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ON GENERALIZED Aj-SETS AND
RELATED TOPICS TOPOLOGY

MiIGUEL CALDAS, ESREF HATIR, AND SAEID JAFARI

ABSTRACT. In this paper, we define and study the concept of Aj-closure

operator and the associated topology % on a topological space (X, 7)
in terms of g.Aj-sets.

1. Introduction and preliminaries

Levine [4] defined semiopen sets which are weaker than open sets in topolog-
ical spaces. After Levine’s semiopen sets, mathematicians gave different and
interesting new modifications of open sets as well as generalized open sets. In
1968, Velicko [7] introduced §-open sets, which are stronger than open sets,
in order to investigate the characterization of H-closed spaces. In 1997, Park
et al. [6] have introduced the notion of d-semiopen sets which are stronger
than semiopen sets but weaker than J-open sets and investigated the relation-
ships between several types of these open sets. Recently, Caldas et al. ([2],
[3]) introduced the concept Aj-sets (resp. Vj-sets) which is the intersection of
d-semiopen (resp. union of J-semiclosed) sets.

In this paper, we define a new closure operator and a new topology 7 on
a topological space (X, 7) by using generalized Aj-sets and generalized V’-sets
as an analogy of the sets introduced by H. Maki [5].

In what follows, (X, 7) and (Y,0) (or X and Y) denote topological spaces
on which no separation axioms are assumed unless explicitly stated. Let A
be a subset of X. We denote the interior, the closure and the complement
of a set A by Int(A), CI(A) and X\ A or A°, respectively. A subset A of a
topological space X is said to be d-semiopen [6] if there exists a J-open set
U of X such that U € A C CI(U). The complement of a J-semiopen set is
called d-semiclosed. The intersection (resp. union) of arbitrary collection of o-
semiclosed (resp. d-semiopen) sets in (X, 7) is d-semiclosed (resp. d-semiopen).
A point € X is called the §-semicluster point of A if ANU # @ for every
d-semiopen set U of X containing z. The set of all d-semicluster points of A
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is called the d-semiclosure of A, denoted by 6Cls(A) equivalently 6Cls(A) =
N{F € dSC(X,7): A C F}. We denote the collection of all §-semiopen (resp.
d-semiclosed) sets by 6SO(X, T) (resp. dSC(X,7)).

Lemma 1.1 (Park et al. [6]). Let A, B and A; (i € I) be subsets of a space
(X, 7), the following properties hold:

(1) AcCéCig(A).

(2) If A C B, then 6Cls(A) C 6Clg(B).

(3) A is d-semiclosed if and only A = 0Cls(A).

(4) 6Cls(A) is §-semiclosed.

2. Ag-sets and Vg-sets

Recall that in a topological space (X, 7) a subset B is a Aj-set (resp. V-
set) of (X,7) [3] if B = B"s (resp. B = BY5), where B = N{O: O D B,
0 € 6SO(X,7)} and BYs = J{F : F C B, F° € 6SO(X,7)}.

By Aj (resp. Vi), we denote the family of all Aj-sets (resp. V’-sets) of
(X,7).

Definition 1. In a topological space (X, 7), a subset B is called:

(i) generalized Aj-set (= g.A3-set) of (X,7) if BAS C F whenever B C F
and F € 0SC(X, ).

(ii) generalized Vy-set (= ¢.Vy-set) of (X, 7) if B is a g.Aj-set of (X, 7).

By D% (resp. D'5), we will denote the family of all g.Aj-sets (resp. g.Vi-
sets) of (X, 7).

Proposition 2.1. Let A, B and {By: A € Q} be subsets of a topological space
(X, 7). Then the following properties are valid:

(a) B C B%.
(b) If A C B, then AN C B"s,
(c) (BY)As = BY. (ie., BY € A3).
@ [Y BJY = U B
A€Q
(e) IfAe 6SO(X, T), then A = AN, (i.e., SO(X,T) C A}).
(f) (B) = (BY)".
(g) BY C B.
(h) If B € §SC(X,T), then B= BY . (i.e., 6SC(X, ) C V§).
(i) [N BJY € N By
reQd A€Q
() [U B 2 U B
A€Q AEQ

Proof. (a) Clear by definition.

(b) Suppose that 2 ¢ BA. Then there exists a subset O € §SO(X,7) such
that O O B with « € O. Since B O A, then x ¢ ANS and thus AN C BAS.

(c) Follows from (a) and definition.
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(d) Suppose that there exists a point = such that = & [U,cq By Then,
there exists a subset O € 0SO(X, 7) such that (J,.q Bx € O and = ¢ O. Thus,

for each A € Q we have = ¢ Bf\\g. This implies that = € (Jycq Bfg.
Aj

Conversely, suppose that there exists a point z € X such that ¢ (J,cq B)°-
Then by Definition 1, there exist subsets Oy € 6SO(X, 7) (for each A € Q) such
that 2 ¢ Oy, Bx € Ox. Let O = [J,cq Ox. Then we have that x & (J,.q Oa,
Useco Bar € O and O € §SO(X, 7). This implies that = & [Uycq B,]%. Thus,
the proof of (d) is completed.

(e) By definition and since A € §SO(X,7), we have A% C A. By (a) we
have that AY = A.

(f) (BYs)e = {F°¢: F°¢ D B, F¢ € §SO(X,7)} = (B°)%.

(g) Clear by definition.

(h) If B € §SC(X, ), then B¢ € §SO(X, 7). By (e) and (f): B¢ = (B°)% =
(BYs)¢. Hence B = BYs .

(i) Suppose that there exists a point x such that = ¢ (), cq Bi\g. Then, there
exists A € Q such that = & Bf\\g. Hence there exists O € 6SO(X, 7) such that

s

O 2 By and z ¢ O. Thus © & [, Bal™.

()
(U BAY = 1((U Bo9)MIe =1 BN
AEQ AEQ AEQ
D[N B =B )] = | BY* (by (£) and (i)).
AEQ AEQ AEQ ([l

Remark 2.2. In general (B[] B2)% # B?g ﬂBé\g, as the following example

shows.

Example 2.3. Let (X, 7) be a space with X = {a,b,c,d} and 7={0, {c}, {c,d},
{a,b},{a,b,c},X}. Let B; = {a} and By = {b}. Then we have (B; (] B2)" =
0 but B B = {a,b}.

Theorem 2.4. (a) The subsets ) and X are Aj-sets and V§ -sets.
(b) Every union of Aj-sets (resp. Vi-sets) is a A3-set (resp. Vi -set).
(c) Every intersection of Aj-sets (resp. Vi-sets) is a Aj-set (resp. V§-set).
(d) A subset B is a Aj-set if and only if B® is a V{7 -set.
Proof. (a) and (d) are obvious.
(b) Let {Bx: A € Q} be a family of Aj-sets in a topological space (X,7).
Then by definition and Proposition 2.1(d),
A3 s
U By = U By = [U By]%.
AEQ AEQ AEQ
(c) Let {Bx : A € 2} be a family of Af-sets in (X, 7). Then by Proposi-
tion 2.1(i) and definition, [,cq ByJ% C Mico B//\\;s = Nxecq Br. Hence, by

s

Proposition 2.1(a), Nycq Br = [Naca Brl™- 0
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Remark 2.5. By Theorem 2.4, A$ (resp. V§’) is a topology on X containing all
d-semiopen (resp. d-semiclosed) sets. Clearly (X, A3) and (X, V) are Alexan-
droff spaces [1], i.e., arbitrary intersections of open sets are open.

Proposition 2.6. Let (X, 7) be a topological space. Then
(a) Every Aj-set is a g.\3-set.
(b) Every V§-set is a g.V{-set.
(c) If By € D% for all X € Q, then |J,cq Br € D%,
(d) If By € DYs for all X\ € Q, then Myea Ba € DVs .

Proof. (a) Follows from definitions. W

(b) Let B be a Vi-set subset of X. Then, B = BYs. By Proposition 2.1(f)
(B°)As = (BY5 )¢ = B°. Therefore, by (a) and Definition 1, B is a g.V;-set.

(c) Let By € D5 for all A € Q. Then, by Proposition 2.1(d) [Uycq Bal* =
Uieca B;\\‘;. Hence, by hypothesis and Definition 1, (., Bx € D25,

(d) Follows from (c) and Definition 1. O

In the following propositions, we give characterizations of g.Vy’-sets by using
Vy’-operations.

Proposition 2.7. A subset B of a topological space (X, T) is a g.Vi-set if and
only if U C V§#(B) whenever U C B and U € 6SO(X, 7).

Proof. Necessity. Let U be a d-semiopen subset of (X, 7) such that U C B.
Then since U° is d-semiclosed and U°® O B¢, we have U° O A3(B¢) by Defini-
tion 1. Hence by Proposition 2.1(f) U¢ D (V#(B))¢. Thus, U C V@ (B).
Sufficiency. Let F be a d-semiclosed subset of (X, 7) such that B¢ C F.
Since F*° is d-semiopen and F° C B, by assumption we have F° C V#(B).
Then, F D (V§(B))® = A3(B°) by Proposition 2.1(f). Thus B° is a g.Aj-set,
ie., Bis a g.Vy-set. ([

Recall that a topological space (X, 7) is said to be d-semi T [2] if for each
pair of distinct points x and y of X, there exist a J-semiopen set U, containing
x but not y and a d-semiopen set U, containing y but not x, equivalently (X, 7)
is 0-semi T3 if and only if for each z € X, the singleton {x} is d-semiclosed.

Theorem 2.8. Let SC(X, 1) be closed by unions. Then for a topological space
(X, 1), the following properties are equivalent:

(a) (X, 1) is 0-semi Ty;

(b) Every subset of X is a Aj-set;

(c) Every subset of X is a Vi -set.

Proof. Tt is obvious that (b) < (c).

(a) = (c): Let A be any subset of X. Since A = |J{{z}:z € A}, then A is
the union of J-semiclosed sets. Hence A is a V’-set.

(¢) = (a): Since by (c), we have that every singleton is the union of J-
semiclosed sets, i.e., it is d-semiclosed, then (X, 7) is a d-semi T} space. ([
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3. C%s-closure operator and the associated topology 745

In this section, we define a closure operator C* and the associated topology
745 on the topological spaces (X, 7) by using the family of g.A5-sets.

Definition 2. For any subset B of a topological space (X, 7), define C*(B) =
(WU :BCU,U e DA} and Int"s (B) = J{F : BD F,F € D's }.

Proposition 3.1. Let A, B and {B) : A € Q} be subsets of a topological space
(X, 7). Then the following properties are valid:

a) B C CM(B).
b) C5(B€) = (Int"s (B))°.
Ch3(0) =

) 0.

) Uyen C1) = Uy )
) CR5(CR(B)) =C™(B).

) If A C B, then CM5(A) C C5(B).
g) If B is a g.A3-set, then C%(B) = B.
(h) If B is a g.V-set, then Int"s (B) = B.

Proof. (a), (b) and (c): Clear.

(d) Suppose that there exists a point 2 such that = ¢ C*s (Uxeq Bx)- Then,
there exists a subset U € D5 such that |J,.q By C U and z ¢ U. Thus, for
each A € Q we have z ¢ C*3(B,). This implies that z ¢ (J, .o, C*(By).

Conversely, we suppose that there exists a point x € X such that z ¢
Useo C25(By). Then, there exist subsets Uy € D" for all A € Q such that
x ¢ Uy and By C Uy. Let U = (J,c Ux. From this and Proposition 2.6(c), we
have that « ¢ U, |J,cq Bx C U and U € D% Thus, z ¢ C* (U, cq B>)-

(e) Suppose that there exists a point # € X such that 2 ¢ C*(B). Then
there exists a subset U € D5 such that 2 ¢ U and U D B. Since U € D we
have C5(B) C U. Thus we have z ¢ C*5(C*s(B)). Therefore C* (C%5(B)) C
C%5(B). The converse containment relation is clear by (a).

(f) Clear.

(g) By (a) and Definition 1, the proof is clear.

(h) By Definition 1, by (g) and (b). d

Then we have the following:

Theorem 3.2. C is a Kuratowski closure operator on X.
Definition 3. Let 745 be the topology on X generated by C5 in the usual
manner, i.e., 7% = {B: B C X,C%(B°) = B°}.

We define a family ps by p = {B : B C X,C%(B) = B}, equivalently
ph ={B:BC X,B¢¢cth}.

Proposition 3.3. Let (X, 1) be a topological space. Then,

(a) 7% = {B: B C X, Int"s (B) = B}.

(b) 6SO(X,7) C D5 C phs.
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(c) 65C(X,7) C DYs C 7%,

(d) If 6SC(X,7) = 715, then every g.A3-set of (X, T) is §-semiopen.

(e) If every g.Aj-set of (X, 7) is §-semiopen (i.e., D*s C 6SO(X, 7)), then
™5 ={B:BCX,B=DB%}.

(f) If every g.A3-set of (X,T) is §-semiclosed (i.e., D5 C §SC(X,T)), then
§SO(X,7) =145,

Proof. (a) By Definition 3 and Proposition 3.1(b) we have:

If A C X, then A € 7% if and only if C*(A°) = A° if and only if
(IntVs (A))¢ = A° if and only if Int"s (A) = A. Thus, 7™ = {B : B C
X, Int"s (B) = B}.

(b) Let B € 6SO(X, 7). By Proposition 2.1(e), B is a Aj-set. By Proposi-
tion 2.6(a), B is a g.Aj-set, i.e., B € D5, Let now, B be any element of DA,
By Proposition 3.1(g) B = C(B), i.e., B € p*. Therefore 6SO(X,7) C
D25 C phs.

(c) Let B € 6SC(X,7). By Proposition 2.1(h) B = B . Thus B is a
V§-set. By Proposition 2.6(b), B is a g.Vy-set hence B € DVs .

Now, if B € DV5 | then by (a) and Proposition 3.1(h), B € 745.

(d) Let B be any g.A3-set, i.e., B € DAs. By (b), B € p"s. Thus, B¢ € 745,
From the assumption, we have B¢ € §SC(X, 7). Hence B € 6SO(X, 1).

(e) Let A C X and A € 7%5. Then by Definition 3 and Definition 2,

A°=CN(A°) =({U :U 2 A°,U € D3}
=({U:U 2 (49,U € 6S0(X, 1)} = (A)"5.
Using Proposition 2.1(f), we have A = AVJS_, ie,Ac{B:BCX,B=B"%}.
Conversely, if A€ {B: BC X,B = BYs}, then by Proposition 2.6(b) A is
a g.Vg-set. Thus A € DVs5. By using (c), A € 7.
(f) Let AC X and A € 7%, Then
A= (CM(A9))° = (U : A°CU,U € DMY})°
= J{v°: U° € 650(X,7)} € 6SO(X, 7).

Conversely, if A € 0SO(X,T), then by Proposition 2.1(e) and Proposition
2.6(a), A € DA, By assumption A € §SC(X, 7). By using (c), A€ 4. O

Lemma 3.4. Let (X, 7) be a topological space.
(a) For each x € X, {z} is a §-semiopen set or {x}¢ is a g.A}-set of (X,T).
(b) For each x € X, {z} is a §-semiopen set or {z} is a g.Vi-set of (X,T).

Proof. (a) Suppose that {z} is not d-semiopen. Then the only d-semiclosed set
F containing {z}° is X. Thus Aj({z}°) € F = X and {z}° is a g.Aj-set of
(X,71).

(b) Tt follows from (a) and Definition 2. O
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Proposition 3.5. If §SO(X, 1) = 75, then every singleton {x} of X is -
open.

Proof. Suppose that {z} is not d-semiopen in (X,7). Then by Lemma 3.4,
{z}¢ is a g.Aj-set. Thus {x} € 7% by Definition 3. Suppose that {z} is a J-
semiopen in (X, 7). Then {z} € §SO(X,7) = 7. Therefore, every singleton
{x} is 7%5-open. O

Recall that a subset B of a topological space (X, 7) is said to be d-semigener-
alized closed set (briefly dsg-closed) [3] if 6CIs(B) C O holds whenever B C O
and O € 6SO(X, 7). Every d-semiclosed sets is dsg-closed but the converse is
not true.

Definition 4. A topological space (X, 7) is said to be a d-semi T1-space [3] if
every dsg-closed set in (X, 7) is d-semiclosed in (X, 7).

We conclude our paper with characterization of §-semi T 1-spaces.

Theorem 3.6. Let (X, 7) be a topological space. Then the following conditions
are equivalent:

(a) (X,7) is a 6-semi T1-space.

(b) Every g.Yf—set is a Vo -set.

(c) Bvery ™5 -open set is a V§-set.

Proof. (a)=-(b): Suppose that there exists a ¢.Vy-set B which is not a V-
set. Since BYs C B (BY5 # B), then there exists a point € B such that
x & BYs . Then the singleton {z} is not d-semiclosed. Hence only d-semiopen
set O containing {z}¢ is X. Thus §Cl;({z}¢) € F = X and {z}° is a dsg-
closed set. On the other hand, we have that {z} is not d-semiopen (since B is
a g.Vi-set, x & BYs and Proposition 2.7). Therefore, we have that {x}¢ is not
d-semiclosed but it is a dsg-closed set. This contradicts the assumption that
(X, 7) is a -semi Ty -space.

(b)=(a): Suppose that (X, 7) is not a é-semi T space. Then, there exists a
dsg-closed set B which is not d-semiclosed. Since B is not d§-semiclosed, there
exists a point z such that x ¢ B and € 0Cls(B). By Proposition 3.4, we
have the singleton {z} is a 0-semiopen set or it is a g.V’-set. When {z} is 0-
semiopen, we have {z} () B # 0 because z € 6Cl;(B). This is a contradiction.
Let us consider the case: {z} is a g.V#-set. If {x} is not d-semiclosed, we have
{2}¥s = 0 and hence {z} is not a V$-set. This contradicts to (b). Next, if
{z} is d-semiclosed, we have {x}° D §Cls(B) (i.e., x & 6Cls(B)). In fact, the
d-semiopen set {x}¢ contains the set B which is a dsg-closed set. Then, this
also contradicts to the fact that @ € §Cls(B). Therefore, (X, 7) is a J-semi
T 1-space.

(b)=(c): Let B be a 7"5-open set, i.e., B = Int"s (B) (Proposition 3.3(a)).
It is enough to show that, Int's (B) is a Vi-set, i.e., (Int's (B))Ys = Int's (B).
Let Qy: = {B: B is a V-set}. By Proposition 2.6(b) and assumption (b) we
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have that Qys = DV Therefore by Definition 2, Proposition 2.1(j) and the fact
that Qys = DY we have: (Int's (B))Ys = (J{F : B2 F,F € D" })¥s =
({F:B2FFeQ})% 2UF% :B2FFeQy}=U{F:B2
F,F € DV} = Int"s (B). By Proposition 2.1(g), we have (Int"s (B))Ys =
Int"s (B). Hence Int"s (B) is a V§-set.

(c)=(b): Let B be a g.Vg-set. Then Int"s (B) = B by Proposition 3.1(h).
It follows from the fact in Proposition 3.3(a) that B € 7% . Hence B is a
Vi-set, by (c). O

References

[1] P. Alexandroff, Diskrete Rdume, Mat. Sb. 2 (1937), 501-519.

[2] M. Caldas, D. N. Georgiou, S. Jafari, and T. Noiri, More on §-semiopen sets, Note Mat.
22 (2003/04), no. 2, 113-126.

[3] M. Caldas, M. Ganster, D. N. Georgiou, S. Jafari, and S. P. Moshokoa, §-semiopen sets
in topology, Topology Proc. 29 (2005), no. 2, 369-383.

[4] N. Levine, Semi-open sets and semi-continuity in topological spaces, Amer. Math.
Monthly 70 (1963), 36-41.

[5] H. Maki, Generalized A-sets and the associated closure operator, The special Issue in
commemoration of Prof. Kazuada IKEDA’s Retirement (1986), 139-146.

[6] J. H. Park, B. Y. Lee, and M. J. Son, On é-semiopen sets in topological space, J. Indian
Acad. Math. 19 (1997), no. 1, 59-67.

[7] N. V. Veli¢ko, H-closed topological spaces, Mat. Sb. (N.S.) 70 (112) (1966), 98-112.

MiGUEL CALDAS

DEPARTAMENTO DE MATEMATICA APLICADA
UNIVERSIDADE FEDERAL FLUMINENSE

Rua MARIO SANTOS BRAGA S/N
24020-140, NI1TEROI, RJ BRASIL

E-mail address: gmamccs@vm.uff.br

ESrREF HATIR

EciTiM FAKULTESI

SELCUK UNIVERSITESI

42090, MERAM, KONYA-TURKEY
E-mail address: hatir10@yahoo.com

SAEID JAFARI

DEPARTMENT OF ECONOMICS
UNIVERSITY OF COPENHAGEN

OESTER FARIMAGSGADE 5, BUILDING 26
1353 COPENHAGEN K, DENMARK
E-mail address: jafari@stofanet.dk



