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LIE BIALGEBRAS ARISING FROM POISSON BIALGEBRAS

SEI-QWON OH AND EuUN-HEE CHO

ABSTRACT. It gives a method to obtain a natural Lie bialgebra from a
Poisson bialgebra by an algebraic point of view. Let g be a coboundary
Lie bialgebra associated to a Poission Lie group G. As an application,
we obtain a Lie bialgebra from a sub-Poisson bialgebra of the restricted
dual of the universal enveloping algebra U(g).

Introduction

Assume throughout that G denotes a connected and simply connected Lie
group with Lie algebra g, O(G) the coordinate ring of G and U(g) the universal
enveloping algebra of g.

If G is a Poisson Lie group, then O(G) is a Poisson Hopf algebra and g
becomes a Lie bialgebra. Conversely, if g has a Lie bialgebra structure, then G
becomes a Poisson Lie group by [2, Chapter 1]. On the other hand, if U(g) has
a co-Poisson Hopf structure with co-Poisson bracket d, then (g,d|q) becomes
a Lie bialgebra. Conversely if (g,0) is a Lie bialgebra, then the cobracket &
extends uniquely to a Poisson co-bracket on U(g), which makes U(g) into a
co-Poisson Hopf algebra (see [2, Proposition 6.2.3]). Moreover, the coordinate
ring O(G) is isomorphic as a Hopf algebra to the restricted dual U(g)° of
U(g) and it is sometimes more convenient to work on U(g)® than to do on
O(@). For instance, Hodges and his colleagues worked on restricted duals to
obtain mathematical properties of a quantum group in [3] and [4]. Hence it
makes sense mathematically to study a relationship between Lie bialgebras and
restricted duals of their enveloping algebras.

Let (A,t,m,{-,-},e,A) be a Poisson bialgebra and m = kere. In 1.5, we
prove by an algebraic point of view that the pair ((m/m?)*, m/m?) is a natural
Lie bialgebra obtained from (A, ¢, m, {-,-},¢, A).

Let g be a coboundary Lie bialgebra. The restricted dual A of U(g) is
the vector space spanned by all coordinate functions c%u, where M is a finite
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dimensional left U(g)-module and f € M*,v € M. Here we give an explicit
Poisson bracket on A that is the Sklyanin Poisson bracket. Let B be a sub-
Poisson bialgebra of the restricted dual A. Then, as an application of 1.5, we
obtain a Lie bialgebra ((mp/m%)*, mp/m%) arising from B, where mp is the
kernel of the counit in B.

Assume throughout that k denotes a field of characteristic zero, all vector
spaces considered here are over k and if A is a bialgebra with comultiplication
A, then we use Sweedler’s notation

Afa) = Za’@a", a € A.
(a)

Recall that a Poisson algebra A is a k-algebra with k-bilinear map {-,-},
called a Poisson bracket, such that

(a) (A,{-,-}) is a Lie algebra over k.
(b) {ab,c} = a{b,c} + {a,c}b for all a,b,c € A. (Leibniz rule)
1. Lie bialgebra arising from Poisson bialgebra

Definition 1.1. A Poisson algebra A with Poisson bracket {-,-} is said to be
a Poisson bialgebra if A is also a bialgebra (A4, ¢, m, e, A) over k such that

(1) A({a,b}) = {A(a), A(b)} aga
for all a,b € A, where the Poisson bracket {-, -} ag4 on A ® A is defined by
{a®@b,c®d}aga = {a,¢c} @ bd + ac® {b,d}

for all a,b,c,d € A.

A Poisson bialgebra A is often denoted by A = (A,¢,m,{-,-},e,A). If a
Poisson bialgebra A is a Hopf algebra, then A is called a Poisson Hopf algebra
(see [2, 6.2.1] and [1, IT1.5.3]). Note, by (1), that

(2) A({a,b}) =) a't @ {a", 1"} + {d',V'} @ "V
for all elements a, b of a Poisson bialgebra A.

Lemma 1.2. If (A,t,m,{-,-},¢,A) is a Poisson bialgebra, then e({a,b}) =0
for all a,b € A.

Proof. By (2), we have that
{a,b} = mo (e®ida) o A({a,b})
=mo(e®ida)() _{a V'} @ d"V +a't @ {a",0'})
= > e({d,b}a"b" + ) e(a't){a",b"}
= Z e({a’,b'})a"t" + {a, b}
for a,b € A and thus we have Y e({a’,b'})a”b” = 0. Hence
0=e(D_e({a’,0'}a"b") =) e({a, '})e(a")e(b") = e({a, b)),
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as claimed. O

Corollary 1.3. In a Poisson bialgebra (A, v, m,{-,-},¢,A), setkere = m. Then
m/m? is a Lie algebra with Lie bracket

(3) [a+m? b+m?] = {a,b} +m? a,bem.
Proof. The Lie bracket (3) is well-defined by Lemma 1.2. Clearly (m/m?2, [-,])
is a Lie algebra. O

1.4. Let (A,¢,m,e,A) be a bialgebra and set
A°={f e A" | f(I) =0 for some ideal I of A such that dim(A/I) < co}.

Then A°, called the restricted dual of A, becomes a bialgebra with bialgebra
structure: For f,g € A° and a,b € A,

(f9)(@) =) fla)g(a"), A(f)(awb) = f(ab).
Denote
P(A%) = {f € A% | f(ab) = e(a) f(b) + f(a)e(b), Va,b € A}.
That is, P.(A°) = {f € A° | A(f) = e® f+ f ® ¢}. It is well-known that
P.(A°) is a Lie algebra with Lie bracket
[f,9]=Fg—af

for all f,g € P.(A°).

Denote m = kere and let 4 : m — A be the canonical injection. Then ¢* is
a surjection of A* onto m*. Let f € keré*. Then f(a—e(a)l) =0foralla € A
since f(m) = 0 and a—e(a)l € m. Thus f = f(1)e for f € keri*. It follows that
keri* = ke. Given f, g € m*, choose representatives f' = i**(f), ¢ = i* " *(g).

If f] = i*_l(f)7gi = i*_l(g), then f] = '+ «e, gy = ¢’ + Pe for some o, 3 € k.
Thus

flgr = gifi = (f' + ae)(g’ + Be) — (¢’ + Be)(f' + ae)
= (f'g' +Bf +ag' +ape) = (¢'f' + Bf' + ag' + abe)
=f'9d-3gf
since € is the multiplicative identity in A*. Hence [f,g] = i*(f'¢' — ¢'f’) is
independent of representatives and defines a Lie bracket on m*. Identifying
{f e m* | f(m?) =0} with (m/m?)*, (m/m?)* is a Lie subalgebra of m* by 8,
2.1.2).

Lemma. The linear map

*|p.a0) : Po(A°) — (m/m?)*, f =i p a0y (f) = flm

is a Lie isomorphism.
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Proof. Note that A = kl4 @ m and if f € P.(A°), then f(m?) = 0. Hence
i*|p_ a0y is well-defined. If f € ker(i*|p,_(40)), then

flalg+a)=af(la)+ f(a)=0

for all @ € k and a € m. It follows that i*|p_(40) is injective. If f € m* such
that f(m?) = 0, then f is extended to A, denoted by f’, by setting

F(kla) =0, f'la=f
Then, for any o, 8 € k and a,b € m,

f'((ala+a)(B1la+0)) = f(ab) + f(Ba)
=elala+a)f'(Bla+b)+ f'(als+a)e(Bla+D).

Hence f' € P.(A°) and thus i*|p (40) is surjective. Now i*|p (40) is a Lie
isomorphism by the definition of Lie brackets. O

1.5. Let us recall the definition for Lie bialgebra in [2, 1.3] and [9, 2.1.1]. A
Lie bialgebra is a pair (g,%), where g is a Lie algebra and ¥ : g — gAg, called
cobracket, satisfying the following conditions:

(a) The dual map ¢* : g* A g* — g* makes g* a Lie algebra.

(b) The cobracket ¢ : g — g A g is a 1-cocycle on g with respect to the
g-module structure on g A g given by the adjoint action. In other words, we
have that for any a,b € g,

P([a,b]) = a-(b) = b-¥(a),
where
a-b®c)=a®1+1®a,b®@c =[a,b]@c+bR]a,c].

In a Lie bialgebra (g, ), a Lie ideal b of g is said to be a Lie bialgebra ideal
if p(b) Cg®b+b®g. A Lie homomorphism ¢ : (g,¢) — (¢',¢’) is said to
be a Lie bialgebra homomorphism if (¢ ® ) o1 = 1)’ 0. Note that if b is a Lie
bialgebra ideal of (g,), then (g/b,) is also a Lie bialgebra. A Lie bialgebra
(g,%) is frequently denoted by (g, g*).

Theorem. Let (A,t,m,{-, -}, ¢, A) be a Poisson bialgebra and let m = kere.
Then ((m/m?)*, m/m?) is a Lie bialgebra.

Proof. We will show that the pair ((m/m?)*,4) is a Lie bialgebra, where v :
(m/m?)* — (m/m?)* A (m/m?)* is defined by

(4) Y(f)(z1 ® 22) = f([21, 22])

for all 21,22 € m/m2. It is enough to prove that 1 is a 1-cocycle on (m/m?2)*.
The natural k-bilinear form (-, -) defined by

() (m/mH)* xm/m? — k, (f,a+m?) = f(a+m?)
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is a nondegenerate k-bilinear form. Identifying (m/m?)* to P.(A°) by 1.4, we
have that, for f,g € (m/m?)* and a,b € m,

(W([f,9]), (a+m*) @ (b+m?)) = ([f. g], {a, b} + m?)
= (f9)({a,b}) — (9f)({a, b})
= 3 A )g(a B + S W Do)
—g(d’ b') ({a",0"}) — g({a’, V' }) f(a"V")
=) (el ) F(V) + f(a)e(®))g({a",b"})
+f({d, b'})(( Ng(0") + g(a”)e(®”))
— (e(a")g(t') + g(a’)e(v)) f({a", b"})
—g({a", 0"} (e(@”) f(0") + f(a”)e(b"))
= 3 1®)g{a b)) + f(@)g(fa b))
+ f({d’,b})g(a ”)+f({avb'})9(b”)
—g(0")f({a,b"}) — gla’) f({a",b})
—9({a, '} f(V") — g({a’,b}) f(a”)
by (2). Let
V() =2 f1@fa, ¥(g) =291 @ ga.
Then, by (4), we have
f{a,b}) = ((f), (a+m?) @ (b+m?))
9({a,b}) = (¥(9), (a +m?) @ (b+m?))

for all a,b € m. Hence

(f-9(g) —g-¢(f), (a+m?) @ (b+m?))
= <Z[f791] ® g2+ g1 ®@[f, 92l = [9, 1l ® f2 = L ® [g, fo],
(a+m2> (b+m2>>

= 3 £a)g1(a")g2(b) — g1 (a') F(a")a(b)
+g1(a )f(b')gz(b”) 91(a)g2(b") f (")
—g(a’) f1(a”) f2(b) + fi(a')g(a”) f2(b)

= fi(a)g(¥') f2(b") + fi(a) f2(b')g(b")
=Y fla)g({a",b}) — g({a’,b}) f(a”)
+ f)g9({a,b"}) — g({a, '} f (")
—g(a")f({a",b}) + f({a’,b})g(a")
—g(®)f({a,b"}) + f({a,b'})g(b").

1
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Thus we have ¥([f,g]) = f-¥(g9) — g - ¥(f) for all f,g € (m/m?)* and so ¥ is
a 1-cocycle as claimed. (I

Example 1.6. Let ¢ be an indeterminate over k. By [1, 1.2.2], the coordinate
ring of quantum n x n-matrices, denoted by O, (M, (k)), is the k[g*']-algebra
generated by x;;,1 <4, < n, subject to the relations

qTrsTij i=rand j <s,

o — qTrsTij i<randj=s,

WS TrsLij i <randj>s,

Trsij + (g — q_l)xismrj i1<randj<s.

Thus

(¢ — Dz i=rand j <s,
) (¢g—Dzrszy; 1 <randj=s,
LijTrs = Trslij =\ i<randj>s
)

g~ Mg — D)(g + Dwiszy, i<randj<s.

Hence O4(M,(k))/(g—1) is the commutative k-algebra k[Z;; | ¢,j =1,...,n].
Moreover O,(M,,(k))/{g — 1) is a Poisson algebra with Poisson bracket

{fijafrs} = (q - 1)_1(xijxrs - xrswij)

by [1, I11.5.4]. More precisely, we have that

TrsTij i=rand j <s,

(T Tra} = TrsTij i <randj=s,
Jrrs 0 i<randj>s,
2T35Trj i<randj<s.

The coordinate ring of n X n-matrices is the commutative k-algebra
k[{L‘ij | 27] = 1,...,71],
denoted by O(M,,(k)), which is a bialgebra with the coalgebra structure

e(wij) = 0ij, Alwiz) = ink ® Ty
k=1

The algebra O(M,,(k)) is also a Poisson algebra with Poisson bracket

TijTrs t=rand j <s,

) wims i<randj=s

(5) {zij, zrs} = 0 i<randj> s:
20,52y i<randj<s

by the above paragraph. Moreover O(M,(k)) is a Poisson bialgebra since
A({zij, xrs}) = {A45), Alzrs) }

for all 4, 7, r, s, any Poisson bracket satisfies the Leibniz rule and A is an algebra
homomorphism.
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In m/m?2, set

eij:xij+m2, ekk:(xkkfl)erz, i1#£j5, 1<k<n.

Then e;;, i,j =1,...,n, form a k-basis of m/m? and satisfy

[eiis €is] = e€is 1< 8,

[eii, €is] = —€s 1> s,

leij, €is] =0 i i s,

[€iis €ri] = €ri i<,

(i, €ri] = —€ri P>

leijser] =0 i # g, g,

[eij,ers] =0 i<rj<sitsr#i]
[€ij, ers] = 2ey; i<rj<si=srj
leij, ers] = 2eis 1<, j<S8,i%#s,1r=17j,
leij, ers] =0 i<rj>s,

leii, err] =0 iET

]
by (5). The dual (m/m?)* has the dual basis e; for e;;, i,j = 1,...,n, satisfying

* * 1 S ok% 5
[eij’ers} - 5J7"eis 5516

rj

for all 4, 7,7, s. That is, (m/m?)* is isomorphic to the general linear Lie algebra
gl,,(k). Moreover the pair ((m/m?)*, m/m?) is a Lie bialgebra by 1.5. Now the
cobracket ¥ : (m/m?)* — (m/m?)* A (m/m?)* is given by

¥(e;) =0 i=1,...,n,
Yleg) =eiAej+e A+ Y 2eh Aer; i<,
i<k<j
Yley) =€ Nes+e e+ Y 2k Nely, i3>
J<k<i
Example 1.7. Let b denote the Lie ideal k(3> e};) of (m/m?)* in Example

1.6. Then b is a Lie bialgebra ideal since 1(b) C (m/m?)* ® b + b ® (m/m?)*
and thus (m/m?)*/b is also a Lie bialgebra. In fact, it is checked immediately
that the Lie bialgebra (m/m?)* /b is isomorphic to the well-known Lie bialgebra
(sly(k),0), where 9 : sl,, (k) — sl,, (k) A sl, (k) is given by

(6) d(hi) =0, d(Eiit1) =hi NEjiv1, 6(Eig1,:) =hi NEip1,,

where E;; is the n x n-matrix with 0 for all positions except (3, j)-position and
1 for (i, j)-position and h; = Ey; — E;qq1 441 for i =1,...,n—1 (The cobracket
d is uniquely determined by (6) since J is a 1-cocycle and sl, (k) is generated
by hi, Eii+1, Eit14, t = 1,...,n—1). The cobracket § in (6) is the standard
Lie bialgebra structure in sl, (k) (see [2, 1.3.8]).
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2. Application

2.1. Let A = (4,1, m,e,A) be a bialgebra. Note that the dual A* is an A-A
bimodule:

(7) (apb)(x) = p(bxa), ¢ € A", a, b, € A.
For a left A-module M, the dual space M* is a right A-module with structure
(fa)(x) = flax), a€A feM*' xze M.

Let C be a class of finite dimensional left A-modules which is closed under
finite direct sums and finite tensor products. For any M € C,f € M* and
v € M, the coordinate function C%; € A* is defined by

c%u(x) = f(av), z€ A

Then cj‘cf[v is an element of the restricted dual A° of A since the annihilator I of
M is an ideal of A such that the dimension of A/I is finite and c%j (I)=0.It
is well-known that the vector space A(C) spanned by all coordinate functions
cfly, M €C, f € M*,v € M, is a sub-bialgebra of A° with structure

M N _ M®N M N _ MQN
® Cio T Cow = C(5,9),(vw) CrwCouw = Cregveuw:
8
Ac,) =2 e, @i, e(c},) = f(v),

where {v;} and {f;} are dual bases for M and M* (see [1, 1.7]). Moreover if
A is a Hopf algebra and C is closed under duals, then A(C) is a Hopf algebra
with antipode S defined by

S(ch,) =M, MeC feM veM.
Observe that A(C) has a left and right A-action induced by (7):
(9) a~c?7{)=c%ﬂv, c%v-a:c%m, a€ A

2.2. Let (g,) be a Lie bialgebra and let A be the comultiplication of U(g).
The cobracket 1 is extended uniquely to a A-derivation 1 from U(g) into
U(g) ® U(g). That is,

¢:U(g) — Ulg) @ U(g)

is a k-linear map such that |, = 1 and ¥ (2y) = ¥ (z)A(y) + Az)(y) for all
z,y € U(g).

Let (g,1) be a coboundary Lie bialgebra such that the cobracket 1 deter-
mined by a classical r-matrix r = El a; ® b;. That is, r satisfies the modified
classical Yang-Baxter equation and 1 is defined by

YE)=x-r= Z[x, a;] @ bi + a; @ [x,b;] = [A(z), T]v(g)0U ()

i
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for all x € g (refer to [2, 2.1] and [9, §4.1] for the definition of a coboundary
Lie bialgebra). Then the extension map 1 of ¢ to U(g) is given by ¢ (z) =
[A(z), 7]y (g)eu(g) for all z € U(g).

Theorem. Let (g,v) be a coboundary Lie bialgebra such that the cobracket ¥
is determined by a classical r-matriz r. Fix a class C of finite dimensional
left U(g)-modules which is closed under finite direct sums and finite tensor
products. Denote by A(C) the vector space spanned by all coordinate functions
c%},M €C,f € M*;v € M. Then A(C) is a Poisson bialgebra with Poisson
bracket

(10) {Cf,v’ g,w (.’,E) = <¥(I)’ C%v ® Cé\fw>
for all x € U(g).

Remark. Observe that, in the above theorem, A(C) is a sub-Poisson bialgebra
of the restricted dual U(g)® and we obtain a Lie bialgebra ((m/m?)* m/m?) by
applying 1.5 to A(C), where m is the kernel of the counit in A(C).

Proof of Theorem. We have already known that A(C) is a sub-bialgebra of the
restricted dual U(g)°® with structure (8) by 2.1.
Denote r =Y, a; ® b;. Then

Y(x) = [A2), rlugeu) szaz@)xb—azx ® b;x'")

for all x € U(g), thus
{Cf,v’ qw} chfv Z‘Cl,z Hb ZZCfUaJZ (bx )
= Z(cj\‘/{aivcé\{biw)(l‘) - Z(C%i,vc%i,w)(x)‘

i i

Hence

(11) {C%v? ny\,fw} = Z(C?{[aivcé\fl}iw) - Z(C%i,vcé\;ﬁ,w) € A(C)a

i

that is, the Poisson bracket (10) is well-defined.

Let 7: U(g)@U(g) — U(g)®@U(g) be the flip. Since U(g) is cocommutative
and 7(r) = —r, we have that 7¢(x) = —(z) for all x € U(g), thus we have
immediately that {wa Yt =—{clw c%)} for all c%v,cg{w € A(C) by (10).

For distinct numbers s,t = 1,2, 3, denote by rs; € g g® g the element with
a; for s-component, b; for t-component and 1 for the other component. For
instance, r12 = Y . a; ®b; ® 1 and r31 = > b; ® 1 ® a;. Note that rg = —rg
for all distinct numbers s, ¢ = 1,2, 3, by the skew symmetry of r. Since A(a) =
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a®1+1®a for all a € g, we have

{{cty et (@) = (A2(@)(r13 + ra3)r12, ¢fy @ €y @ CF )
— (r12A% () (113 + 723), C%J ® cé\fw ® cﬁu>
—{(r13 + 723)A%(2) 719, C%; ® Cé\{w ® C£u>
+ (r1a(ris + r23) A%(z), e, @ e @ ek )

for € U(g), where A2 = (A®1)oA = (1® A)o A, by (10). Hence, by
rsg = —1ys for all s,¢ = 1,2,3 and the coassociativity of A, we have that

({{efh et i) + {{Cguﬂchu} et} + ek w i) e D (@)
= (A%(2)(r13 + ras)riz. ey, ® ¢l @ )

— (r12A%(2) (113 + T23), cf,,®cgw®ch )
— {((r13 + ro3)A%(z )Tlg,Cfv ® cg w® ch ”
r12(r13 + ro3) A% (z), Cfv ® Cg w ® Ch u

+ +

)
)
A%(z)(ra1 +T31)T23,Cfv®cgw®chu>
— (rasA%(z)(ro1 +131), e, ® ¢, @ ¢ )
= ((ra1 + r31) A (x)ras, e}, @ ¢y @ cf )
To3(ro1 + 131) A% (1), cfv®cgw®chu>
A*(x)(raz + ri2)ra, cf, @ ¢, @ cf )
— (ranA%(2)(r32 + 12), Cfv®cgw®chu>

)

o~ o~ o~ o~ o~~~ o~~~

— ((rs2 + r12) A%(2)rs1, Cf v ® Cg w ® Ch u
+ (r31(rss + 112) A% (), Cfv & Cg w @ Ch, )
= (([r12,713] + [r12, 23] + [r13, r23]) A% (), ¢} @ ¢y @ ¢ )
— (A*(@)([r12, 713) + [r12,723] + [r13,723]), C%v ® Cf]\{w ® Cﬁu»

I
o

for any ¢}, ¢}, cr, € A(C) and z € U(g) since

[r12, T3] + [r12, 723] + [r13, T3]
= (rig2m13 — T13712) + (T12r23 — T23712) + (T13723 — T23713)

Z[al,aj]@)b ®b; —I—Zal [biya;] ®b; —&—Zal@a] [bi, b;]

,J ] i,J

is g-invariant. Hence the Poisson bracket (10) satisfies the Jacobi identity.
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By (11), we have

_ M N L N L
{Cf vy g wch7u} - E cf,a v( q b; wch,u + Cg,wch7biu)
L
- E Cfal v gb wch Kn + Cg wChb; u)

- {Cfm gw}chu +cgw{cfv7chu}

It follows that the Poisson bracket (10) satisfies the Leibniz rule.
Let us prove that A({c}’,, ¢}, }) = {A(cfv) Aley )} for all elements cf -
N, € A(C). Note that A(cf’v) > cf v; ®ch v ( w) = 2o e @l s
Where {v,;},{f;} are dual bases for M and M* and {wk}, {gr} are dual bases
for N and N*. Now, for any =,y € Ul(g),

A{cf cou (@ @ y) = W(ay), cf), @ cgu)

= (@) AWY), cfy @ cglu) + (D)D), cf @ )
= Z<E(I)7 c?/,[vj ® Ci]\{wk><A(y) Cf7 & Cgk w>
7.k

+ Z<A(x)70%vj ® Ci]\jwk><g( ) Cf] ® Cgk w>
= Z({C}\{’L}j ) Ci]\fwk} ® C%,’L}Cé\)fww)(m ® y)
7.k
+Z cfv] gwk®{cf],7j7 Ik s w})( )

= {A(C%), Aleg)}z @ y).
Hence we have A({c},, ¢, }) = {A(c}), A(e),)} for all elements ¢}, ¢, €

g,w

A(C). This completes the proof. O

Proposition 2.3. Let (g,¢) be a coboundary Lie bialgebra such that g is con-
nected and simply connected and let C be the set of all finite dimensional left
U(g)-modules. Then A(C) is the restricted dual U(g)°. Moreover the given Lie
bialgebra (g, 1) is isomorphic to ((m/m?)* m/m?), where m is the kernel of the
counit € of A(C).

Proof. Note that the set of all finite dimensional left U(g)-modules is closed
under finite direct sums and finite tensor products. Since every element of
the restricted dual U(g)° is represented by a coordinate function C%J for some
finite dimensional left U(g)-module M, we have immediately that A(C) is the
restricted dual U(g)°. Moreover ((m/m?)* m/m?) is a Lie bialgebra by 2.2 and
1.5, and g = (m/m?2)* by [7, 7.11]. Thus g* is equal to m/m? as a Lie algebra
by (3) and (10). It follows that the Lie bialgebra ((m/m?)*, m/m?) is equal to
(9,¢) = (g,97)- O
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Example 2.4. In the symplectic Lie algebra sp,, set

hi = E11 — By — E33 4 Eyy, ho = Eoy — Eyy,
e1 = Fio — Eys, ez = Foy, ez = By + Ea3, eq4 = Eja,
f1 = Ea1 — E3y, f2 = Eyo, fa=FEu+Es, fi=E3

(see [5, 8.3] for sp,). Let H be the subspace of sp, spanned by hy, ho and let
a1, a9 € H* be defined by

Oél(hl) = 2, O{Q(hl) = —2,
Ozl(hg) = —17 OéQ(hQ) = 2.

Then ey, es, €3, €4, f1, f2, f3, f4 are weight vectors with weights

wt(er) = a1, wt(e2) = aa, wt(ez) = oy + ao, wt(eq) = 201 + g,
wt(f1) = —a1, wt(f2) = —aa, Wt(f3) = —(a1 + az), Wt(fa) = —(201 + az).

Hence aq, as are positive simple roots. It is well-known that
r=e /\f1+262/\f2+63/\f3+2€4/\f4 € spy N Spy

satisfies the modified classical Yang-Baxter equation and gives the standard
Lie bialgebra structure ) in sp, such that

Y(h) =0, Y(h2) =0,

P(e1) = e1 A b, ¥(e2) = 2eq A ha,

1/1(63) =e3 A h1+ 2e3 A hy —4e1 A ea, 1/}(64) = 2e4 N h1 + 2e4 A\ ha — 2e1 A es,
Y(f1) = fr AN, Y(f2) = 2f2 A ha,

U(fs) = faANhi+2fs Nho —4fi A fa, (fa) =2fa ANh1 +2fs Aha —2f1 A fs

(see [9, Exercise 4.1.11]).

The weight lattice P in sp, is a free abelian group with basis consisting
of the fundamental dominant integral weights A1, Ao, where A;(h;) = ;5 for
i,7 = 1,2. Hence

a1 =2M1 — g, g = —2\1 + 2.

The natural sp,-module V' = k? is an irreducible highest weight module with
highest weight A;. In fact, set

1 0 0 0
0 1 0 0

U1 = 0 , V2 = O , U3 = O y V4 = 71 GV
0 0 1 0

Then vy is a highest weight vector with highest weight A; and

vy € Vi, v2 = fivr € Vox 4,03 = fove € VA, _x,,v4 = f1uz € V_y,.

f1 f2 f1
(1)1 — V2 —> U3 — U4)

Here we simply write cy,, for c}/)v, v eV, feV* Observe that
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U1 = (V*)*/\N’U; = Ufel € (V*)X1*>\27’U§ = ’U;eg € (V*)*A1+>\27UZ = U;t’il € (V*)kl

(Uik vy - vy - vy)

and

C={k, V"V |n=12..}
is a class of U(sp,)-modules closed under finite direct sums and finite ten-
sor products. Thus A(C) is a sub-Poisson bialgebra of the Poisson bialgebra
U(5p4)o by 2.2. Set

O *
hl = Cojor — L, h? = Coz,vs + Cot,on — 2,

* * * *
T = Co¥,ugs Ty = Cu¥ vz, Y1 = Coi oy Y2 = Couj v

in m/m?, where m = kere. Let S be the antipode of U(sp,)°. Since V* 2V as
a U(spy)-module and m o (idy(sp,)» ® S) 0 A = €l, we have

Cozvg = —Cutugy Cuzug = —Cotugy  Cojug = 0, Corvg = 0,

Coivg = —Cuiv1s Coivr = —Cofugs  Coivg = 0, Co}uy = 0.

It follows that m/m? is a 6-dimensional Lie algebra with structure

[ h2] =0, [ T?xﬂ = -7, [hlva] 1‘2,

[hlayl] = -1, [hlv 3} = —y3, [h27x1]

[ 2,$2] .’E*, [ yﬂ 07 [ 2vy2] ng,

[21, 23] = lvi,y3] =0, [z ’L7y_7:| (4,5 =1,2),

where [h}, R3] = {cv;ﬂJl — 1, Coz v, + Coro, — 2} € m/m?, ete. and the dual Lie
algebra (m/m?)* is a six dimensional Lie algebra with the following structure

[h1, ha] =0, [h1,21] = 221, [h1,22] =
[h,91] = —2y1,  [h1,92] =0, [ho, 1] = —5617
[ha, z2] = 2, [ho,y1] = y1,  [ha, y2] = —yo,
(21, 22] =0, [y1,y2] = 0, [21, 1] = ha,
[.Tl,yg] = 0, [Qﬂg,yl] 0 [1‘2, yQ] = h1 + 2h2.
Hence the Lie algebra (m/m?)* is a Lie bialgebra with cobracket 1 satisfying

) = Y(h2) =0,
P(x1) = 301/\}11, Y(x2) = 2 A Ry + 222 A ho,
)=y1 Ah1, ¥(y2) =y2 A by + 2y2 A ha.
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