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ABSTRACT. An elastic field composed of symmetric cross-ply laminated material is analyzed
in roller guided panel. The plane stress elasticity problem is formulated in terms of two
displacement parameters with mixed boundary conditions. The numerical solution for two
displacement parameters is obtained using a finite element method considering a panel of
glass/epoxy laminated composite. Some components of stress and displacement at different
sections of panel are displayed. The results makes sure that the formulation developed in this
study can be applied to analyze the characteristics of elastic field made of laminated composite
under any boundary conditions.

1. INTRODUCTION

In structural elements composite materials presents better performance in engineering appli-
cations in comparison with conventional materials. But, most of previous results were obtained
when structural elements are under the action of loads or constraints along their boundaries,
while many kind of structural elements, in general, experience both loads and constraints at
the same time. Thus, the materials of the elements suffer from displacement and stress, which
provides the necessity to investigate the elastic characteristics of the materials for reliable per-
formance in an application.

Chow et al. [4] used the Airy stress function formulation for two dimensional elastic prob-
lem. Effective solution for the derived equation were obtained based on the finite difference
technique. The Airy stress function formulation was developed into a Fourier Integrals form
by Conway and Ithaca [5] for orthotropic materials. Timoshenko and Goodier [8] extended
the Airy stress function approach into the plane boundary value elastic problem for the math-
ematical modelling. But, the stress function approach is valid for the loading boundary value
problem only.
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Meanwhile, the displacement formulations was mentioned by Uddin [9] for the elastic field
problems. Two second order partial differential equations are derived for equilibrium involving
two displacement parameters in this approach. But, it is hard work to solve two second order
partial differential equations simultaneously. Ahmed et al. [3] thus developed the displacement
approach for the isotropic elasticity problem with mixed boundary conditions in attempting to
find analytical solution. Due to the outstanding advantage that the approach can be applicable to
any boundary conditions prescribed in terms of either stress or displacement or mixed type, the
displacement approach for the isotropic elasticity problem with mixed boundary conditions in
attempting to find analytical solution. Due to the outstanding advantage that the approach can
be applicable to any boundary conditions prescribed in terms of either stress or displacement
or mixed type, the displacement approach has been extended by many authors such as Nath,
Afsar, and Ahmed [2, 6-7] for orthotropic composite material problems.

The characteristics of a symmetric cross-ply laminated composite field guided by roller
panel is investigated in the present study. The elastic field is subjecting to mixed boundary
conditions. The displacement approach is applied to the laminated composite field problem,
which provides two second order partial differential equations involving two displacement pa-
rameters. The mixed boundary condition is formulated in terms of displacement potential func-
tions. The govern equations are discretized using a finite element method and solved for two
displacement parameters simultaneously. The two displacements obtained are used for other
stresses and displacements, since all the components of stress and displacements are expressed
in terms of the solution. The results may be applicable to sliding door and window, sliding
fences, and sliding sun roofs.

0
0 X

) b 1

FIGURE 1. A rectangle roller guided panel
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2. MATHEMATICAL MODELLING

2.1. Mathematical formulation. A rectangular panel of symmetric cross-ply laminated com-
posite is considered in two dimensional Cartesian frame (See Fig. 1). a and b represent the
width and length of the panel, respectively. The left lateral side of the panel is constraint along
the y-axis and the two longitudinal sides parallel to the z-axis are roller guided. We assume
that no shear stress appears on roller guided sides and no displacement on edges perpendicular
to roller guided sides. In addition, the right side of panel is assumed to be subjected to a lin-
early varying tensile load 09 = P(1 — 2y/a), where P is the maximum value of the load. The
governing equations are derived founded on the concept of the displacement potential approach
established for an orthotropic lamina [6-7].

Under the following facts: (i) the bending-extension coupling stiffness matrix vanishes [10]
and the strains of mid plane equals to the global strains, when a symmetric laminate is pressured
with a in-plane loading, (ii) the values of shear-extension coupling terms of the extensional
stiffness matrix are zero, the average stress-strain relations for such a laminate under plane
stress in global coordinates system can be formulated as

log® 1 |An A O €z
Oy | = T A12 AQQ 0 Ey
h A
Txy 0 0 66 Yy
where o, and o, are normal stress components in the z- and y- directions, respectively, 7.,
the shear stress component, ¢, and €, normal strain components in the z- and y- directions,
respectively, 7., the shear strain component. The elements of stiffness matrix [A] are given by

n

Aip = ) [Qu1cos 0 + Qaasin' 0 + 2(Qua + 2Qss) cos® Osin® O, (hy, — hy—1)
k=1

A = ) [(Qu1 + Q22 — 4Qes) cos® Bsin® § + Quz(cos O + sin® 0)]. (g — 1)
k=1

A22 = Z[QH sin4 0+ QQQ COS4 0+ 2(@12 + 2@66) COS2 Hsin2 0)]k(hk — hkfl)
k=1

Ass = Y _[(Qu1 + Q22—2Q12—2Qc6) cos® Osin® 0 + Qgg(cos 0 + sin® 0) | (he—hi—1),
k=1

FEy V1o Ey
Q=2 Qe =

— ———, Qo6 = G12, hiy — hy—1
1 —vovy20 1 —wvov1a” 1 —wvov1a”

is the thickness of the k th ply of the laminate, h the total thickness of the laminate, 6 the
angle between the x-axis and the fiber direction of a lamina in the laminate, F; and Fs the
Young’s modulus in the longitudinal and transverse directions, respectively, v12 and vo; the
major and minor Poison’s ratio, respectively, and GG12 the in-plane shear modulus of a lamina
in the laminate. From the basic strain-displacement relations, the above matrix form equations

where ()11 =
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can be rewritten by

1 Ouy ou

Oy = E[Alla‘i‘AlQaiyy]
1 Ouy ou

oy = E[Amiax +A2278yy] 2.1)
1 Oouy ou

Toy = E[A6687y+146687;]>

where u; and u, are two displacement components in the - and y-direction, respectively.
The equilibrium equation for the plane elasticity problems without any body force are given
by

0oy OTuy

ox oy 0
%"yy T~ 22)
Combination of (2.1) and (2.2) provides
A1y %2% + (A2 + Ags) 322 + A66682:2x = 0
Age %QU + (A12 + Ass) gigz + Ago %2;22" = 0. (2.3)

The boundary conditions for the present roller guided panel shown in Fig. 1 are
uz(0,y) = uy(0,y) =0, 0<y<a
uy(x,0) =uy(z,a) =0, 0<z<b
Oay(2,0) = 0gy(z,a) =0, 0<2<h

Uzy(b7y)207 0<y<a
O-x(bvy):P(l_%Ty)’ Oﬁyﬁg
2.2. Variational formulation. The governing equations (2.3) can be expressed in terms of
0 Ouyg ou 0 ou ou
A + A Y —(Agg—— + Ags—2) = 0
gz Angy TG )+ 5 (Aegm + Ae )
0 Ouy ou 0 ou ou
A + A = (A== 4+ Ap—Y) = 0.
8(668 GGay)+8y( 125+ 228y)
The boundary stress components can also be expressed in terms of the displacements:
ou ou ou ou
ty = nz(A - A Ags— + Age—2
N ( -+ 128y)+ny( 668y+ Gﬁax)
ou ou Ougy ou
ty = ng(Ags—— + Ags—— A Agp—2). 2.4
y n(668$+ 3y ——) + ny( 1275 ° o+ 226y) 2.4)
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Multiplying the first equation with a weight function w; and the second equation with a weight
function wy, and integrating by parts to trade the differentiation equally between the weight
function and the dependent variables provide

6’(1]1 6
A
y ( 66 8y

+ A6668 )] dxdy = —7{ w1tz ds

Ows Buy Ouy Owo Ouy ou
/Qe[ax(A O + Ags ay) oy (A2 o7 T p Ay oy )]da:dy = j{e watyds. (2.5)

The equation (2.5) can be expressed as

Bll(wlvui) + Blz(whuy) = ll(wl)

B (wa, ug) + B* (w2, uy) = 1*(w2), (2.6)

where the bilinear and linear functions can be written by comparison to equations (2.5).
Let u and v be approximated over ()¢ by the finite element interpolations

I
j=1

u o~ Y ol @.7)
j=1
where ug.e) and UJ@ are the nodal values of the primary variables. Using the Ritz method, we
write
2311(¢§e)’¢§6))u§6) + 2312(¢§e)’¢§_6))v§6) _ ll(d)z(e))
j=1 j=1
S B 6l + 3 B2, 6| = 126l (2.8)
j=1 j=1
or
(KM@} + KO = (F1)
[ O u ) + (K2 {0} = (12O}, (2.9)
where

(e) o (?) (e e)
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12(e)  _ -21(e)
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FXO) = _ f t, 0\ ds (2.10)
1_‘6
Equations (2.9) can be rewritten in the form
K11 gt o (e) B e
K21 g2 e [T ) g2l (0
and rearrange this system to get
[KOHA} = (F}, @11)
where
{A(E) }T = {uge) ) ,U§e)> uée) ) Uée)7 Y U%e) ) ’Uq(ze)} (2 12)
{F(e) }T — {Fll(e), F12(6)’ F;(e)’ }722(8)7 e F%(e)’ Fg(e)} (213)
For four-node rectangular element (see Figs 2), the interpolation equations below are adopted
© _(q_Tyq1_ Y
R
() ]
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4(1 ) = (1 - Fe);e’
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FIGURE 2. (a) Discretization of domain and (b) Four-node element

and thus, after dropping the (e) superscript, we obtain
11 7012 11 12 701l 7012 el pel2
L e N
SRL e 1 R s it
Ky Koy Kaz Ky Ky Ko

e] _ 3
[K ] - Kll K12 Kll K12
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K K
44 44
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44

3. RESULTS AND DISCUSSIONS

A panel of glass/epoxy laminated composite material is chosen for numerical study. The
mechanical properties of unidirectional glopss/epoxy lamina are displayed in Table 1. The
laminate is piled up with three ply (n = 3) in sequence [0/90/0]. Each ply has 1.0mm thickness.
The applied pressure P = 1000MPa is taken as the maximum value. All numerical results are
displayed to normalized position y/a at different sections z/b = 0.0, /b = 0.5, /b = 0.9,
and /b = 2.9/3. Even though we consider a laminate piled up with only three ply, the
displacement approach developed can be applicable to laminate piled symmetrically up with
any number of ply.

Parameters | F7(MPa) E>(MPa) G12(MPa) | 119 | vy
Value | 38.6 x 10% | 8.27 x 10% | 4.14 x 103 [ 0.26 | 0.06

TABLE 1. Mechanical properties of glass/epoxy composite
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FIGURE 3. (a) Longitudinal displacement at different sections of the panel
(b) Lateral displacement at different sections of the panel

The normalized longitudinal displacement components u, /b are presented to normalized
position y/a in Fig.2-(a) corresponding to the aspect ration of the panel b/a = 3.0. The step
sizes 0.1 and 0.05 of, respectively, normalized length and width are chosen for numerical solu-
tions which are obtained using MATHEMATICA 5.1. The result of the present finite element
model is compared with a particular solution [1] for the same problem as shown in Figs 3.
As all the parameters of interest, namely stresses are computed from displacements u, and
uy, the convergence of displacements ensures the convergence of the stresses. It is observed
from Figs. 3 that the obtained shapes of solutions using the finite element model agree well
with the analytical results obtained by Afsar et al.. The maximum difference of longitudinal
displacement between the present finite element and particular solution takes place in the case
of the displacement at the corner of boundary and particular solutions were underestimated
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FIGURE 4. Longitudinal displacement at different sections of the panel
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FIGURE 5. Lateral displacement at different sections of the panel

over all area (see Fig. 3-(a)). Similarly, maximum difference of lateral displacement occurs on
the boundary. But, particular solution overestimated the lateral displacement over all area (see
3-(b)).

The maximum magnitude of displacement appears at the section x/b = 2.9/3 among the
chosen sections, since external load is applied on the right lateral side (see Figs. 4, 5). The
displacement decreases as the value z/b approaches to zero, and at the section z/b = 0.0 the
magnitude of longitudinal displacement is zero which satisfies the physical boundary condition
as shown Fig. 4. The maximum magnitude of longitudinal displacement of each chosen section

75
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FIGURE 6. Longitudinal stress at different sections of the panel

occurs at y/a = 0.0 and the magnitude decreases as the value y/a approaches to 1, which
agrees with the nature of the applied load distribution. Fig. 5 displays the normalized lateral
displacement components , /b to normalized position y/a corresponding to the aspect ration
of the panel b/a = 3.0. The figure shows that lateral displacement is zero at the bottom and top
sides (y/a = 0.0 and y/a = 1.0), and left lateral edge (z/b = 0.0). At sections z/b = 2.9/3
and x/b = 0.5 the displacement develops to one direction while at sections z/b = 0.9 the
displacement occurs to two directions. The maximum displacement appears at a value around
y/a = 0.5 for sections x/b = 2.9/3 and x/b = 0.5 which justifies the physical state of the
problem, but, the displacement is zero at the value at the section /b = 0.9.

Fig. 6 exhibits the distribution of normalized longitudinal stress component o,/ P to nor-
malized position y/a. The aspect ratio of the panel is b/a = 3.0. The results at the section
x/b = 1.0 agree with the applied load, and all distribution decrease as /b approaches to zero.
Through the results in Fig. 6 the Saint Venant’s principle is verified. The maximum mag-
nitude of lateral stress, unlike the longitudinal stress component, does not occur at the value
y/a = 0.0. The sections z/b = 2.9/3 and x/b = 0.9 have the maximum stress at y/a = 0.0,
but the section /b = 0.5 has the the maximum stress at y/a = 1.0 (see Fig. 7). However,
the lateral stress components except boundary and sections nearly close to the boundary are
insignificant, since the components display about 60% of the applied load.

The normalized shear stress o, /P components are presented in Fig. 8 as a function y/a.
At all sections the values of shear stress are zero when y/a = 0.0 and y/a = 1.0. Based on the
physical condition we estimate easily the shear stress, which displays zero on the right lateral
side. But, as Fig. 8 shown a large shear stress develops at sections close to the right lateral
side, and the magnitude gradually decreases as the value /b moves toward zero. Likewise the
longitudinal and lateral stresses the sear stress is nonzero when x /b = 0.0.
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FIGURE 7. Lateral stress at different sections of the panel
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4. CONCLUSIONS

A symmetric cross-ply laminated composite material has been investigated based on the
displacement potential approach for an orthotropic lamina. The formulation developed in the
present study can be used for all types of the boundary conditions which are prescribed in terms
of stress, or displacement, or mixed. A panel of glass/epoxy laminated composite is adopted to
justifies the validity of the developed formulation. The results confirm that useful information
about the actual stress and displacement at the critical regions of constraints and loadings can
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be obtained through the displacement potential approach. Therefore, the solutions obtained can
be applicable to analyze elastic field in structural elements of laminated composite, and will be
helpful to understand the behaviors of elastic laminated composite materials.
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