit for the case of v, = 0.

Solution to Problem II with v, = 0:

Ey(a, RY)

Ny l/ac —)0 <Z a" 1’ h 1/%%))

This implies that the minimum energy consumption-per-bit oc-
curs at R, = 0 when only the transmission energy is considered.
Hence, without receiver energy consumption, multi-hop routing
with spatial reuse achieves the same minimum total energy con-
sumption per information bit as multi-hop routing without spa-
tial reuse in [12].

V. PERFORMANCE OF EQUI-DISTANT MULTI-HOP
ROUTING

In this section, we derive the optimal end-to-end rate and
number of hops to minimize the overall energy consumption-
per-bit of equi-spaced relays between the source and the des-
tination. We also investigate how the number of hops and the
end-to-end distance affect the performance. The optimal solu-
tions are obtained by decoupling the joint optimization problem
in rate and number of hops into two sub-problems. We first ob-
tain the optimal number of hops as a function of R.. Then, the
optimal value of R, is derived [8], [14].

Consider the case of equi-spaced relays using spatial reuse
with minimum separation between simultaneous transmitters. In
practice, depending on the relay position in the network, each
link SINR can vary even if the same transmission energy level
is allowed in each link. However, for the purpose of investigat-
ing the impact of the end-to-end rate and number of hops, we
assume that each link experiences the same amount of interfer-
ence; this requires k > 2p, since at least one interferer must
exist in each transmission slot. Also, the cochannel interference
is assumed to be independent of the number of hops by con-
sidering the major interference from the immediate neighboring
concurrent transmitter, that is, 8 = (p — 1)7". As such, each
link is assumed to communicate at the same rate. Let I" be the
SINR at each link. The end-to-end rate is then

T -1
R, = E = @ < C_(Bh_) 3D
p p p
and the received SNR of each link is y = % £ h(pR.),

where ¢(-) denotes the inverse of the channel capacity function
and 0 < g(pR.) < 1/8, since v > 0. The total energy con-
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sumption per information bit is then

k
Etot(kaRe) _ Z k;_n7 + Ye

NO pRe

_ K'""h(pRe) + ke 32)
pR. '

=1

With transformation of the variables k = e~* and pR. = ™Y,
the problem of minimizing the total energy consumption-per-bit
can be converted into an equivalent optimization problem

Etot(x*vy*) :

= i Y [on=1)zp(po—y —z
Ny zeII{I,I;IGRe [e P(eTV) + e ] (33)
-y
where h(e™Y) = %—y—).

Proposition 1: The objective function Ey,(z,y)/Ny is con-
vexinz, y for z, y € Rif g(u) satisfies the following conditions

9(w)g () +u[g"wg(w) — g (w?] > 0. (34)
Proof: See Appendix 1. O
Therefore, if the sufficient conditions are satisfied, the opti-
mization problem is a convex optimization problem and thus
any locally optimal solution is guaranteed to be a globally op-
timal solution. For the case of an AWGN channel, it can be
easily verified that the objective function in (33) is convex
(see Appendix 1). Other channels of interest are the binary in-
put AWGN channel and the binary input hard decision AWGN
channel, whose channel capacity functions [15] are given by

Chiso(y) =1 - / gz — /27)logy (1 + €72V )dgy

Crro(7) =1 — Hz(Q(v/27))
—r2 )
where g(z) = \/%e =°/2 and Hy(z) = —xlogy(z) — (1 —
x)logy(1 — x) is the binary entropy function. Numerical meth-
ods can verify the sufficient condition for convexity of the above

two channels. Note that interference from other transmissions is
regarded as additional Gaussian noise.

A. Optimization of the Number of Hops

For a given end-to-end rate, treating the number of hops as a
continuous variable, we optimize the total energy consumption-
per-bit over x:

Etot(:v*, y)

A (35)

= miney | e DT (e—Y fﬂc]
mi e [e h(e™¥) +~.e7 7.

Setting the derivative with respect to z equal to zero yields the
optimal number of hops for a given end-to-end rate as follows

k= = [’7 —1_ge) (36)

1/7
Ye 1—/39(6‘?’)] '

The minimum total energy consumption-per-bit at the optimal
number of hops is then

Etot(k*a RE)
No

n—11"7"1 g [ 9(pR.) r/"
= L el | (3
[ Ye } pRe |1 - Bg(pRe) G
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B. Optimization of the End-to-End Rate

The problem of determining the optimal end-to-end rate is
formulated by substituting (36) into (33) which results in

Etot(x*ay*) _ i . [n _ ]_:l %”1 l: enyg(e—y) :|1/77
No Y Ye 1 — Bg(e™v) '
Setting the derivative with respect to y to be equal to zero yields
ngle ¥)(1 — Bg(e™¥)) = e ¥g'(e"¥). Let u* be the solution
to ng(u)[1 — Bg(v)] = ug'(u). The optimal end-to-end rate is
then

(3%)

and the optimal number of hops at the optimal rate is obtained
by substituting (38) into (36),

K (RY) = [—"—:}1 % } i

The resulting normalized minimum total energy consumption-
per-bit at the optimal rate is then

Eu(k*, BY) [n—lr‘li[ g(u*) }””
Ng = Ye u* [1— Bg(u*)
Ey 1_WdH7 40
— () [ﬂ ! (40)
where
1] gw) 177 n
o= || () @

which is a function of the channel and the propagation loss
exponent. From (6), the unnormalized minimum total energy
consumption-per-bit is given by

ES(*, R _ Ea(k",R)
No No

E 1-1/n
a1 = £.(n) []—Vg} de. 42)

From the above results, it is observed that the optimal rate de-
pends only on the relative distance ratio 5 if the optimal num-
ber of hops satisfies the constraint k£* > 2p, which grows lin-
early with d, as in the case without spatial reuse. This is be-
cause the transmitted energy becomes dominant as d, increases,
which implies that more hops yields more energy efficiency
for small «.. Thus, as 7, becomes small, networks with more
hops can achieve the minimum energy consumption-per-bit, as
will be shown in the numerical results. In addition, there are
two key observations for the minimum normalized total energy
consumption-per-bit: (i) Increases with the ”T_l power of the
processing energy and (ii) decreases with d1 7. Therefore, we
can conclude that the actual unnormalized minimum total en-
ergy consumption-per-bit increases linearly with d, from the re-
lation between the normalized total energy consumption-per-bit
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—» route 1
------- - route 2

@ (0.15,0.26)
° (0.33,0.18)

@\@/\\ 0

(0.29,-0.07)

(0.58, -0.25)

Fig. 3. Example of two possible routes in 2-dimensional network model
where distance between any two nodes denotes the normalized relay
distance by the end-to-end distance with spatial reuse, p = 3.
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0 02 0.4 0.6 0.8 1 1.2 14
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Fig. 4. Comparison of normalized energy-bandwidth tradeoff when

Ye = —5.31 dB with k& = 4 hops for selected location of relays at
de = 3000 mand p = 3.

and the end-to-end distance in (6). Note that the optimal en-
ergy constant in (41) depends on the channel capacity, the path-
loss exponent, and the relative distance ratio. For different in-
put/output AWGN channels (e.g., binary input or binary output),
the resulting energy consumption constants are given in Table 1
along with the loss incurred relative to the AWGN channel for
p=3.

VI. NUMERICAL RESULTS

In the numerical results, unless otherwise specified, we as-
sume that the path-loss exponent is = 4, the channel is
an AWGN, the minimum separation of hops between simulta-
neous transmissions is p = 3, the noise power spectral den-
sity Ny = —174 dBm/Hz, and the circuit processing energy
is B, = 0.095 pJ/symbol, which at an end-to-end distance of
d. = 3 km yields v, = —5.31 dB.

In Fig. 4, the normalized energy-bandwidth tradeoffs are plot-
ted, where results are drawn based on numerical optimization
with the same transmission energy, the lower bound of Prob-
lem I, the numerical result with arbitrary transmission energy,
and the optimal result without spatial reuse in [12], respec-
tively. The distance ratio vector is @ = (0.3,0.25,0.15,0.3)
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Fig. 5. Comparison of normalized energy-bandwidth tradeoff with trans-
mission energy constraint in the same slot when . = —17.36 dB
with k¥ = 4 and & = 5 hops for selected location of relays at
de = 3000 mand p = 3.
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Fig. 6. Comparison of normalized energy-bandwidth tradeoff with trans-
mission energy constraint in the same slot when y. = O with k = 4
and k = 5 hops for selected location of relays at d. = 3000 m and
p=3.

and 7. = —5.31 dB. The lower bound on the energy-per-
bit with the same transmission energy constraint in the same
slot is shown to be very tight to the actual energy-per-bit with
the same constraint. The arbitrary transmission energy and the
case without spatial reuse are drawn together to observe the
effect of transmission energy restriction and the performance
loss from spatial reuse. At low rates the energy consumption
due to the transmiftter alone decreases while the total energy
consumption increases due to the energy needed for process-
ing. At high rates, however, the total energy consumption in-
creases as the transmitted energy increases. Thus, such charac-
teristics yield a nonzero optimal rate that minimizes the total
energy consumption-per-bit, similar to the result in [12]. It is
also seen that the end-to-end bandwidth utilization is limited,
because the rate of communication in each slot is bounded by
cochannel interference, as indicated in (20). In Figs. 5 and 6,
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Fig. 7. Comparison of lower bounds of normalized energy-bandwidth
tradeoff for two different routes: k = 4 hops for selected location of
relays when v, = —5.31 dB at d. = 3000 m.
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—— (k=8, p=3)
I - - - k=6, p=4)

Etot /]V() (dB)

0 0.2 04 06 0.8 1 1.2 1.4
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Fig. 8. Lower bound of normalized energy-bandwidth tradeoff with
transmission energy constraint in the same slot: £ = 6 hops for
selected minimum separation of simultaneous transmitters when
ve. = —5.31 dB for equi-distant relays at d. = 3000 m.

the normalized energy-bandwidth tradeoff with a transmission
energy constraint is plotted for different processing energies,
Yo = —17.36 dB and v. = 0 (—oo dB) where the distance
ratio vectors are given as @ = (0.3,0.25,0.15,0.3) for k = 4
hops and @ = (0.3, 0.2,0.1,0.25,0.15) for k = 5 hops. As the
processing enetrgy decreases, the optimal rate minimizing the to-
tal energy consumption-per-bit decreases, because the transmit-
ted energy is more dominant as -, becomes small. In particular,
when v, = 0, the minimum total energy consumption-per-bit
occurs at R, = 0, which verifies the result of Problem II with
Ye = 0. In addition, when . = 0, it shows that a multi-hop net-
work with more hops is more energy-efficient. This is because
more relays reduce the distance between hops, which further
contributes to reducing the transmitted energy.

In order to show that different selection of relays causes dif-
ferent amounts of interference because of the different distances
from transmitters to the receivers, we consider a wireless net-
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Elot /]\,0 (dB)

e it == i i i
0 0.2 0.4 06 0.8 1 1.2 14
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Fig. 9. Lower bound of normalized energy-bandwidth tradeoff with
transmission energy constraint in the same slot: k¥ = 6 hops for
selected minimum separation of simultaneous transmitters when
~v. = —17.36 dB for equi-distant relays at d. = 3000 m.
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Fig. 10. Lower bound of normalized energy-bandwidth tradeoff with

transmission energy constraint in the same slot: k¥ = 6 hops for
selected minimum separation of simultaneous transmitters when
~c = 0 for equi-distant relays d. = 3000 m.

work with 3 relays as an example where the locations of the
nodes are given in Fig. 3. Using the lower bound to the solu-
tion of Problem I, we compare the performance of two possible
multihop routes in Fig. 7. It is observed based on the bound that
route 2 is better than route 1 at low rates while at high rates
route 1 is better, because route 2 suffers more from interference
as the transmission energy increases. An efficient algorithm that
can find the optimal route for a given rate is currently unknown
when the number of nodes is large. However, the insight into
which route is better based on bounds is very useful.

Fig. 8 depicts the impact of the minimum separation of simul-
taneous transmitters when the relays are placed equidistantly for
Y. = —5.31 dB at d. = 3 km. Instead of the result in Section V
where the same interference is assumed in the same transmis-
sion slot, lower bounds to the solution of Problem I are used.
Note that as p increases, fewer simultaneous transmissions are
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01 02 03 04 05 06 07 08 09
R, (bits/channel use)
Fig. 11. Lower bound of normalized energy-bandwidth tradeoff with

transmission energy constraint in the same slot when p = 3 and
ve. = —45.31 dB for equi-distant relays d. = 30 km.

Arialytical fesult of (46)

i

0 01 02 03 04 05 06 07 08 09
R. (bits/channel use)

-3

Fig. 12. Comparison of normalized energy-bandwidth tradeoff with
transmission energy constraint in the same slot for selected num-
ber of hops, k = 6,7,8 when v, = —5.31 dB for equi-distant relays
de =3 kmand p = 3.

used and p = k corresponds to the case without spatial reuse. At
low rates, the energy efficiency is improved with fewer simulta-
neous transmissions. However, at high rates, an optimal selec-
tion of p is necessary, because more spatial reuse can cause a
significant amount of interference whereas less spatial reuse re-
duces the bandwidth utilization. Hence, it should be noted that
whether spatial reuse can improve the bandwidth utilization and
contribute to enhancing the energy efficiency depends on the de-
sired end-to-end rate.

In Figs. 9 and 10, lower bounds on the normalized energy-
bandwidth tradeoff are plotted for v. = —17.36 dB and v, = 0
to further explore the impact of processing energy. In Fig. 9,
where v, > 0, it is seen that a multi-hop transmission without
spatial reuse is more energy efficient at low rates. This is because
the receiver energy consumption without spatial reuse, v. R,
is less than that with spatial reuse, (R ' + g 2 ),

min, i~ J

fori = 1,---, p at a given end-to-end rate. However, as shown

)
Z
g .
g
&
: k=20
-30 s.\.,,./’/ . —.‘;.‘;/ _

R A e e e W=

Analytical result of (46)

01 02 03 04 05 06 07 08 09
R. (bits/channel use)

Fig. 13. Comparison of normalized energy-bandwidth tradeoff with
transmission energy constraint in the same slot for selected num-
ber of hops, k = 10, 20,30 when ~v. = —45.31 dB for equi-distant
relays de = 3kmand p = 3.

——— BIBO AWGN - .
241 _ _ _BISO AWGN : : : N
----- SISO AWGN : : :

S

0315 032 0325 033 0335 034 0345 035
R, (bits/channel use)

0.3 0305 0.31

Fig. 14. Comparison of normalized energy-bandwidth tradeoff with
transmission energy constraint in the same slot for various AWGN
channel models when v. = —5.31 dB and k = 6 hops for equi-
distant relays d. = 3 kmand p = 3.

in Fig. 10 for ~. = 0, more spatial reuse yields more energy ef-
ficiency at low rates, because: (1) Only the transmission energy
is considered, and (2) less transmission energy is required for
more spatial reuse transmission to produce the same end-to-end
rate before it suffers from severe cochannel interference. For
short end-to-end distances such as d. = 3000 m in Fig. 9, it
is seen that, at high rates, the spatial reuse case cannot outper-
form the no spatial reuse case even, if the minimum separation
is adjusted. However, when d. becomes large, such as d. = 30
km in Fig. 11, it is observed that the spatial reuse case is better
than the no spatial reuse case at high rates. This verifies that,
although both cases suffer from bandwidth efficiency loss due
to half duplex property, for large end-to-end distance, increased
utilization of resources is expected by spatial reuse.

To investigate the relation between the optimal number of
hops and the end-to-end distance or equivalently normalized
processing energy, we plot the normalized energy-bandwidth
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Table 1. Optimal energy consumption constants for various AWGN

channels.
Energy constant Loss (dB)
T
P ln=2|n=3|n=4|n=2|9=3|n=4
SISO | 3.27 2.83 2.25 - -
BISO | 3.35 3.03 255 | —0.10 | —0.29 | —0.54
BIBO | 4.34 3.60 286 | —1.23 | —1.04 | —1.04

tradeoff for the equi-distant relays case in Figs. 12 and 13 with
the same interference assumption as in Section V. Since we
assume that at least one interferer must exist in each transmis-
sion slot, k& > 6 hops are considered for p = 3. In order to
assess the performance for very low processing energy, cases
with v, = —45.31 dB are compared with cases for v, = —5.31
dB. When v, = —5.31 dB, the minimum energy consumption-
per-bit occurs at k = 6, which is the smallest number of hops
when p = 3. This implies that when the normalized process-
ing energy consumption is not negligible, a multi-hop network
with less hops is more energy efficient. On the contrary, when
the normalized receiver energy consumption is very low but not
equal to 0, e.g., 7. = —45.31 dB, a multi-hop network with
more hops is more energy efficient compared to a multi-hop
network with less hops. This can be identified from the result
in (39) that as +, increases, the optimal number of hops de-
creases. Correspondingly, the minimum energy consumption-
per-bit also increases as d. decreases, which verifies the results
in (40). It is also observed that, due to the limited achievable
SINR, the end-to-end bandwidth utilization is limited and con-
verges to,C(8 ~1)/p, because its immediate neighboring simul-
taneous transmitter is a major source of interference. Note that
when mdltiple interferers are considered, the end-to-end rate
converges to (3-, C~*(1/8;)) ™", as described in (20).

Perfortance comparisons for various AWGN channel mod-
els are presented in Fig. 14, where k& = 6 equally spaced
hops are considered. Input constrained AWGN channels, bi-
nary input with hard decision (BIBO AWGN) and binary
input/unquantized output AWGN (BISO AWGN), show a
bounded bandwidth utilization at R, = 1/3 bits/channel,
and degraded performance compared to the unquantized in-
put/output AWGN channel (SISO AWGN) due to their inher-
ently limited bandwidth utilization. This can be identified in
Table 1, where the optimal normalized energy consumption con-
stants are provided for different channel models. It is seen that
the optimal energy consumption per information bit decreases
as bandwidth is utilized efficiently through the channel.

VII. CONCLUSION

This paper establishes the minimum energy-bandwidth trade-
off for wireless multi-hop networks where relays can be placed
arbitrarily between the source and destination. The end-to-end
rate is first introduced to capture the end-to-end bandwidth uti-
lization, in which spatial reuse is used by restricting the mini-
mum number of hops between simultaneous transmitters. Nor-
malized total energy consumption-per-bit for a multi-hop net-
work which includes the transmission energy and required en-
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ergy for processing at each receiver is considered to be consis-
tent with a single hop network. A parametric solution for lower
bounds on the minimum total energy consumption per informa-
tion bit is derived by solving an equivalent convex optimiza-
tion problem. An optimal end-to-end rate exists from the rela-
tion of the transmission and processing energy at a given end-
to-end rate. When the normalized processing energy is small,
the optimal end-to-end rate decreases due to the dominance of
the transmitted energy consumption. In particular, when the re-
ceiver processing energy is not included, multi-hop routing with
spatial reuse shows the same performance as multi-hop routing
without spatial reuse. It is shown that spatial reuse only con-
tributes to enhancing bandwidth utilization, not reducing energy
consumption-per-bit. Instead the energy efficiency can be im-
proved by varying the minimum separation of hops between si-
multaneous transmitters, which is related to adjusting the result-
ing cochannel interference.

The paper also establishes a general relationship between the
number of hops or equivalently minimum energy consumption
and the end-to-end distance by approximating cochannel inter-
ference as being equal for each link. It is shown that the nor-
malized minimum energy consumption-per-bit decreases with
1 — 7 power of the end-to-end distance, which indicates that
the unnormalized energy consumption-per-bit increases with the
end-to-end distance. In addition, the optimal number of hops is
linearly proportional to the end-to-end distance, implying that
for large end-to-end distance, more hops achieves the minimum
energy consumption.

In conclusion, there exists an optimal transmission strategy
that provides the best performance at a given energy-bandwidth
tradeoff by considering simultancous transmissions and the
number of hops. Therefore, in order to minimize the energy
consumption-per-bit at a given end-to-end rate, the number of
hops and the minimum separation of simultaneous transmitters
should be considered jointly.

APPENDIX
1. CONDITION FOR CONVEXITY

Proposition 1: The function f(z,y) = e""V*F¥h(e7Y) +
~vee *FY is convex in z and y for r € R and y € R if g(u)
satisfies the following conditions for v > O and 5§ > 0

g(w)g () + u [g"(w)g(u) — ¢'(w)?*] >0 43)

where h(u) = 1_9—6(;‘27) > 0 for 1 — Bg(u) > 0.

Proof: To prove convexity of f(z,y) in = and y, it is
sufficient to prove convexity of fi(z,y) = e"~Dzt¥p(e™¥),
since fo(x,y) = Y.~ ¥ is convex in z,y for 7, > 0 and the
non-negative sum of convex functions is convex. The second
order partial derivative of f;(z, y) with respect to z is given by

a2f1(x7 y)

5z = (1= 12T R £ a >0
X

and with respect to y

2
Qf‘al—(y:;,y_) _ e(n—l)Eer [h _ 6_yhl + e—th//] é C
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Finally, with respect to  and y, we have

82fl (may)

— (1 — (n—Dz+y
0x0y (n=1)e [h

,yhjl é
where h, 1/, and b denote h(e V),h (e"¥), and h”(e™Y), re-
spectively. Therefore, the Hessian of f, (z,y) is given by

(5 ¢)

A 2 x 2 matrix of the form H with @ > 0 is positive definite if
and only if A = ac — b? > 0 (Schur’s complement condition
[14]). Let w = e™¥ > 0. Then, for u > 0, its Hessian is given
by

H:

A = uwh(u)h'(u) +u? [h(u)h (u) — h'(u)?] ”
where
e % >0 (46)

since g(u) is increasing convex [12] and 1 — 8g(u) > 0. There-

fore, A > 0 if the following condition is satisfied for v > 0 and
glu) <1/B8with 3 >0

u(l = Bg(u)] {g(u)g'(u) +

+ Bug(u)g' (u)®

>
Therefore, for any 5 >
positive definite if g(u)g’ (u) +

u(g” (u)g(u) — ¢'(u)?)]
0.
0, it is sufficient for the Hessian to be
u (9" (u)g(u) — ¢'(u)?] > 0. O
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