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BOUNDARY VALUE PROBLEMS FOR
THE STATIONARY NORDSTROM-VLASOV SYSTEM

MIiHAI BOSTAN

ABSTRACT. We study the existence of weak solution for the stationary
Nordstrom-Vlasov equations in a bounded domain. The proof follows
by fixed point method. The asymptotic behavior for large light speed
is analyzed as well. We justify the convergence towards the stationary
Vlasov-Poisson model for stellar dynamics.

1. Introduction

We consider a population of particles and we assume that collisions are so
rare such that we can neglect them. In plasma physics the charged particles
interact by electro-magnetic forces and the evolution of the system is described
by the Vlasov-Maxwell equations. When the magnetic field is negligible we can
use the Vlasov-Poisson system. In astrophysics large stellar systems such as
galaxies or globular clusters interact by gravitational forces and the dynamics
of the system is given by the Einstein-Vlasov equations.

The Cauchy problem for the Vlasov-Poisson and Vlasov-Maxwell systems
are now well understood, cf. [3, 26, 29, 33, 35, 39], respectively [10, 16, 19,
20, 21, 24]. There are also some results for initial-boundary value problems
[1, 23] and boundary value problems [7, 22, 30, 31]. A lot of studies concerns
the stationary solutions and their stability [5, 6, 18, 32, 34].

It is well known that the Vlasov-Poisson model can be derived from the rel-
ativistic Vlasov-Maxwell model assuming that the particle velocities are small
compared to the light speed [8, 15, 25, 38].

The Einstein-Vlasov system is much more difficult, see [2, 36, 37]. A sim-
plified relativistic model is obtained by coupling the Vlasov equation to the
Nordstrom scalar gravitation theory [28].

We denote by f = F(t,z,p) > 0 the particle density in the phase-space.
Here t € R represents the time, 2 € RY the position and p € RY the impulsion,
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with IV > 1. The density F satisfies the following kinetic equation

P Vao
1 c c Vgl — c V@) ' =Y
(1)  OF +ve(p)-VaF ((8t¢+v (p)-V ¢)mc2 + %(p)) VpF =0
coupled to the wave equation
1 F(t,2.p)
2 — 020 — Ay = —emez 2b7) / dp.
@) 2%¢ ¢ By Ye(D)

Here m is the mass of particles, ¢ is the light speed in the vacuum, v.(p) =

1
N
(1 + m”leQ) ’ , p € RY is the Lorentz factor and v.(p) = #(p) is the relativistic
velocity of a particle with impulsion p € R™. For more details on the model
N+1
see [11]. After introducing the new unknown f(t,z,p) = eme? ¢(t’I)F(t,x,p)
the system becomes

+1

(B) O ulp) Vel + Fltp) Vol = S f(2,0)S0,
(@ R0~ Db = —ult,),

_ [ f&=zp)
o) pit) = [ Fenlap,

where S = 0; + ve(p) - V. is the free-transport operator and F(t,z,p) =
— (S¢m1::2 + Z@f’)) We impose the initial conditions
(6) f(oa B ) = an ¢(07 ) = Yo, at¢(07 ) = ¥1.
The Nordstrom-Vlasov system (3), (4), (5), (6) was analyzed recently by Calo-
gero and Rein. They proved that classical solutions exist at least locally in
time in three dimensions and globally in time in one dimension, cf. [13]. The
existence of global weak solutions is obtained in [14]. The convergence towards
the gravitational Vlasov-Poisson model when the light speed becomes large is
justified in [12].

The aim of this paper is to construct weak solutions for the stationary bound-
ary value Nordstrom-Vlasov system

ve(p) - Vaof — (vc(p) Vap—s 4+ j(}ﬁ) SV, f
_N+1

me2 f(xap)vc(p) Va0, (CE,p) €N x RN,

(7)

(8) —Bs¢ = —p(x), €,

f(z,p)
RN 7c(p)

(9) plx) = dp, = €9,
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with the boundary conditions

(10) fla,p) = g(x,p), (z,p) €X7, ¢(x) = po(2), v €09,

with N > 2. For the one dimensional case the reader can refer to [9]. Here
) is a smooth open bounded set of RY, ¥~ = {(z,p) € 90 x RN : p - n(z)
< 0}, where n(z) represents the unit outward normal to 9 at = and g, ¢ are
given functions. We introduce also the notations ¥ = 9Q x RN, ¥+ = {(x,p) €
00 xRN 1 p-n(z) > 0}, we denote by do the superficial measure on 9§ and
we consider the measures dv™ on X% given by dv™ = |v.(p)-n(z)| do(z) dp. By
weak solution for the stationary boundary value Nordstrom-Vlasov system (7),
(8), (9), (10) we understand a couple (f, @) such that f satisfies the stationary
Vlasov equation (7) with the boundary condition f(z,p) = g(z,p), (z,p) € X~
in the sense of distributions (see Section 2 for exact definitions and main prop-
erties) and ¢ is a weak solution of the Poisson equation (8) with the boundary
condition ¢(z) = ¢o(x), = € IN. Basically we assume that the inflow bound-
ary condition ¢ is non negative, bounded, locally integrable on >~ such that

fp'n(-)<0 iqy(c(ﬁ)) dp € L*°(0Q). In particular we establish our results for in-

flow boundary conditions g satisfying 0 < g(z,p) < C(1 + |p|)~%, (z,p) € ™.
Clearly such boundary conditions belong to LllOC N L>®(X7;dv™) and satisfy

fp,n(_)<0 g,(.'(’ﬁ)) dp € L*>®(99Q) for any § > N —1. One of the key points is to take
advantage of the conservation of the particle total energy along characteristics.
We use the method introduced by Poupaud in [30], but in a gravitational case.

We obtain the following existence result

Theorem 1.1. Assume that o € H/?(0Q) N L>®(0N), po >0 on 9Q, g >0
on X7 such that

g(z,p) < T (z,p) €X

for some constants C > 0, 6 > N —1, N > 2. Then, for any ¢ > 0 there is
a weak solution (f.,dc) for the stationary Nordstrom-Vlasov system (7), (8),
(9), (10) satisfying

0< fe < e%“soo“ym(asz)HgHLOC(Ei)7 / fc('vp) dp € Loo(Q)7
RN Vc(p)
6. € HY(Q), lim / fe(:p) o0 —0.
R—+oo || J|p|>R Ye(p) Loo()
Moreover, if 6 > 2N, N € {2,3} we have
sup fe(-sp) dp <400, lim sup fe(-sp) dp =0.
cx1 [|/rY L>(9) Rteo et ||/ |pl=R Lo ()

We justify also the asymptotic behavior towards the stationary boundary
value Vlasov-Poisson system for large light speed. As before, by weak solution
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for the stationary boundary value Vlasov-Poisson system we understand a cou-
ple (f, ¢) such that f satisfies the Vlasov problem in the sense of distributions
and ¢ is a weak solution for the Poisson problem.

Theorem 1.2. Assume that po € H'/2(0Q) N L=(0N), po >0 on 99, g >0
on X~ such that

g(x,p) < ( (z,p) € ¥~

L+ p|)®’

for some constants C > 0, 6 > 2N, N € {2,3}. For any ¢ > 1 let (fc, d.)
be the weak solution of the stationary Nordstrom-Viasov system constructed in
Theorem 1.1. Then there is a sequence (cg)k, limg_, 4ooCr = +00 such that

fk = ka - f7 weakly * n LOO(Q X RN)7

Or = ¢, — ¢, strongly in Hl(Q),

where (f,P) is a weak solution of the Viasov-Poisson system

(11) %-me—vm¢~vpf=0, (z,p) € Q x RV,
(12) P / f(e.p) dp, xeQ,

RN
(13) f(z,p) =g(x,p), (z,p) €X7, ¢(x) = po(z), = €N

Our paper is organized as follows. In Section 2 we recall the notions of
weak and mild solutions for the stationary Vlasov problem and we present the
properties of such solutions. In particular we deduce estimates for the mild
solution, some of them being independent of the light speed. In Section 3
we construct a fixed point map for a regularized Nordstrém-Vlasov system
and we show the existence of a fixed point by using the Schauder theorem.
The existence of weak solution for the Nordstrom-Vlasov system is obtained
in Section 4 by weak stability. We prove also the convergence towards the
gravitational Vlasov-Poisson system when the light speed goes to infinity.

2. The Vlasov equation

In this paragraph we assume that ¢ = ¢(x), g = g(z,p) are given functions
and we introduce the notions of weak and mild solutions for the stationary
Vlasov problem

+1

N

(15) f(xvp) = g(fE,p), (l',p) €ex,
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mc?

where S = v.(p) - V. and F(x,p) = (qu + (p)). Observe that the

divergence of the field (v.(p), F(x,p)) with respect to the variables (z,p) is
given by

(16) div (g p) (ve(p), F(2,p)) = =

Therefore the Vlasov equation (14) can be written formally
()
div, (ve(p) fl,p)e™ e ) +divy, (F(,p) f(w,p)e e ) =0, (2,p) € QX RY,

We have the usual definition for the weak solution:

Definition 2.1. Assume that ¢ € WH>(Q),g € LL (X7;dv™). We say that
f e LL (2 x RY) is a weak solution for the stationary Vlasov problem (14),
(15) if and only if

me?

(z)
— [ [ @) ) Va0 + Plap) - V,0) dp da
R

7/ g(z,ple” 20 dv
-

for any test function 6 € C1(Q x RY) satisfying 0[5+ = 0.

(17)

Assume now that ¢ € W2°°(Q) and for any (z,p) € (2 x RN)U X~ let us
introduce the system of characteristics

ax ap

(18) = —u(P6), o

= F(X(s), P(s)),
with the conditions
(19) X(s=0)==z, P(s=0)=p

Notice that under the above regularity hypothesis on ¢ there is a unique C*
solution (X (s), P(s)) := (X(s;z,p), P(s;x,p)) of (18), (19) for s € |si(x,p),
Sout (2, p)[, where the entry/exit times are given by

(20) sin(z,p) =inf{r <0 : X(s;z,p) € Q, Vs €|r,0][},

(21) Sout(x,p) =sup{T >0 : X(s;x,p) € Q, Vs €|0,7[}.
Observe that the Vlasov equation (14) can be written

N1 g N1 g
ve(®) - Vo (f(@p)e 73 9D) 4 F(a,p) - 9, (f(@,p)e” w2 *D) =0, (2,p) € A x RY,

N
saying that f(z, p)e_m%cr;‘j’(x) is constant along all characteristics. We have the
definition:

Definition 2.2. Assume that ¢ € W2°°(Q). The mild solution (or solution
by characteristics) of the stationary Vlasov problem (14), (15) is given by

T3 b (w _N+1 Sin;T,
f(a, p)—emc ¢(@) o= Trez $(X( p))

g(X(Sin§x,p)7P(Sin§$,p))7 lf Sin($7p)>_oov
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and
flx,p) =0 if sjn(x,p) = —oc.

By definition the mild solution is unique. Unfortunately, in general there is
no uniqueness for the weak solution because f can take arbitrary values on the
characteristics such that sj, = —oo. In order to retrieve the uniqueness of the
weak solution we penalize the Vlasov equation. For any o > 0 we consider the
problem

(22) af(2,p) +eelp) Ve S +F () Vo f =~ L f(2,p)S6, (,p) € OXRY,

(23) f(ivp) = g(mvp)v (l',p) ex .

The equation (22) can be written

_ o) . _¢(@) . _ o)
af(x,p)e” me + div, (vc(p)f(a:,p)e mc2) + div,, (F(m,p)f(m,p)e mc2) =0,

and thus we introduce the notion of weak solution for (22), (23) as in Def-
inition 2.1 for any ¢ € Wh>*(Q),g € L (X7;dv~). We have the classical
uniqueness result.

Proposition 2.1. Assume that ¢ is smooth (for ezample ¢ € W2>°(Q)), a > 0
and g € L>®(X7;dv™). Then there is at most one bounded weak solution for
(22), (23).

Proof. Consider (fx)re{1,2) two bounded weak solutions for (22), (23) and let
f=f1— fo. We have

(24) af (2,p) +eelp) Ve S +E(e,0) Vo f = =0 f(2,p)S6, (2,p) € OXRY,
(25) f(x,p) =0, (z,p) € %"

By (16) we know that div,F' = — 2S¢ and therefore (cf. [4, 17]) we obtain

202" mEW) - div, (f2e” 0 ¥ u(p) ) + divy, (f2e” i O Pz, p) )
=0, (z,p) € QxRY.

After integration on  x RY one gets
2‘“/ Poap)e w3 O dpda + | fPa,p)e w4 dut =0,
QJRN o+

saying that f|owgy =0 (and also f|s+ = 0). O
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2.1. Properties of the characteristics

We assume that ¢ € W2>(Q) is a given function. We start by analyzing
the change of variables (z,p) — (X(s;z,p), P(s;x,p)), where (X, P) solves
the system of characteristics (18), (19). By using (16) we deduce that the

O(X (s;z,p),P(s;2,p))
d(z,p)

4 5(X(s:2,p),

mc? ds

satisfies

determinant of the jacobian matrix J(s;x,p) :=

(26) %det J(s;x,p) = —det J(s;x,p)
and therefore we obtain

(27) det J(s;x,p) = e mez X (s52p) o i $(2) # 0,
saying that

(28) dX(s) dP(s) = e mez PX5m0) o Tz @) gy dp.
Consider now the change of variables

(29) O3 (s,z,p) — (X(s;z,p), P(s;z,p)),
where

0= U(m,p)EZ_ (]07 sout(xap)[x{x} X {p}) .
By direct computations we check that

(30)  dX dP = |v(p) - n(x)|e” mez *X B 5z ) G5 do(2) dp.

For any (x,p) € Q x RV we introduce the energy function

2\ 3
I $(x)
We(z,p) = mc? <<1 + n|12|c2> eme? — 1) )

We check easily that W, is conserved along the characteristics.

Proposition 2.2. Assume that ¢ € W2°°(Q). Then for any solution of (18)
we have

T WX (3), P$1)) =0, 510 < 5 < some

Observe that

()
Wc(l'yp) = e mec? 53(])) -+ m02 (6 ?an — 1) R

where E.(p) = mc? <(1 + l’;|22>§ — 1) is the relativistic kinetic energy. Ob-

viously we have

and oo
lim mc? <6W - 1) =o¢(x), z €,

c——+o0
and therefore the total relativistic energy W, converges towards the total clas-
2
sical energy % + ¢(x) when ¢ goes to infinity, as expected.
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2.2. Properties of the mild solution

By using the results of the previous paragraph we are ready to establish
several properties of the mild solution of (14), (15). We have the following
standard results.

Proposition 2.3. Assume that
¢ €C' (), Vo e WH(Q)N, g € LS (S75dv).
Denote by f the mild solution of (14), (15). Then

1) if g is nonnegative, f is nonnegative;

2) f belongs to L (2 x RY). Moreover, if g € L°(X;dv™), then f €
L>®(Q x RN) and

N1 _ N1y
(31) Iz xmny < eme SWPabe™mez o0 |l vy

3) for any test function 1 € C2(Q x RN) we have

(32)
/ / F (@, p)i(, p) dp da
QJRN
d(X (s;z,p))

= sm,t(r,p)
=/ g(x,p)e_frfc"‘)/ V(X (s;a,p), P(s;x,p)le” meZ — dsdv™
- 0

4) f is a weak solution for (14), (15).

Proof. The first statement and the last part of the second one are obvious. Let
us check that f is locally bounded. Take R > 0 and C > 0 such that

(33)  |g(z,p)| < C, ae. (x,p) €S, |p| < (m2c® + R%)zeme Pal?l,

Consider (z,p) € QxRY, |p| < R such that sy, (z, p) > —oo (the case sy, (, p) =
—o0 is trivial since f(z,p) = 0). By the definition of the mild solution we have

f(@,p)| = eme?@ e mar #XGmie)|g(X (51,52, p), P(sin; 2, p))|
(34) < eme S“p“‘be*%i“f”d’lg(X(Sin;m,p),P(Sin;x,p)ﬂ-

By Proposition 2.2 we have also

1 1
P> \2 o) |P(sin; 2, p)|*\?  2XCinza))
(1 + s eme?2 = [ 1+ W e meZ ,

and we deduce that
2

(35) |P(sins 2 p)| < (m*c? + ) emer wPalfl,
Combining (33), (34), (35) we deduce that

[Fla,p)| < et PadeuF MO0 ae. (a,p) € A x RY, |p| < R,
and thus f is locally bounded. In order to establish the mild formulation (32)
observe that f* := max{0,+f} are the mild solutions of (14), (15) correspond-
ing to the boundary conditions g% := max{0, +¢} and therefore it is sufficient
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to check (32) when g > 0 for any nonnegative test function ¢ € C2(Q2 x R¥).
This follows immediately by using the change of variables (29) and formula
(30). Indeed, since f is locally bounded and 1 is compactly supported, fi is
integrable and we have

/ Rwa dp dx

/ F @)@, p) i (o ) > — oo} dp du

R
Sout($7p)
/ / (s;z,p), P(s;z,p)) (X (s;z,p), P(s;z,p))

X |ve(p) - n(z)]e” ez ®(X(s5w.p)) o Er (@) g do(z) dp

o(x) $(X(siz,p))

Sout (@,p)
= [ st [T wX ) Pl S ds v
- 0
For verifying the last statement the idea is to apply the mild formulation (32)
with the function
_o@=)
P(z,p) = =€ me? (ve(p) - Vol + F(z,p) - V,0)

for any test function § € C}(Q x RY) satisfying 0|5+ = 0. Observe that for
any (z,p) € ¥~ we have

P (X (s;w,p))

S(X(siw,p) d
€ me? '(/)(X(S,.Z',p%P(S,.’E,p)) = —£9(X(s,x,p),P(s,x,p)),
and thus

— / RNf(x,p)ef%(vc(p) Va0 + F(x,p) - V) dp da
(36)

_é() Sout(mwp) d B
= g(xz,p)e” me? {—£9(X(s;x,p),P(s;x,p))} ds dv™.
- 0

By taking into account that f|s+ = 0, we obtain for any (z,p) € ¥~ such that
SOut(I7p) < +00

Sout( 717)
e [ (X e, Pl ds = 0Ge.p).

Combining (36), (37) we deduce formally that the weak formulation holds for
any test function § € C}(Q x RY) such that f|g+ = 0. A rigorous proof
for checking that the mild solution is a weak solution could be the following.
Without loss of generality we assume that g > 0. For any « > 0 consider f,
the mild solution of the penalized stationary Vlasov problem (22), (23). The
solution f, is given by

(38)
fa (x7p) — €%¢(w) N+1 7 ¢(X (sin5,p)) abm(lvp) (X(51n7 (E,p), P(Sin; (E,p)),

if Sin(xap) > —00,




752 MIHAI BOSTAN

and fo(z,p) = 0 if sjn(x,p) = —oco. Indeed, the equation (22) can be written
(39)
afe”me @) L (p) -V (fe_%¢(w)) + F(@.p) - Vy (fe_ - (I)) -
(z,p) € A x RV,

and the above formula comes by observing that formally we have

N+1

d .
%{easf<X(S7 I,p)a P(S7 J;7p))e_ me? ¢(X(S7w)p))}:07 Sin(xap> <s < Sout(-r7p)-

As before f, is nonnegative and satisfies the mild formulation

/ falz, DYz, p) dp do
QJRN

?(x) @ (X (s;z,p))

Sout (Z,p)
=/ gdv—(w‘,p)e*m"'/ e (X (s;2,p), P(s;m,p))e meZ — ds
- 0

for any test function ¢ € C?(Q2xRY). Now we can verify easily that f, is weak
solution for (22), (23). Indeed, for any § € C}(Q x RY) satisfying 0|5+ = 0
consider
_ (@)
(,p) = e i (@ 0w, p) = ve(p) - Vi = F(,p) - V,0),

and observe that

S(X (s52.p)) d

eiasw(X(s;x’p)vp(s;x,p))e me? = 7% eiase(X(s;x,p)’P(s;x,p))}.

Therefore we obtain
_¢(@=)
| Jelap)e 5 @ 00.5) = velo) - V.0 = (o) - V,0) dp da

_ o)

:/ gdv (x,pe mc2/ou —di{e_O‘SG(X(s;x,p),P(s;x,p))}ds,
B o s

and we are done if we show that

Sout (2,p) d
[ e O (s ). Pl ) s = )., (p) €57
0

This is obvious if sout(z, p) < +00. In the case sout(x, p) = +00 observe that

“+o0
/ 4 e~ **0(X (s;z,p), P(s;z,p))}ds
0 ds

(40) = 0(x,p) = lim_{e”*'0(X(t;2,p), P(t;z,p))}

= 0(x,p).

Notice that we have 0 < f, < fz < f for any 0 < # < «, where f is the
mild solution of (14), (15). Actually we have f = sup,~fa = limao fo. By
passing to the limit for a \, 0 in the weak formulation satisfied by f, one gets
easily that f is also a weak solution for (14), (15). O



BOUNDARY VALUE PROBLEMS 753

Remark 2.1. Under the hypotheses of Proposition 2.3 the mild solution f has
a locally bounded trace v f on ¥T satisfying the Green formula

—/ fe_%(vc(p) V304 F(z,p)- Vo) dp dx
(41) QJRN
é(x)

+ [ e R o) dvt = [ g Ro(wp) do-
>+ 3

for any test function § € C}(Q2 x RY). The trace yT f is given by the same
formula as those for f in Definition 2.2, is nonnegative if g is nonnegative, is
bounded if g is bounded and we have

NELfsu —in
(42) VT Fllpoe (5t sapry < eme? SPon dminfoadygy, o
Analogous results hold for the solutions (fu)a>0-

We intend now to estimate the density u(-) = IRN J; ('(’5 )) dp. The crucial point

is the conservation of the total energy W..

Proposition 2.4. Assume that ¢ € C1 (), V9 € WLX(Q)N | ¢ > 0 on 09,
g >0 on X~ and that there is a function H : [0,+o00[— [0, +oo[ such that

9(z,p) < HWe(x,p)), (z,p) € X",
We denote by f the mild solution of (14), (15). Then we have the inequalities

N4l
(43) f(x,p) < eme? o )H<W6(xap))1{Wc(z,P)20}’ (:E,p) €O x RNv

N+L cup-
(44) Y f(x,p) < eme P2 P H(W,(x,p)), (x,p) € BT

Proof. Since ¢ is nonnegative on 992 we have W.(x,p) > 0, V (x,p) € X. Take
(x,p) € Q x RN such that W,(x,p) < 0. By Proposition 2.2 we have

We(X (s;2,p), P(s;x,p)) = We(x,p) <0, ¥ s €]sin(z, D), Sout(, p)[.

Since Wl > 0 we deduce that si,(x,p) = —oo, f(x,p) = 0 and thus the
inequality (43) is trivial. Assume now that (z,p) € QxR such that W, (z,p) >
0. As previous we can suppose that sj,(x,p) > —oo and by the definition of
the mild solution and Proposition 2.2 we obtain
Flap) = enet dem B dXeme ) g(X (5, p), Plsini 2, p))
< et "OHWX (sini,p), Plsini,p)))
N+1

= € mc ¢(w)H(WC($7p))l{WC(z,p)20}~

The inequality (44) follows in similar way. O

By using Proposition 2.4 we obtain the following estimates for p:
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Proposition 2.5. Assume that ¢ € C1(Q), V0 € WL (Q)N, ¢ > 0 on 09,
g >0 on X7 and that there is § > N — 1, N > 2 such that

M%MS( (z,p) € ¥~

1+ p[)*”
for some constant C > 0. Denote by f the mild solution of (14), (15), u(-) =
S~ 10en) g, pr(:) =/ LGp) g ¥ R > 0. Then we have

Ye(p) [p|>R ~c(p)
()
(45) w(x) < 062%, x €,
9 0(@)
(&4 me2

(46) pr(z) <C

S
8

<1+max{0,rc(R)ewyl;2 + (I)})é—(N_l)

for some constant C' = C(m, ¢, supgq ¢, N,0) and with

R2 R2 % B
TC(R):E <1+ (1+m%2) )

Proof. We check easily that there is a constant Cy = Cy(m, ¢,supgq ¢) such
that

M%MS( G (z,p) € 5.

1+ We(z,p))®’
Applying Proposition 2.4 with the function H(u) = (157;)5, YV u > 0 yields

N41 Cy
47 z,p) <emz®@_____L g - . (z,p) € QA x RV,
( ) f( p) = <1+Wc($,p))5 {We(z,p)>0} ( p)
The above inequality allows us to estimate f\plz R ’;E'—(’;’)) dp for any R > 0. For

any fixed z € ) we use the change of variable

1
2 \2% 4@
(48) mc? {(14_1;202) eme? —1} =W,

where

N.J‘

()
u > maX{R, mc (€—2fic — 1) } = ul(z),
+

2 \? L.
w > max{O,ch{(l + nﬁ@) e 1}} = WHh(z).

We have the equalities

w 2 g (=) :
(49) u = mc <n102 + 1) e Pmz —1| . W>WHa)
and

(50) du _m < W, 1) e2nd, W > Wh(),
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Note that we have

RZ \*? é(x) ()
R (.
m=c

We deduce that
(52) WE(z) > maX{O,rc(R)e% + ¢(x)},

where r.(R) = i +——, VR >0, ¢ >0. Take now R > 0 and let us
m(1+(l+m’;2€2) 2)

estimate flplZR{v(f(;S) dp. We obtain

/ f(x,p) dp
[p|>R ’Yc(p)
N1 LW, (z.0)>0}
<Oy s ¢<m>/ »)>
Ip|>R 'Yc(p)(l + Wc(x’p))5
+ —
<Oy eﬁtmm/ - u" du ;
1 i
S ) (1 +me2 <(1 + M) e — 1>>

w 2 _gé)

N
2
N1 () /+oo (me)N—2 ((mc2 +1) e 2ne _1)

= (5 eme? 1
() 3
W =) 1+mc(( W +1)2672mc2 —1)2

m w _po@)
X(]_—I—VV)‘;<TTL62+1>6 me dW

_ N—2
_ e ®) /*‘” (mOV QW) 1) T m QUV)
Wi (1+me(@2(W) —1)2)(1+W)°
where we used the notation Q(W) = (TZ\C}Q + 1) 67%. By taking into account
that
sup ¢ — < +o00,
Q>11+me(Q?—1)2

we deduce that

f(z,p) N g [T (QPW) —1) 2
3 TP g < g emr d
9) /|p|>R e =Cae /wf(z) (1+wW)° ¢
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b(2)
go [1° ((%""1)2_62?) 2

= 3 e mc2 / dW

WE(z) (1+w)e

+

< Oy 22 / h <W2 + 1) Nz DV

Wh(z) \ e (1+W)

400

b(x) aw

S 04 62 me? / — T o o -

wi(z) (L+W)o-N+2

In the above computations Cs,C3,C4 denote some constants depending on
m, c,SUpgq @, N. For R = 0 one gets

f(z,p) zﬂw/*w dw
r) = dp < C me2 -
o) = f e PG Ty
(54) < CePn?, zeq,
since we have § > N — 1. Take now R > 0. We have
P (x)
f(z,p) Cy e’ me?
pr(z) = / dp < —
#E) =) e P BN T WRE) N
240
(55) < o) S—N+1°
(14 max{0, re(R)en + 6(2)}) -

The above estimates allow us to justify the existence of weak solution for the
stationary Nordstrom-Vlasov system. We intend to investigate the asymptotic
behavior of these solutions when the light speed goes to infinity. We need to
establish uniform estimates with respect to c.

Proposition 2.6. Assume that ¢ € C1(Q), V.0 € WL Q)N ¢ > 0 on 09,
g >0 on X7 and that there is § > 2N, N > 2 such that

(56) g(x,p) < W? (Z‘,p) S

for some constant C' > 0. Denote by f the mild solution of (14), (15). Then
we have for anyc>1, v € Q

657) [ fem =0 end (1+10)*5).

Cenit (1+|o(x)"7")

¢(x)

(1 + max{0, r(R)eme + ¢($)})

(58) f(z,p)dp <

[p|>R
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for some constant C' = C(m,supyq ¢, N, ) and with
R2
~
m <1 +(1+£) )
Proof. In the following computations the notation C stands for constants de-

pending on m, [|¢]| 1~ (s0),d, N but not on the light speed. Observe that for
any ¢ > 0 we have the inequalities

E(p)=me® | (1+ PP AT ) < P peRY
m2c? = 2m’

_¢(=)

mc? (1 —e ?) < ¢(x), z e
Therefore we obtain for any (z,p) € ¥~ and ¢ > 1

r(R) =

and

C
g9(z,p) < - 3
(1 + 284 ¢>(x))
< C
B 3 s\ ?
(1 + mc? ((1 + ,,‘S‘;) e me >)
c 54)(72)
€2me
- - .
(5 s me (14 ) 53 1))
C
<

PN
(1+ We(z,p))?
By Proposition 2.4 we deduce that

) ¢

(59) f(xap) <eme? s 1{Wc(m,p)20}a (Z‘,p) €N x RN

(1 + We(z,p))

For any R > 0 we use one more time the change of variable (48), (49), (50).
By using (59) one gets as before

B +oo N—-1
flz,p)dp < Oe%w)/ u’ du

>R R(z 1 4(a) 2
v ) (1+m62 ((1+n;§’62)2 eme? _1>)
N

o0 N-2 (w4 )22 )
(60) = Cemz 9@ / *oo (me) ((mc2 +1)"e 1)
)
W (x) (1+W)3

X m (W n 1) XA AW, z € Q.

me?
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Observe that for any W > W£(z) and ¢ > 1 we have
%

1
12% 2 s b(z) w o) \ 2
mc — 41 e 2m2 — 1| =mece me2 ﬁ — 4+ 2 +1—32mc2
me? me? \ mc?

(61) smee s (2 (2 v2)- 2))

me? \ mc?

¢(x)
mec

< Ceme? (w+ 1+ |¢>(x)|%) .
Combining (60), (61) yields

e} — N-2
(62) ﬂm@@<0£§/+ LEW)2 4 o) 5
pzr - WE(a) (1+W)z!
For R = 0 one gets
(63) / f(z,p) dngeffg (1+|¢(gp)\¥), reQ e>1,
RN

since we have § > 2N. By taking into account that for any R > 0, x € Q, ¢ > 1
we have

WE(2) > max{0,r(R) e + ¢(x)},
we obtain
Cent (14 |o(a)| )
(64) f(z,p)dp <

b(x) 5N
n +o(2)}) 0
Remark 2.2. For any « > 0 denote by f, the mild solution of (22), (23) and
by f the mild solution of (14), (15). Since 0 < f, < f we deduce that the
conclusions of Propositions 2.5, 2.6 hold true for f,, uniformly with respect to
a > 0.

[pI>R

(1 + max{0,7(R)e

3. Fixed point application

We intend to show the existence of weak solution for the Nordstrém-Vlasov
equations by using the Schauder fixed point theorem. We assume that ¢q is
a nonnegative smooth function on the boundary 02 and we consider ¢ the
solution of the problem

(65) —Asdpo =0, x€Q, ¢o(x) =po(x), x€N.

If Q is of class C? and ¢g belongs to W?’*%’q(@Q) for some ¢ > N, then
Vapo € W24(Q) c WH(Q). In order to use the mild formulation we need to
regularize the field V,¢. Since we want to preserve some information about the
trace of ¢ on the boundary 02 it is convenient to use some special regularization
procedure. Let us introduce some notations. For any € > 0 consider

O.={x€Q : dist(z,00) < €}.
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Since € is bounded and smooth, there is e > 0 and a smooth function D : Q —
R such that D(z) = dist(z, 99Q), Vz € O, v = =V, D is regular and bounded
in Q and v(z) = n(Psq(z)) for any = € O.,, where Pyq is the projection on
O and n is the unit outward normal on 9. In particular v(z) = n(z) for
any z € 0. Consider ¢ € C(RY),( > 0, supp ¢ C {z € RN : |z < 1},
Jon C(x) dz =1, ¢(-) = E%C (g) for any € > 0. Following the construction in
[27] for any ¢ € H} () we define

R.o(z) = C(y)p(x + 2ev(x) —y) dy

RN
(66) = [ Clat2ev(z) —y)oly) dy, w9,

R
where ¢(z) = ¢(z), z € Q and ¢(z) = 0, z € RY — Q. If Q is of class C3,
then v is of class C? and therefore R.¢ € C?(RY). Observe that for ¢ small
enough we have R.¢(z) = 0, V x € O, and thus R.¢ € C%(Q). Moreover we
have lim.\ o R-¢ = ¢ in H'(Q2). For any ¢ > 0 we define the fixed point map
Fe. as follows: for ¢ € H}(Q) consider F, .¢ = ¢ where
- f is the mild solution for the stationary regularized Vlasov problem

(67)
p Vw(Rs¢+ ¢0)

eF (@) + vep) - Vuf (vc<p> Voot + 0) L TR 00)

_ N+1

mc?

(68) f(z,p) = g(x,p), (z,p) €X;

) o

f(@,p)ve(p) - Va(Red + ¢0), (z,p) € 2 x RY,

- ¢ is the solution of the Poisson problem
(69) —A,p = —p(x), e,

(70) o(x) =0, = €09,

with p(-) = fon £523 dp.

The properties of the map F, . are summed up in the following straightfor-
ward result:

Proposition 3.1. Assume that ) is reqular, oo € W?’*%’q(aQ) for some q >
N, o9>00n9Q, g>0 on X~ such that

71 9(z,p) £ — 5>
) P = Ty
for some constants C >0, § > N — 1 with N > 2. Then
1) there is a constant C, = C(m, ¢, supgq vo, N, ) such that
| Feetdllmiay < Ce, V€ HY(Q), ¢ <0 ;

2) the map F.. is continuous with respect to the weak topology of H'(Q);
3) there is a fized point for the application Fe .

(z,p) € ¥~
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Proof. 1) For any ¢ € H(2), ¢ <0 we have R.¢ < 0. By Proposition 2.5 and
Remark 2.2 we know that

@ (T)+Re¢(1)
(72) 0 < pla)<Cre®™ e < Crema™Poa¥d — 0y g€ Q

for some constant Cy; = C4(m, ¢, supyq @0, N, d). In particular we deduce that
Il 20y < Ca (meas(ﬂ))l/2 which implies that

‘|f0,8¢|‘H1(Q) = ||§£HH1(Q) S 03(m,C, Saué) @Ova 6) = Cc-

2) The arguments are standard. Take (¢r)r C Ha () such that limg_ 4 oo dr
= ¢ weakly in H!(Q). By weak convergence we have

We check easily that
(74) Sl}ip{”Rdbk“L‘X’(Q) + Ve Rebrl| oo ()} < 400

and by using the dominated convergence theorem we have

(75) khrf V.R.¢r = V,R.¢ strongly in L*(Q)V

Denote by (fx)k, f the mild solutions of (67), (68) corresponding to the fields
(VzR.b1)k, respectively V,R.¢. By Proposition 2.3 we know that (fy)x are

also weak solutions and therefore, for any test function § € CL(Q x RYV),
9|2+ = 0 we can write

__Reop(m)t+ép(=)
/ / Felep)e B (0w, p) — 0u(p) - Vah — Fu(a,p) - V,0) dp da

_eo(=)
— [ gtw)e 5 o) v

where Fy(z,p) = — (vc(p) - Va(Redr + o) 2z + W) By Proposi-

tion 2.3 we have

(77) Sup ||fk||L°°(Q><RN) < sup(smc2 r supqa(Re ¢k+¢0)||g||L (=—3dv—) < +09,

and therefore we can extract a sequence (k;); such that fr, — f weakly  in
L>(Q x RY). By using (73), (74), (75) we can pass easily to the limit with
respect to 4 in the weak formulations (76) written for k£ = k; and we deduce
that f is a weak solution for (67), (68). By Proposition 2.1 we deduce that
f = f. Actually all the sequence (fj) converges weakly * in L®(Q x RN)
towards f. Denote by (uy)r and p the densities given by

fi(-,p) v [ fGp)
&y Ye(p) dp, Yk, () = 'Y Ye(P) v

pi () =
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By using Proposition 2.5 and by taking into account that supy, || Re¢r+¢ol| L (o)
< 400 we deduce that
[p|>R e (p)

and we obtain easily that iy — p weakly in L*(2), V1 < s < +o0 and p — pt
weakly x in L>°(Q). Consider (¢y)x, ¢ the solutions of the problems

—Npdr = —pi(z), €Q, di(x) =0, z €,

N =—p(x), 2€Q, ¢x)=0, =ecd.
Since (px)x is bounded in L2(Q), (¢x)x is bounded in H?(Q) and thus we
can extract a subsequence (¢, ); which converges in H'(2). By using the
convergence i, — p weakly * in L>(Q) we deduce that lim;_, 4o ¢, = ¢ in
H'(Q). In fact all the sequence (¢ ) = (Feocor )i converges strongly in H' ()
towards ¢~) = Fe¢. In particular F. . is continuous with respect to the weak
topology of H ().

3) We consider the set X, . = {¢ € H{(Q) : [|¢|lg1 (o) < Ce, ¢ < 0} which
is convex and compact with respect to the weak topology of H!(2). Observe
also that F..(X..) C X... Indeed, by construction ¢ = Feetp € HY(Q) and
by the first point we have Hq~5||H1(Q) < C.. Since —A,¢ = —u(z) <0, z€Q
and §5|ag = 0 we have supﬂqg < 0. We conclude by the Schauder fixed point
theorem. 0

=0

(78) sup [|pl[ Lo (@) < 400, lim sup
k>1 R—4o E>1 Lo (@)

4. The stationary Nordstrom-Vlasov equations

By passing to the limit with respect to € \, 0 we obtain the existence of weak
solution for the stationary Nordstrém-Vlasov system as stated in Theorem 1.1.

Proof of Theorem 1.1. For any fixed ¢ > 0 take (g4)r>1 a decreasing sequence

converging towards 0 and consider g € W?’*%’q(@Q) for some ¢ > N such
that
(79)
kEToo(pO’k = o in H/?(89), sup lleo.kll e @0y < lvollL=(a0), vor >0,V k.

By Proposition 3.1 there is (f¢ k, ¢c.i) solution for
(80)

p + vw(Rek ¢(:,k + ¢O,k)

Ekfc,k + Uc(p) . vzfc,k - (Uc(p) : vz(Rak,ch,k + ¢U,k)@ ’7(]7)

_N+1

ch,k(xvp) vc(p) ! Vm(Rskd)c,k + ¢0,k)a (xap) € x RNa

> : foc,k

fc,k(xap)

(81) _Aw¢c,k = —,U/c,k(m) - RN "yc(p)

dpa _Aquo,k = 07 HAS Qa
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(82)

fc,k(xap) = g(xvp)v (va) S 273 ¢C,k,(x) = 07 (,2507]@(1’) = @O,k(x)a T e 89
such that

0 < ¢o,k(x) < lleokllL=a0) < llvollLe@q), Ger(x) <0, VreQ, Vi>1,

0 < forl(m,p) < emeleli=eoygl, o (z,p) €Sk >1,

_2_

M dp < C(C)ean lleollzoe o)

By Ye(P)

for some constant depending on c. In particular we have

sup
E>1

Lo ()

sup || e,k [l Lv+1 ) < +00,
k>1

and thus

sup || e k[l oo () < Csup ||depllwrviiqy < Csup ||pe kll py+1(q) < 400.
E>1 E>1 E>1

By using Proposition 2.5 we deduce easily that

/ fc,k('vp) dp
Ip

= 0.
>R Ye(p)

lim sup
R—4o k>1

L= ()
We can assume (after extraction eventually) that

klhf fer = feo, weakly % in L®(Q x RY),

m e = pe := fe(.p) dp, weakly x in L>(Q),

koo rY Ye(P)
klirf Ge, = e, strongly in H'(Q),
klirf b0k = b0, strongly in H*(Q),

where ¢ is the solution of (65). We check easily that (fe, ¢ + ¢o) is a weak
solution of the stationary Nordstrom-Vlasov system. Observe also that

fc("p)
/|p|>R ’Yc(p) ap

Assume now that 6 > 2N with N € {2,3}. By using Proposition 2.6 we have
for any ¢ > 1

T lwollLos (o0 ||g||L°°(Z*)a lim
R—+o00

OSfCSG =0.

L>=(Q)

llvoll oo (a0) N-—2
Jerlwp)dp < CrewE (1 [Reyder(@) + dor(@)] 7))
R
(83) < Oa(1+ |Reydon(@)| 7)), z€Q, k21
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for some constants Cy,Cy depending on m, |||z (aq), IV, d but not on c. If
N = 2 the inequality (83) gives the uniform estimates

fck( p) dp < 2C%,

Le>=(Q)

(84) sup e,k ll o= @) < sup
k>1,c>1 k>1,c>1

)

sup ||¢C’k||LOO(Q) <CQ) sup ||dekllwisio)
(85) E>1,c> k21,e21
<C(Q) s ekl 3@y < 400

2l,c>

Combining (85), (58) yields

86 lim su
(86) R—4o00 > §>1

=0.
Lo (Q)

fc,k('ap) d

[p|>R

By passing to the limit with respect to k we obtain that f. = wxlimg_ 4o fo i
satisfies

< 400, lim sup =0.

L>(Q) R—+00 ¢>1

fc('vp) dp

[p|>R

sup
c>1

fc(, p) dp

L (Q)
We analyze now the case N = 3. We have from (83)

(87) / fc,k(xap) dp S 02(1 + |R€k¢07k(1’)|1/2)a MRS Q, k 2 ]-a C Z 1.
R3

We deduce that for any s > 3,¢ > 1 we have

< G5(1 +||Rak¢ck|Ls/2(Q))
< Cull+ @enll} gy

< <1+||¢ck|zéiﬂ>

< Cs(1 (Q))

for some constants Cs, Cy, Cs,Cs not depending on & > 1 and ¢ > 1 and
therefore we obtain supy~; .>1 l|fe,kllzs (@) < +0o. Finally one gets

sup ||¢ck||L°o @ <C7(Q) sup |[Perllwrs(a
k1,05 k>1,e>1

<Cs Sup e, |l s () < +00.

2lc>

From (87), (58) we deduce that

sup fc,k('ap) d < +00,
E>1,e>1 R3 L‘X’(Q)
lim  sup Jer(,p) dp =0
R—+00k>1,e>1||J|p|>R ()
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By passing to the limit with respect to k we obtain that f. = wxlimy_. 4o fe i
satisfies

=0.
Lo () O

fc('vp) dp

R3

< 400, lim sup

sup
L>(Q) R—400 ¢>1

c>1

/ fc('7p) dp
lp|>R

For any ¢ > 0 we proved the existence of weak solution for the stationary
Nordstrom-Vlasov system. A natural question is what happens if the light
speed ¢ goes to infinity. We can prove the convergence towards a weak solution
of the Vlasov-Poisson system for stellar dynamics as stated in Theorem 1.2.

Proof of Theorem 1.2. Take (ck)x an increasing sequence such that limg_, o ¢
= 4o00. For any k we consider the solution (f%, ¢r) := (fe,, @, ) constructed in
Theorem 1.1.

Ve
vg(P) - Vafi — (Uk(p) : v”s’“m%,% + %(ﬁ’;) -V fe
(88) = A @) ) Vadr, (0,p) € QX RY,
mc?
_ — — fk(xvp)
(89) Aur = —pn(x) : /R g aen
(90) fk;(-%',p) = g(m,p), (33710) € 2_7 (bk(m) = 900(x)7 T e 897

where 7 (p) = Ve, (), V& (P) = v, (p), p € RY. By Theorem 1.1 we also know
that

Nt1 -
sup || fill poe (xrry < €me? Iollec@ g, ooy
E>1
sup fe(-,p) dp < +oo0, lim sup fx(-.p) dp =0.
k>1 || JrN Lo (Q) R=took>1||JipI>R Lo (@)

We can assume (after extraction eventually) that

fi = f weakly »in L°°(Q x RY),

pe = p:= | f(,p)dp weakly *in L>(€),
]RN

ér — ¢ strongly in H*(Q).
By taking into account that vg(p) — £ uniformly on compact sets of RN we
deduce easily that (f, ) is a weak solution for the stationary Vlasov-Poisson

system (11), (12), (13). Moreover the function f satisfies

=0.
L (Q) O

f('vp) dp

[p|>R

Lp)dp € L¥(Q), i
L) dp (&), lim
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