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Modification of the phase gradient formulation is proposed in order to make phase retrieval less 
susceptible to noise. The modified formulation is derived from separation of the phase terms and the 
intensity modulation terms of interferograms, and subsequent differentiation to reduce the noise-induced 
error of the phase gradient vector. Its performance is evaluated and compared to that of the conventional 
formulation, and noise-robust nature is confirmed.
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I. INTRODUCTION

As small-quantity batch production of electronic or opto-
electronic components is widely spread in the industrial 
world, the importance of inspection techniques is being 
further emphasized, especially for versatile quality control. 
Most inspection techniques rely on the observation of 
2-dimensional images of components. Image-based inspection 
is performed by a machine vision system equipped with 
high-resolution imaging optics and processors specialized 
for image processing and information extraction. Recently, 
more precise and reliable inspection is required, and 
inspection systems providing 3-dimensional shapes of small 
components have received much attention from industry, as 
the quality control of components becomes increasingly 
strict.

In general, 3-dimensional metrologies are categorized 
into three groups, contact, quasi-contact, and non-contact 
metrologies[1, 2]. Atomic force microscopy (AFM) and 
stylus are typical examples for contact metrology, and 
near-field scanning optical microscopy (NSOM) is a repre-
sentative quasi-contact metrology application[3]. Non-contact 
metrology is often based on optical interferometry[4, 5], where 
the profile information is retrieved from interferograms 
obtained by interfering two wavefronts, one reflected from 

a sample under test (SUT) and the other from a reference 
mirror.

Among optical interferometries, phase-shifting interfero-
metry (PSI) is the most attractive technique, due to advan-
tages of simple configuration, automatic analysis of interfero-
grams and immunity to variation of intensity and vibration 
[6-8]. In PSI, the surface profile of a SUT is obtained by 
phase retrieval from multiple interferograms. Several phase 
retrieval algorithms have been proposed and they can be 
categorized into two types. In the first type, the wrapped 
phase is found by the conventional N-Bucket method including 
the arctangent (tan-1) calculation, and the unwrapped phase 
is obtained through a complicated phase unwrapping pro-
cedure[1, 2]. On the other hand, in the second type, the 
phase information is directly obtained by a line integration 
of the phase gradient ▽, where the phase gradient is 
usually derived from direct differentiation of cosine and 
sine intensity terms obtained from multiple interferograms 
[9, 10]. Although the latter method does not require any 
complicated phase unwrapping procedures, the resultant 
phase can be easily deteriorated by the random occurrence 
of intensity noise. Since the noise reduction is one of the 
important issues in PSI, many attempts have been reported 
to reduce noise in PSI[11-18].

In this study, a modification of the phase gradient 
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formulation is proposed in order to achieve noise-robust 
phase retrieval. Contrary to the conventional formulation, 
the proposed formulation is derived from separation of the 
phase information of each position from the interfero-
grams, and their subsequent differentiation. In section 2, 
the phase retrieval techniques utilized in PSI are intro-
duced, and the modified formulation of the phase gradient 
vectors is derived in section 3. The robustness of the proposed 
method is evaluated for noisy interferograms in section 4, 
and finally its performance is discussed in section 5.

II. CONVENTIONAL PHASE RETRIEVAL 
FORMULATION BASED ON A PHASE 

GRADIENT VECTOR

In PSI, an interferogram is formed by superposing the 
reference and the object wavefronts, and multiple interfero-
grams required for phase retrieval can be successively 
obtained by introducing an additional phase  into the 
reference wavefront. The interferogram can be expressed as

In = I' + I''cos( + n),      (n = 0, 1, 2,...)        (1)

where I', I'' and  are the average intensity, intensity 
modulation function, and phase difference between two wave-
fronts. In order to retrieve the phase  from the interfero-
grams, several phase retrieval algorithms have been pro-
posed. For example, the 4-Bucket method requires four 
interferograms with different additional phases. By applying 
simple trigonometric identities, the equation for determining 
the phase difference  can be easily derived as[1, 2]
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where I1, I2, I3, and I4 are four interferograms with addi-
tional phases  of 0, /2, , and 3/2, respectively. 
Since the phase  calculated from Eq. (2) is limited to a 
range of - and  due to the arctangent calculation, a 
phase unwrapping procedure is required for obtaining the 
unwrapped phase.

Contrary to the previous method, a line integration of 
the phase gradient ▽ allows us to determine the phase 
information directly without any phase unwrapping 
procedures. If the interferogram is assumed to be formed 
on the xy plane, the phase gradient is defined as 

yyxx aa ˆˆ φφφ +=∇ , (3)

where x and y are the partial derivatives of the phase , 
and x and y are the unit vectors along the x and y axes, 
respectively. By integrating Eq. (3) along an integral path 
C connecting an arbitrary initial point (xo, yo) with a specific 

point (x, y) on the interferogram, the phase information 
can be determined with respect to the phase o of an 
initial point.

∫∫ +=⋅∇=−
C
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C

dydxd )( φφφφφ Lo (4)

By repeatedly performing the line integration for every 
point placed on the interferogram, the overall phase infor-
mation can be directly retrieved, and thus the 3-dimen-
sional shape is obtained[10].

In the conventional formulation, the partial derivatives x 
and y in Eq. (4) are derived as follows[9]. By subtracting 
four interferograms I1, I2, I3, and I4 with each other, the 
cosine and sine intensities Ia and Ib are obtained as

φφ coscos"231 ma IIIII ==−= , (5)

φφ sinsin"224 mb IIIII ==−= , (6)

and

"222 IIII bam =+= , (7)

where Im denotes an intensity modulation. By partially 
differentiating Eqs. (5) and (6) with respect to x and y, the 
partial derivatives of two cosine and sine intensities are 
obtained as

xmmxax III φφφ ⋅−= sincos , (8)

ymmyay III φφφ ⋅−= sincos , (9)

xmmxbx III φφφ ⋅+= cossin , (10)

and

ymmyby III φφφ ⋅+= cossin , (11)

where the subscripts x and y denote partial derivatives 
with respect to x (x) and y (y), respectively. By 
combining Eqs. (8)-(11), the phase gradient components x 
and y are derived and expressed as
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In Eq. (12), Ia and Ib are directly given by the measured 
interferograms, but the partial derivatives such as Iax, Ibx, 
Iay, and Iby are approximated with the finite-differences. For 
example, the final finite-difference form of x is expressed as
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Similarly, the finite-difference form of y can be derived also.

The denominator terms in Eq. (13) are determined from the 
pixel intensities at the position (x, y) of the measured interfero-
grams, but the numerator terms are determined from the inten-
sities at three different positions (x, y) and (x±∆x, y). Accordingly, 
if intensity noises are introduced randomly into pixel inten-
sities, they will not be cancelled out or averaged out in the finite-
difference formulation of the phase gradient vector. In other 
words, the resultant phase obtained by line integration of the 
phase gradient vector in Eq. (13) is inevitably susceptible to 
error due to noise.

III. MODIFICATION OF THE PHASE 
GRADIENT FORMULATION

In order to resolve the phase deterioration problem discussed 
in section 2, the conventional formulation shown in Eq. (12) is 
modified. The modified formulation is based on separation of 
the phase-related term and intensity modulation from the 
cosine and sine intensities. The separation is accomplished by 
normalizing Ia and Ib in Eqs. (5) and (6) with Im, and the two 
phase-related terms Ω and Ψ are defined as
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By partially differentiating two phase-related terms in Eq. 
(14) with respect to x and y, four partial derivatives are obtained as
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Although the phase gradient components x and y can be 
directly derived from Eqs. (15)-(18), the derived components 

become infinite as sin or cos approaches zero. For elimin-
ation of this divergence, -sin and cos terms are multiplied 
to Eqs. (15) and (17), respectively, prior to derivation of the 
expression of x. Similarly the expression of y can also be 
derived. The final expressions of x and y are newly 
formulated as

yyyxxx ΨΩ−ΩΨ=ΨΩ−ΩΨ= φφ , . (19)

For obtaining the finite-difference form of the phase gradient 
components x and y in Eq. (19), Eq. (14) is substituted into 
Eq. (19) and the partial derivatives of Ω and Ψ, such as Ωx, Ψx, Ωy, and Ψy are approximated with centered finite-difference 
formula. The finite-difference form of x in Eq. (19) at an 
arbitrary position (x, y) can be expressed as
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Similarly, the finite-difference form of y can also be derived. 
Though other finite difference formulas such as three-point 
formula, five-point formula, and Richardson’s extrapolation 
can be used for increasing the accuracy of the approxi-
mation, they often require more data points and long 
calculation time for processing[19].

Contrary to the conventional formulation in Eq. (13), 
the finite-difference form in Eq. (20) is described with the 
difference of two fractions determined from pixel inten-
sities at the same points. Though Ia and Ib measured at 
three different positions of (x, y) and (x±∆x, y) are used, 
all fractional expressions in Eq. (20) are determined by 
equally positioned values. Accordingly, it is expected that 
the modified phase gradient components can reduce the 
error generated in the differentiation process, and therefore 
noise-robust phase retrieval is also expected by a noise 
averaging effect between measured interferograms.

IV. COMPARISON OF TWO PHASE GRADIENT 
FORMULATIONS

To compare the immunization ability, the phase retrieval 
is simulated with a test wavefront described with a Zernike 
polynomial:

)6126661)(3(
)5.4()5()(

422422 xyxyxy
xx,y

+++−−−+

−+=φ

, (21)

where the first term denotes the piston, the second term is 
the tilt about the y axis, and the last term gives the 



Journal of the Optical Society of Korea, Vol. 14, No. 2, June 2010134

)0(1 =δI )2/(2 πδ =I

)(3 πδ =I )2/3(4 πδ =I

originalφ

100

200

100 200

0

0
x

y

100 2000
x

100

200

0

y

FIG. 1. The test wavefront (left) and its four phase-shifted interferograms (right).

(a) (b) (c)

FIG. 2. Noise-free interferogram of I1 and two noisy interferograms with the noise levels of 20% and 50%, respectively.

third-order spherical astigmatism. The three dimensional 
shape of the test wavefront is shown in the left side of 
Fig. 1, where the interferogram is assumed to have a 
radius of 1 and spatially varying light intensity modulation 
Im with a Gaussian distribution, 123exp[-(x2 + y2)]. When 
the phase step is /2, the four phase-shifted interferograms 
of a test specimen are obtained as shown in the right side 
of Fig. 1 and each interferogram is computed in a 256 × 
256 element array.

Noisy interferograms are generated by adding random 
intensity noises into them in order to verify the noise-robust 
property of the modified formulation. In phase-shifting interfero-
metry, a lot of errors and noises can occur during capturing 
interferograms. They are usually caused from phase shifting 
errors, vibration, imperfections of interferometer, speckle, 
power fluctuation of a light source, dark current and so on. 
Since the proposed formulation is derived in order to reduce 
the effect of randomly occurring noises such as vibration, 

intensity fluctuation of a light source, and dark current, the 
occurrence of noises is assumed to have a Gaussian distri-
bution. The degree of the noise is controlled by specifying 
the maximum noise level, defined as the percent of the 
maximum intensity modulation. Figure 2 shows one noise-
free interferogram I1 and two noisy ones with maximum 
noise levels of 20% and 50%, respectively.

For three kinds of interferograms, both x and y are 
determined by using Eqs. (12) and (19), respectively, and 
the phase distributions are then obtained by performing the 
line integration in Eq. (4) and the center of the inter-
ferogram is chosen as the initial point with a zero phase 
value. The phase distributions obtained by the conventional 
formulation in Eq. (12) are shown at the top of Fig. 3, 
and those obtained by the modified formulation in Eq. (19) 
are shown in the middle. Even though greater fluctuation of 
the retrieved phases arises with increasing noise level, the 
results obtained from the modified formulation are shown 
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FIG. 3. Two kinds of phase distributions retrieved from the conventional formulation (top) and the modified formulation (middle) 
for different noise levels, and their line profiles (bottom).

FIG. 4. RMS values of phase deviation from the test 
wavefront.

to have less susceptibility to the noise. The line curves 
shown in the bottom side of Fig. 3 are the line profiles of 
the phase distributions, where a black line(a) denotes the 
phases of the original test wavefront, and blue(b) and red(c) 
lines denote the phases retrieved from the conventional 
and the modified formulations, respectively.

In order to compare the two formulations quantitatively, 
their phase deviations from the original test wavefront are 
evaluated, and the RMS values of the phase deviation are 
plotted in Fig. 4. It is clearly seen that the phase deviation 
of the modified formulation is relatively lower than that of 
the conventional formulation. Therefore, it is verified that 
the modified formulation for the phase gradient components 
offers the advantage of a noise-robust property over the 
conventional formulation.

Prior to determination of phase gradient terms, noisy 
interferograms can be preprocessed with a simple digital filter 
such as a 3×3 average filter. Preprocessing the interfero-
grams with the digital filter is very useful for both the 
conventional and the modified formulations, because it can 
reduce the noise levels of noisy interferograms. However, 
our formulation still shows better performance than that of 
the conventional formulation when their performances are 
compared for the preprocessed interferograms with the same 
reduced noise level.

V. CONCLUSION

The formulation of the phase gradient vectors is modified 
for noise-robust phase retrieval, and is based on separation 
of the phase terms and the intensity modulation terms from 
the cosine and sine intensities of the measured multiple 
interferograms and subsequent differentiation of the phase 
terms. The noise-robust nature benefits from this separation, 
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because random intensity noise can be partially cancelled 
out during the determination of the phase gradient components. 
The robustness of the modified formations is verified by 
evaluating the phase deviation from the original test wave-
front and comparing the results with the deviation of the 
conventional formulation.

It is believed that the modified formulation will be useful 
even for specimens with abruptly changing profiles by care-
fully choosing a detoured integration path that excludes the 
abrupt points. For a severely noisy environment, an additional 
averaging algorithm or a simple digital filter may be needed 
to reduce the noise accumulation of the line integration.
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