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A STRUCTURE ON COEFFICIENTS OF
NILPOTENT POLYNOMIALS

YounG CHEOL JEON, YANG LEE, AND SUNG JU Ryu

ABSTRACT. We observe a structure on the products of coefficients of
nilpotent polynomials, introducing the concept of n-semi-Armendariz
that is a generalization of Armendariz rings. We first obtain a classi-
fication of reduced rings, proving that a ring R is reduced if and only if
the n by n upper triangular matrix ring over R is n-semi-Armendariz. It is
shown that n-semi-Armendariz rings need not be (n+1)-semi-Armendariz
and vice versa. We prove that a ring R is n-semi-Armendariz if and only
if so is the polynomial ring over R. We next study interesting proper-
ties and useful examples of n-semi-Armendariz rings, constructing various
kinds of counterexamples in the process.

1. n-semi-Armendariz rings

Throughout this paper all rings are associative with identity unless otherwise
stated. The polynomial ring with an indeterminate x over a ring R is denoted
by R[z].

A ring is called reduced if it has no nonzero nilpotent elements. For a reduced
ring R Armendariz [3, Lemma 1] proved that

(%) a;b; = 0 for all 4, j whenever f(z)g(z) =0,

where f(z) = >21" a;iz’, g(x) = 377 bja? are in R[z]. Rege et al. [14] called
aring (not necessarily reduced) Armendariz if it satisfies (x). Reduced rings are
Armendariz by [3, Lemma 1]. The structure of Armendariz rings was observed
by many authors containing Anderson et al. [1], Hirano [4], Huh et al. [6],
Kim et al. [8], Lee et al. [11], Rege et al. [14], etc. A ring is called abelian if
every idempotent is central. Armendariz rings are abelian by the proof of [1,
Theorem 6] or [6, Corollary 8].
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A ring R is called n-semi-Armendariz provided that if f(z) = ag + a1z +
-+ amax™ in R[z] satisfies f(z)™ = 0, then a;,a;, ---a;, = 0 for any choice
of a;;’s in {ao,...,an}, where j = 1,...,n (of course n > 2). A ring is called
semi-Armendariz if it is n-semi-Armendariz for all n > 2. Armendariz rings are
semi-Armendariz by [1, Proposition 1], but the converse need not hold since
the 2 by 2 upper triangular matrix ring over a reduced ring is semi-Armendariz
by Theorem 1.2 below and it is non-abelian.

Let R be a ring and n be a positive integer. Let Mat, (R) denote the n by
n matrix ring over R and I,, be the identity of Mat,, (R). We use U, (R) (resp.
L, (R)) to denote the n by n upper (resp. lower) triangular matrix ring over
R. E;;j denotes the n by n matrix with (¢, j)-entry 1 and zero elsewhere. Next
define

D, (R) ={M € U,(R) | the diagonal entries of M are equal}.

According to [12], define RA = {rA | r € R} for A € Mat,(R) and V =
Z?;ll Ej(i+1) € Un(R). N(R) denotes the set of all nilpotent elements in R.

Lemma 1.1. (1) Let R be a reduced ring, n be any positive integer and r; € R
fori=1,...,n. Then riry---r, = 0 implies 15 Rry2) R+ Rryy = 0 for
any permutation o of the set {1,2,...,n}.

(2) The class of (n-semi-) Armendariz rings is closed under subrings.

(3) Any direct product of n-semi-Armendariz rings is n-semi-Armendariz.

(4) Any direct sum of n-semi-Armendariz rings is n-semi-Armendariz.

(5) Let R be a ring and n > 2. Then R is reduced if and only if Rlx]/(z™)
is Armendariz if and only if RI, + RV + --- 4+ RV~ (a subring of D,(R))
is Armendariz if and only if Ds(R) is Armendariz if and only if Da(R) is
Armendariz, where (™) is the ideal of R[x] generated by x™.

(6) A ring R is Armendariz if and only if f1--- f, = 0 implies ay -+ - a, = 0,
where f1,..., fn € R[x] and a; is any coefficient of f;.

(7) If a ring R is semi-Armendariz, then N(R[z]) C N(R)[z].

Proof. (1) From the reducedness of R we obtain by [2, Theorem 1.3] that
r172rg = 0 implies r,(1)7(2)70(3) = 0 for any permutation o of the set {1,2,3},
and that ab = 0 implies aRb = 0 for a,b € R. Thus the result is proved by [10,
Proposition 1] or [2, Theorem I.1].

(2) is obtained from the definition.

(3) For a polynomial f(x) € R[z], C; denotes the set of coefficients of f(x).
Let R; be an n-semi-Armendariz ring for ¢ € I and let T = Hie[ R; be the
direct product of R;’s. Consider f(x) = Y. a;2? in T[z] such that f(z)" = 0,
where a; = (ay;) € T and o € R;. And we put fi(z) = Y70 ay;27 in R;[z] for
i € I. Then, from f(z)" =0, f;(z)" = 0 for all i € I. Since every R; is n-semi-
Armendariz, a;, a;, -+ o, = 0 for any «;,’s in Cy,. Thus a, as, -+ - as, = 0 for
all as,’s in {ag,...,am}, where k =1,... n.

(4) is obtained by (2) and (3).
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(5) It is proved by [1, Theorem 5] that R is reduced if and only if R[x]/(z™)
is Armendariz for any n > 2. It is obtained from the corresponding z + (™) —
V that R[z]/(z") is Armendariz if and only if RI,, + RV + --- + RV" ! is
Armendariz. It is proved by [8, Proposition 2] that Ds(R) is Armendariz when
R is reduced. Ds(R) is Armendariz by (2) when so is D3(R). R is reduced by
[11, Theorem 2.3] when Dy(R) is Armendariz.

(6) is obtained from [1, Proposition 1] and the definition.

(7) Let f(z) = Y."jaix" € Rlz] with f(z)" = 0. Since R is n-semi-
Armendariz, ai = 0 for all 1. O

Due to Marks [13], a ring R is called NI if N(R) forms an ideal of R.
Note that R is NI if and only if R/N*(R) is a reduced ring, where N*(R)
is the upper nilradical of R. If R is NI, then R/N(R)[z] = R[z]/N(R)|x]
implies N(R[z]) € N(R)[z]. The converse of Lemma 1.1(7) need not be true
by Example 1.6 below as can be seen by U, (R) (n > 4) over a reduced ring R
since U, (R) is NI. [7, Example 1.2] shows that there is an NI ring that is not
n-semi-Armendariz for any n, with the help of Example 1.6 below. If a ring R
is Armendariz and NI, then N(R) is the sum of all nilpotent ideals in R by [9,
Lemma 2.3(5)]. While if a ring R is semi-Armendariz and NI, then N(R]x]) is
contained in a proper ideal of R[z] by Lemma 1.1(7).

For a ring R and a positive integer n define

N,(R)={A € U,(R) | each diagonal entry of A is zero}.

Theorem 1.2. Let R be a ring and n be a positive integer. Then the following
conditions are equivalent:
(1) R is reduced,

(
Ly (R) is n-semi-Armendariz for h=1,2,...,n+1;
L, (R) is n-semi-Armendariz.

Proof. (1)=(2): Suppose that R is reduced. It suffices to prove that U, 11(R)
is n-semi-Armendariz by Lemma 1.1(2). Let f(z) = Ao+ A1z + -+ Apa™ €
Up+1(R)[z] with f(z)" =0 (n > 2). Write

A; = (a(i)yy) fori=0,1,...,m with a(i)y, =0 for u > v.
We will use the reducedness of R freely. From f(z)™ = 0, we have the system
of equations
Z Ag As, -+ As, =0 for k=0,1,...,mn.
s1+sat+sn=k

From Afj = 0 and A}, = 0, we have a(0)11 = --- = a(0)(ms1)(ns1) = 0
and a(m)1y = -+ = a(m)41y(ms1) = 0, entailing Ag, A, € Npj1(R). In
Zsl-s-w—s-sn:n Ag As, -+ A, any term, except AT, contains Ay as a factor,
and so it is contained in Np41(R) from Ag € N,11(R). Consequently A7 €
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Npt+1(R) and so we get A1 € N,11(R). We proceed by induction on i =
0,1,...,m—1 In> . . . AsAs, As,, any term (except A7) con-
tains A; with j < ¢ as a factor, and so it is contained in N,41(R) by the
induction hypothesis. Consequently A? € N,;1(R) and then A; € Nyy1(R).
Therefrom we have

a(i)1n = a(i)a2 = -+ = a(i) (n+1)(nt+1) = 0
for i =0,1,...,m and it follows that

AslAsz e Asn - (a(51)12a(32)23 e a(sn)n(n+1))E1(n+1)

for any choice of s;’s. This result implies the system of equations
Z a(s1)12a(52)23 - - a(8p)n(ny1) =0 for k=0,1,...,mn.
s1ts2tetsn=k

If we multiply the equation > . . .. _ a(s1)i2a(s2)23 - a(sn)nns1) =0
on the right side by a(0)12---a(0);-1)ia(0)(i+1)(i+2) - - - @(0)n(n+1), then from
a(0)12 -+ a(0),(nt1) = 0 and Lemma 1.1(1) we obtain

(a(0)12 cee a(o)(i—l)ia(l)i(i+l)a(o)(i+1)(i+2) T a(O)n(n+l))

(@(0)12 -+ a(0)(i-1)ia(0) (i+1)(i+2) - - A(0)n(n+1)) = 0
for i =1,...,n since every other term contains a(0);(;41) for i =1,2,...,n as
factors. It then follows that
(@(0)12 -+ a(0)i-1yia(L)ig+1)a(0) 4 1) (i12) - A0)n(nr1))” = 0

by Lemma 1.1(1) and then

a(0)12 - -+ a(0)i—1)ia(1)ii+1)a(0) i41)(i+2) - - @(0)n(ng1) = 0.

We proceed by induction on k = 0,1,...,mn—1. Let v be maximal in the set of
5;’s satisfying s1+sa+4 - -4-5,, = k. Consider a term a(s1)12a(52)23° - a(8n)n(n+1)
with s; = v and s; + s2 + --- + s, = k. Note that not all s;’s are equal. Mul-
tiplying Zsl+s2+m+sn=k a(s1)12a(82)23 - a(Sn)n(n+1) = 0 on the right side
by

a(si)iz-- a(sifl)(i—l)ia(3i+1)(i+l)(i+2) T a(sn)n(n+1)»
then we have

(a(s1)12 - a(si—1)(i—1)ia(8)i(i+1)@(Si41) (i+1)(i+2) = ¢(Sn)n(n+1))

(0(51)12 T a(sifl)(i—l)ia(szﬁrl)(i+1)(i+2) T a(sn)n(n+1)) =0
by the induction hypothesis and Lemma 1.1(1) since every other term (after
multiplying) contains a(t1)i2,...,a(tn)nm+1), With &1 +--- +t, < k-1, as
factors. Thus we have

(G(31)12 s a(sifl)(ifl)ia(si)i(i+1)a(3i+1)(i+1)(i+2) T a(sn)n(n+1))2 =0
by Lemma 1.1(1), entailing a(s1)12 - - - @(8n)n(n+1) = 0. Next take such v in the

remaining terms and apply the same computation method. Proceeding in this
manner we finally get to a(u1)12 a(uz)23 - - a(tn)nn1) = 0 for any choice of
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u;’s such that uy +us + -+ + u,, = k and not all u;’s are equal. In this situa-
k

tion, if k is divisible by n, then we have a(£)12a(£)a3 - a(£), (1) = 0 as a
consequence. Thus all terms in > . . a(s1)12a(s2)23 - a(Sn)n(nt1)
are zero, and consequently a(s1)12a(s2)23- - a(sp)nns1) = 0 for any k €
{1,2,...,mn — 1} and any choice of s;’s with s1 +so + -+ s, = k.

Seeing that a(s1)12---a(sp)nm41) = 0 is equivalent to A, --- A;, = 0, we
get Ag, -+ As, = 0 for any k € {0,1,2,...,mn} and any choice of s;’s with
s1+ -+ + s, = k. Therefore U,,11(R) is n-semi-Armendariz.

(3)=(1): Assume on the contrary that there is 0 # a € R with a? = 0.
Let A = (ai;) € No(R) with a;;41) = 1 for all i and elsewhere zero, and

= (bi;) € U,(R) with by; = a, by, = —a and elsewhere zero. Then we have
the following computation:

(1) ABA = BA"B = B> = 0,A" "B = (—a)Egn, BA* = aBy (.11
for k=1,...,n—1 and all h. Consider f(z) = A+ Bx € U,(R)[z]. Then
f(x)" = (A" 'B+4+ BA" Y2 = ((—a)Ey, + aE1,)z =0

by () but A""1B,BA"~! are both nonzero. Thus U,(R) is not n-semi-
Armendariz, a contradiction.

(2)=(3) is obtained from Lemma 1.1(2) and the proofs of (1)=-(4)=(5)=(1)
are similar to the case of U, (R). O

By Theorem 1.2 and Lemma 1.1(2),(5) we get the following.

Corollary 1.3. A ring R is reduced if and only if Us(R) is semi-Armendariz
if and only if Us(R) is semi-Armendariz if and only if D3(R) is Armendariz if
and only if Da(R) is Armendariz.

Proof. Let R be reduced. Then by Theorem 1.2, Uy(R) is (k — 1)-semi-
Armendariz for k > 3. Since U (R) is a subring of U41(R), Ug(R) is ¢-semi-
Armendariz for all £ > k — 1 by Lemma 1.1(2), entailing that Us(R) is semi-
Armendariz. It then by Lemma 1.1(2) follows that if Us(R) is semi-Armendariz,
then so is Uz(R). Remaining directions are obtained from Lemma 1.1(2),
(5). O

Actually let Uz(R) be semi-Armendariz and assume on the contrary that
there is 0 # a € R with a® = 0. Consider A = (§}) and B = (§ %) in U2(R).
Then A2 = B2 =0 and AB + BA = 0. So letting f(z) = A+ Bz € Ua(R)|x]
we get f(z)? = 0, but AB and BA are both nonzero. Thus Us(R) is not
semi-Armendariz, a contradiction.

If Dy(R) is Armendariz, then R is Armendariz (hence semi-Armendariz) by
Lemma 1.1(2) or Corollary 1.3. In the following we see a non-semi-Armendariz

Dy (R) when the given ring R is Armendariz but not reduced.
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Example 1.4. Let Zs be the ring of integers modulo 2. Then R = D3(Zs) is
an Armendariz ring by Corollary 1.3. Let S = {(4 §) | A, B € R}. Consider

. 001 100
F)=(§8)+(3)x with = (§88) and D= (315)

in S[z]. Then f(z)® = 0, but (§2)(8%)+#0. Thus S is not 2-semi-Armendariz
and so not semi-Armendariz.

From Theorem 1.2 one may ask whether a ring R is reduced when D, (R)
is n-semi-Armendariz. We do not know the answer, but have an affirmative
situation when the characteristic of given rings are n > 2.

Proposition 1.5. Let R be a ring of characteristic n > 2. Then R is reduced

if and only if Dy, (R) is n-semi-Armendariz.

Proof. It suffices, by Theorem 1.2 and Lemma 1.1(2), to show that R is reduced
when D, (R) is n-semi-Armendariz. Assume on the contrary that there is
0 # a € R with a®> = 0. Consider f(z) = A+ Bz in D, (R)[z] where A = (a;;) €
Np(R) with a;(;4+1y = 1 for all i and elsewhere zero, and B = (b;;) € D, (R) with
bii = a and elsewhere zero. Then A" = B2 = (0 and AB = BA, so that f(z)" =
nA" 'Bx = naF1,z = 0 because R is of characteristic n. But A" 'B =
aFEy, # 0 and so D, (R) is not n-semi-Armendariz, a contradiction. O

Also from Theorem 1.2, one may conjecture that U, y2(R) is n-semi-Armend-
ariz over a reduced ring R. However there exists a counterexample as follows.

Example 1.6. Consider U, 2(R) (n > 3) over any ring R and set
A=FEia+- 4+ En-2)n-1) + Eq-1)(n+1) + En(ni2)
and
B = Em-1yn + Emn-1)(n+1) T En(nt2) = Ent1)(nt2)
in Ny y2(R). Then we have the following computation:
AB = En-2n + En-2)(n+1) = En-1)(n+2), BA = En_1)(n+2),
B? = BA® = BAB =0,
A*BA = E(_k—1y(nyo) #0for k=1,...,n—2,
A'B = Ep—t—tyn + En—t—1)(n+1) — En—ty(ny2) Z0fort =1,...,n -2,
A" B = —Ej(19).
Thus we get
(A+ Ba)" = (A" ?BA+ A" ' B)z = (By(ny2) + (—Ei(ny2)))x = 0.

However U, 2(R) is not n-semi-Armendariz from A" 2BA # 0 and A" 1B #
0.
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By Lemma 1.1(2), Theorem 1.2 and Example 1.6 we now can say that
m-semi-Armendariz rings need not be n-semi-Armendariz for m > n + 1.

For, assuming that m-semi-Armendariz rings are n-semi-Armendariz for some
m > n+ 1, then U,42(R) is n-semi-Armendariz by Lemma 1.1(2) and Theo-
rem 1.2 over any reduced ring R, a contradiction to Example 1.6.

Next conversely one may ask whether n-semi-Armendariz rings are (n +
1)-semi-Armendariz. However the answer is also negative by the following
example.

Example 1.7. Consider a positive integer v > 3 with the primary decomposi-
tion v = pi' -+ - ple, where p;’s are distinct prime numbers and r;’s are positive
integers. Put w = p1 -+ pa.

Let Z,, be the ring of integers modulo w, and Z,[z,y] be the polynomial
ring with commuting indeterminates x,y over Z,,. Note that Z,, is reduced
(hence so are the polynomial rings over Z,,). Set R = Zy[z,y]/I, where I is
the ideal of Z,[z,y] generated by z¥, x?y? and y*. We will show that R is
(v — 1)-semi-Armendariz but not v-semi-Armendariz. For simplicity, we use x
and y for x + I and y + I, respectively. Next let R[t] be the polynomial ring
with an indeterminate ¢ over R.

Since the characteristic of R is w and w divides v, we have (z + yt)? =
¥ +vx' "y + vry? ! 4+ y¥t? = 0. But 2" ly # 0, so that R is not v-semi-
Armendariz.

Now put (fo + fit + -+ frnt™)""' = 0 in R[t] with

fi=ap+anxr+---+ ai(v_l)l‘vil +bay+ -+ bi(v_l)yvil
+enzy+ -+ Gty + digwy® + -+ dionyry” T

for i = 0,1,...,m. Then we can convert (fo + fit + -+ frt™)""! = 0 into

(go+griz+ -+ go12” P +hiy+ -+ hy_1y*!
+thiwy+ -+ k12" Y+ gay 4+ gyt )T =0

with gj = ZZO aijti, hy = ZZO bigti, ke = ZZO Cigti and ¢s = ZZZO disti €
Zylt)and for j =0,...,v—1,¢=1,...,v—1,s=2,...,0—1. We concentrate
on the expansion of the preceding equality. Since Z,,[t] is reduced, gé’fl =0
implies go = 0. In the coefficients of ¥~ (resp. y*~') any term except gV~ !
(resp. hY™') contains go as a factor, so that ¢~ = h%~! = 0; hence g; =
h1 = 0 since Z,,[t] is reduced. Consequently each monomial occurring in f; (for
i=0,1,...,m) has degree > 2. Let f,, fo, -+ f5,_, be any product of (v —1)-
number of f,,’s taken in { fo, f1,..., fm}. Notice that any term in the expansion
of fo, fos " fo,_, contains the product of (v — 1)-number of monomials taken
in {x2,92%, vy} by the preceding result, so that f,, f,, - f»,_, = 0. Therefore
R is (v — 1)-semi-Armendairz.
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With the help of Example 1.7 we can also conclude that
n-semi-Armendariz rings need not be (n + 1)-semi-Armendariz,

letting n + 1 = pi* - - - phe.
It is also natural to ask whether Theorem 1.2 holds for the full matrix ring
case. However the following answers negatively.

Example 1.8. Let S be any ring and R = Mat,,(S). We first compute the
cases of n = 2,3. Take

@) = <8 (1)) + ((1) _01) z+ (_01 8) 22 € Mats(S)[2].
Then f(x)? = 0. But f(x) ¢ N(R)[z] and so by Lemma 1.1(7) Matz(S) is not

2-semi-Armendariz.

Take
010 0 0 O
f@y=(0 0 1|+|1 0 0]xcMatz(S)[z] and g(x) = f(z)?
0 0 0 0 -1 0
Then we have
0 0 1 10 0 0 0 0
fx)*=0,g(x)=10 0 0]+[0 0 0 |z+|[ 0 0 0]z?gx)?=0
0 0 0 0 0 -1 -1 0 0
But ) )
010 0 0 0 10 0
0 0 1 1 0 0)]=—-Fji2and [0 0O O
0 00 0 -1 0 0 0 -1

are both nonzero. So Mats(S) is neither 2-semi-Armendariz (by g(z) and
Lemma 1.1(7)) nor 3-semi-Armendariz (by f(x)).

Next we consider the general case of n > 4. Consider g(x) = A+ Bz € R[z]
with

A=FEip+ E+ -+ Epn_g)(n-1) + En—1yn and B = E(,,_1)1 + (—En2).

We first show g(z)" = 0. Use ¢, to denote the sum of all products of s-
number of A’s and t-number of B’s. Then we have (A+Bz)" = 31" [ d(n_i "
Note that

(%) G(no)=A"=0and BA'‘B=0for {=0,1,...,n—4.
Setting fr, = A" *~1BAF to compute ®(n—-1,1), we have
fo=—FE12,
Jr = Exoerr) + (—Egg1)(hr2)) (for k=1,2,...,n —2) and
fn-1=E@m_1yn-

So ¢(n—1,1) = Z?:_Ol fi = 0. Next by (*), ¢(n—2,2) = BA"3BA+ BA" 2B +
ABA"*B = (=En2) + (E(u-1)1 + En2) + (= E(n-1)1) = 0. In case of ¢,k
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(k > 3), every term contains B? or BA"B (h < n —4), so that ¢(,_j =0
for all k > 3 by (x). Therefore g(2)" = (A+ Bz)" = > ¢(n—ina’ = 0 but
A""1B = —Ej5 # 0, entailing that R is not n-semi-Armendariz.

2. Properties and more examples

In this section we examine the interesting properties of the class of n-semi-
Armendariz rings, finding various kinds of examples of n-semi-Armendariz
rings. Use X to denote a nonempty set of commuting indeterminates over
rings and let R[X] be the polynomial ring with X over a ring R.

Theorem 2.1. (1) A ring R is n-semi-Armendariz if and only if so is R[X].
(2) A ring R is semi-Armendariz if and only if so is R[X].
(3) If a ring R is semi-Armendariz, then N(R[X]) C N(R)[X].

Proof. (1) It suffices by Lemma 1.1(2) to prove that R[z] is n-semi-Armendariz
if so is R. Suppose that R is n-semi-Armendariz for a positive integer n > 2
and let f(T) = fo+ fiT + -+ fuT™ € R[z][T] with f(T)" = 0, where f; =
Z?i:o a;;x7 in R[z] for i = 0,1,...,m. We apply the proof of [1, Theorem 2],
letting k = ko+ky+---+kp. Then f(z%) = fo+ frak+- -+ frz®™ € R[x] and
the set of coefficients of the f;’s equals the set of coefficients of f(z*). Since
f(T)" = 0 and x commutes with elements of R, f(x*)" =0 in R[z]. Since R is
n-semi-Armendariz, a;, a;, - - - a;, = 0 for any choice of a;,’s with j = 1,...,n.
Thus fs, fs, -+ fs,, = 0 for any choice of fs,’s in {fo, f1,..., fm}

Next letting g € R[X] with g™ = 0, there is a finite subset X of X such
that g € R[Xo]; hence it suffices to consider the case of X being finite. Then
the induction enables us to decide that R[X()] is also n-semi-Armendariz, with
the help of the result above. Thus R[X] is n-semi-Armendariz.

(2) is obtained from (1).

(3) Let R be a semi-Armendariz ring. Letting f € N(R[X]), there is a finite
subset Xy of X such that f € N(R[Xy]), say Xo = {z1,...,zx}. N(R[z1]) C
N(R)[z1] by Lemma 1.1(7). R[z1] and R[z1,x2] are semi-Armendariz by (2)
and so Lemma 1.1(7) gives

N(R[w1, x5]) = N(R[1][z2]) C N(R[z1])[z2] € N(R)[21][22] = N(R)[x1, 22].

Inductively we can get N(R[Xo]) € N(R)[Xo], entailing N(R[X]) C N(R)[X].
(]

There can be a natural conjecture that R is an n-semi-Armendariz ring if
R/I and I are n-semi-Armendariz for a nonzero proper ideal I of R, where I
is considered as an n-semi-Armendariz ring without identity. However there is
a counterexample as in the following. Let R be an algebra over a commutative
ring S. The Dorroh extension of R by S, written by R ®p S, is the ring R® S
with operations (r1,s1) + (r2,82) = (r1 + ro,81 + s2) and (r1,$1)(r2, $2) =
(rirg + s172 + S2r1,8182) for r; € R and s; € S.
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Example 2.2. Let D be the Dorroh extension (8 Zén ) ®p Zy,, Where Z,, is the
ring of integers modulo m and the exponents of distinct primes in the primary
decomposition of m are all 1. Then Z,, is reduced. Consider R = U, (D) for
n > 2. Then, by Theorem 1.2, R is not n-semi-Armendariz since D is not

reduced. Set
0 Zp,
r=0u (8 %) e0n).

Then I is an ideal of R such that £ = U, (Z,,). So R/I is n-semi-Armendariz
by Theorem 1.2 and [ is n-semi-Armendariz from I = 0.

But we have an affirmative answer to the preceding conjecture, taking a
stronger condition “I is reduced” instead of the one “I is n-semi-Armendariz”.

Theorem 2.3. For a ring R and a positive integer n > 2 suppose that R/I is
an n-semi-Armendariz ring for some ideal I of R. If I is reduced, then R is
n-semi-Armendariz.

Proof. From the condition that I is reduced, we first have bla C I, (bla)? = 0,
and bla = 0 whenever ab = 0 for a,b € R. Applying this result we also get
alialsa---al,_1a =0 when a” = 0 for ¢ € R and some positive integer n > 2,
where I, = I for all k = 1,2,...n — 1. For, a”® = 0 implies " 'Ia = 0, and
then we have alala” 2 = 0, and so on.

Let f(z) = > " ,a;z" € R[z] such that f(z)™ = 0 for a positive integer
n > 2. R/I is n-semi-Armendariz by hypothesis and so we have
(1) ailai2 e ain c I
for all a;;’s in {ag, a1, ...,am}, where j =1,...,n. If m = 0 we are done, and
so assume m > 1. We proceed by induction on m.

From f(x)™ = 0, we have aj = 0 and so

(2) a()IlaOIQaO c ~aoIn_1a0 =0.
Let ag, as, - - - as, be a product, in a term in f(x)™, containing ag; say as, = ag.
Then
(asla52 co asn>2n_1 € (as, - 'a8t71)(a011a012a0 toe a01n71a0)<a5t+1 e ag,)
by (1) and so (as,as, - -as,)* ™t = 0 by (2). But I is reduced and so
s, s, -+ a5, = 0. Consequently we get (> 1", a;z")™ = 0 and moreover
(Z;T;Olaiﬂxi)" = 0. Now, by the induction hypothesis, a;, a;, ---a;, = 0
for all a;;’s in {a1,...,am}, where j = 1,...,n. Consequently we obtain
i, @iy - - - aj, = 0 for all a;;’s in {aog,a1,...,an}, where j = 1,...,n. Therefore
R is n-semi-Armendariz. d
However the n-semi-Armendarizness need not be preserved by factor rings.
In Example 1.7, Z,[z,y] is reduced (hence v-semi-Armendariz) but

Zuwlz,y]/(Rz" + Ra*y® + Ry")

is not v-semi-Armendariz.
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Armendariz rings are abelian by the proof of [1, Theorem 6], but semi-
Armendariz rings need not be abelian as can be seen by the 2 by 2 upper trian-
gular matrix ring over a reduced ring. Since reduced rings are semiprime and
Armendariz, one may ask whether abelian semiprime rings are semi-Armend-
ariz. In a similar point of view, one may also conjecture that commutative
rings are semi-Armendariz. However the following answers them negatively.

Example 2.4. (1) Let S be a reduced ring and n be a positive integer.
Next consider Dan(S) over S and let R, = Dan(S). Each R, is a 2"-semi-
Armendariz ring by Theorem 1.2 and Lemma 1.1(2). Define a map o : R, —
Ryi1 by A (6‘ Q). Then R,, can be considered as a subring of R, 41 via o
(i.e., A =0(A) for A € R,). Notice that D = {R,,, 0nm}, with oy = o™
whenever n < m, is a direct system over I = {1,2,...}. Set R =lim R,, be the
direct limit of D, where n goes to infinity. With the help of Example 1.6, there
exists a positive integer N such that R, is not N-semi-Armendariz for some n;
hence R is not semi-Armendariz. But every nonzero idempotent in R,, is such
that the diagonal is an idempotent in S and elsewhere is zero by [5, Lemma 2].
Thus R is abelian. Next letting S be a domain, we get that R is prime by [7,
Proposition 1.3].

(2) Let F' be the Galois field of order 2™, where n is any positive integer
and F[z,y] be the polynomial ring with commuting indeterminates x,y over
F. Next consider R = (‘;L”f&%]) with (22,y?) the ideal of S generated by x? and
y%. Then R is commutative and (z + yT)? = 0, where T is an indeterminate
over R. But xy # 0 implies that R is not semi-Armendariz.

For given an abelian ring R the following may be a useful method to check
whether R is n-semi-Armendariz, if it is available.

Proposition 2.5. For an abelian ring R the following conditions are equivalent:
(1) R is n-semi-Armendariz;
(2) eR and (1 — )R are n-semi-Armendariz for every idempotent e of R;
(3) eR and (1 — e)R are n-semi-Armendariz for some idempotent e of R.

Proof. (1)=(2) is obtained by Lemma 1.1(2) since eR and (1—e¢)R are subrings
of R. (2)=(3) is obvious.

(3)=(1): Suppose that eR and (1 — e)R are n-semi-Armendariz for some
idempotent e of R, and consider f(z) = > /" a;z" € R[z] with f(z)" = 0
for a positive integer n > 2. Next let fi(z) = ef(z) € eR[z] and fa(z) =
(1—e)f(z) € (1—e)R[z]. Since R is abelian, f1(x)" = ef(z)" = 0 and fo(x)" =
(1 —e)f(z)" = 0. By the condition (3), we obtain that eas, as, - -as, =
eas eas,e---eas e = 0 and (1 — €)as,as, - a5, = (1 —e)as, (1 — e)as, (1 —
e)---(1—e)as,(1—e) = 0 for all a,’s in {ao,a1,...,am}, where j =1,2,...,n;
hence every as, as, - - - as, = 0, concluding that R is n-semi-Armendariz. ]

An element a in a ring R is called regular if a is neither left nor right zero-
divisor. [—] means the Gauss function.
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Proposition 2.6. Let R be a ring and J be an ideal of R such that every
element in R\J is reqular and J* = 0. Then R is {-semi-Armendariz for
{>n.

Proof. We use freely the condition that every element in R\J is regular. Let
f(z) =>",a;x" € R[z] and suppose f(z)" = 0. Then aff = 0 = al,, so that
ag, Gy € J.

In the coefficient --- 4+ a} +--- = 0 of 2, every term (except a) contains
ao and thus is contained in J, entailing a7 € J. We then get a; € J. We
proceed by induction on k = 0,1,...,[%]. In the coefficient --- 4+ aj} +--- =0

of z*", every term (except al') contains a; with h < k and so is contained in
J, entailing af € J. Thus a; € J. The computation, based on a,, € J, from
am t0 apm)yy is similar. Therefore a; € J for i =0,...,m. Now since J" =0,
we have that a; a;, ---a;, = 0 for any choice of a;;’s in {ao,...,an}, where
j=1,...,n, concluding that R is n-semi-Armendariz.

Next since J¢ = 0 for every £ > n, we obtain that R is ¢-semi-Armendariz
by the same computation as above. ([

Any local ring R with J(R)™ = 0 is £-semi-Armendariz for £ > n by Propo-
sition 2.6, where J(R) is the Jacobson radical of R.

Corollary 2.7. Let p be a prime and Z, be the ring of integers modulo p.

Consider
0 Z
R = <0 0p> Dp Zp.

Then D, (R) is m-semi-Armendariz for m > n + 1.

Proof. Let I = ()% )@p0and J = {(a;;) € Dn(R) | asi € I}. Since Dy, (R)/J
is isomorphic to Z, and Jt =0, D,(R) is local. Thus every element in
D, (R)\J is regular and then D,,(R) is m-semi-Armendariz (for m > n+1) by
Proposition 2.6. O

In the following we have a similar result to [1, Theorem 5].

Proposition 2.8. Let h,k,m be integers > 2 such that h divides k and k
divides m. Suppose that R is a Ting of characteristic h. Then R is reduced if
and only if R[z]/(z™) is semi-Armendariz, where (z™) = Rlx]z™.

Proof. If R is reduced, then R[z]|/(z™) is Armendariz by [1, Theorem 5]. Con-
versely let R[x]/(z™) be semi-Armendariz and assume on the contrary that
there exists 0 # r € R with 7> = 0. We use Z for z + (z™). f h=k=m =2
or h =k =m = 3, then (r + )k = 0 and rzF~! # 0; hence R[z]/(z™) is
not k-semi-Armendariz, a contradiction. Suppose m > 4 and k < m — 1. Say
m = £k. Since R is of characteristic h,
(r+je+fm71)k — ,,,k_|_. . .+kr(ff+jmfl)k71+(a—jl+fm71)k — jfk — M = .
But rz®*=1 £ 0 and so R[z]/(z™) is not k-semi-Armendariz, a contradiction.
(]



A STRUCTURE ON COEFFICIENTS OF NILPOTENT POLYNOMIALS 731

3. Commutative n-semi-Armendariz rings

We observe in this section the structure of commutative n-semi-Armendariz
rings, applying the arguments in [1]. Let R be a commutative ring and f € R|x].
Let Ay be the content of f, i.e., the ideal of R generated by the coefficients of
f. It is obvious that A;, C AfA, for f,g € R[x]. Note that R is Armendariz
if and only if for f,g € R[x] with A, = 0 we have Ay A, = 0. The following is
obtained from the definition.

Lemma 3.1. A commutative ring R is n-semi-Armendariz if and only if for
f € R[z] with Agn =0 we have (Af)™ = 0.

It is shown by [1, Theorem 8 and Corollary 9] that A;, = AyA, for all
f,9 € R[X] if and only if for fi,..., fn € R[X]| we get Ay,..p, = Ay, --- Ay, if
and only if every homomorphic image of R is Armendariz. By [14, Theorem 2.2]
every homomorphic image of a PID is Armendariz. In the following we see
similar results for n-semi-Armendariz rings.

Theorem 3.2. (1) Let R be a commutative ring. Then A = (Af)™ for each
f € R[z] if and only if every homomorphic image of R is n-semi-Armendariz.
(2) Let R be a ring and S be a multiplicative monoid in R consisting of

central reqular elements. Then R is n-semi-Armendariz if and only if so is
STIR.

Proof. (1) Assume that A = (Ay)" for each f € R[z]. Then every factor
ring R of R also satisfies this condition, so that R is n-semi-Armendariz by
Lemma 3.1. Conversely assume that every homomorphic image of R is n-semi-
Armendariz. Consider S = %[m] for f € R[z]. Then (f)" = 0in S, and since
R/Ajn is n-semi-Armendariz we have (Af)"/A¢n = 0, entailing (Af)"™ = Agn.

(2) Tt suffices to prove by Lemma 1.1(2) that S~!R is n-semi-Armendariz
when so is R. Suppose that R is n-semi-Armendariz. Consider

flx) = Zaixi € ST'R[z]

i=0
with f(x)® = 0. We can assume that o; = a;u~! with a; € R for all i and
regular u € S. Setting fi(z) = Y ", a;z’, we have 0 = f(2)" = (fi(z)u )" =
fi(x)"u™", entailing fi(x)™ = 0. Since R is n-semi-Armendariz, a;, ---a;, =0

for any choice of a;;’s with j = 1,...,n; hence o, - a;, = a4, ---a;,u™ =0
for any choice of a;,’s with j = 1,...,n. Therefore S~1R is n-semi-Armendariz.
O

About Theorem 3.2(1), there exist commutative reduced rings whose homo-
morphic images need not be n-semi-Armendariz as can be seen by Example 1.7.

For a commutative ring R let T'(R) be the total quotient ring of R and
S be an overring of R (i.e., R C S C T(R)). The following is shown by
Theorem 3.2(2) and Lemma 1.1(2).
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Corollary 3.3. (1) Let R be a commutative ring and S be an overring of R.
Then R is n-semi-Armendariz if and only if S is n-semi-Armendariz if and
only if T(R) is n-semi-Armendariz.

(2) Let R be a commutative ring and P be a prime ideal of R such that R\P
contains no zero-divisors. Then R is n-semi-Armendariz if and only if so is
Rp.

Let R be a commutative ring such that 0 is P-primary and P? = 0. Then
R is Armendariz by [1, Proposition 13]. We get a similar result for n-semi-
Armendariz rings in the following.

Proposition 3.4. Let R be a commutative ring and Q be an ideal of R such
that Q is P-primary and P"™ C Q. Then R/Q and R[X]/Q[X] are {-semi-
Armendariz for £ > n.

Proof. Let f = Y7 a;a" € %[x] with f™ = 0. Since @ is P-primary, Q[x]
is Plz]-primary in R[z] and so R[z]/P[z] is a commutative domain, entailing
f € Plz]. Then a; € P for all i, and so R/Q is n-semi-Armendariz since
P" C Q. Also since P C Q for every £ > n, we obtain that R/Q is /-
semi-Armendariz by the same computation as above. Next by Theorem 2.1(1)
RIX]/Q[X](= [X]) is f-semi-Armendariz. O

Example 3.5. Use (1) to denote the ideal of a ring R generated by 7.

(1) Let Z be the ring of integers and p be a prime. Since (p™) (n > 2) is
primary for (p) and (p)® = (p"), Z/(p™) is L-semi-Armendariz for £ > n by
Proposition 3.4. This result is also shown by [14, Theorem 2.2].

(2) Let S = Z[z, y] be the polynomial ring with commuting indeterminates
x,y over Z. Since Q =(z",y", 2'y?) (n > 2 and i +j = n) is primary for (z,y)
and (z,y)" = @, S/Q is f-semi-Armendariz for ¢ > n by Proposition 3.4.
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