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[ . Introduction

There is general agreement that global warming is occurring and that

it probably has been occurring for a few centuries. Most but not all
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would agree that the main contributor to this is the buildup of green
house gasses, GHG, in the atmosphere that has resulted from the
utilization of fossil fuels and the deforestation of many regions of the
world. Connected with the discussion of this topic is the discussion of
the role that forest management can play in mitigating or reversing this
trend (See for example Sedjo and Toman, 2001). Much of this discussion
has been prompted by the Kyoto Protocol and the reports of later
sessions of the Conference of the Parties of the United Nations
Framework Convention on Climate Change. These explicitly recognize
afforestation, reforestation and deforestation activities as having signifi-
cant impacts on atmospheric carbon.

There is a small but growing body of literature that has reported on
the forest sector’s ahility to impact atmospheric carbon. Houghton et al
(1983) measured using a carbon cycle model the carbon absorption
capacity of forests as a part of calculating carbon exchange between the
earth and the atmosphere. Bonan et al(1992), King and Neilson(1992),
and Kirschbaum et al (1996) estimated the net carbon release of forests
when climate change occurs. Bonan et a/(1992) and Kirschbaum ef al
(1996) focused only on boreal forest. King and Neilson (1992) extended
their analysis to the world’s forests. However, they ignored the impact of
human adaptation in the global timber market in the process of
estimating the carbon sequestering ability of forest. To compensate for
these deficiencies, Sohngen and Mendelsohn (1997) estimated the amount
of net carbon release of U.S conterminous forests using an integrated U.S
timber market and carbon model. Yan(1996) and Lee(2000) measured net
carbon release of forest in response to human adaptation in the global

timber market.
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In addition, the effect of carbon sequestering by forests on the rotation
period of timber harvests in a Faustmann framework has been studied by
Hoen (1994), Van Kooten et al(1995) and Romero et al (1998). Hoen (1994)
estimated the effect of a positive shadow price of CO; assimilation on the
rotation period of timber harvests, and identified that the optimal rotation
period of timber harvests increases with the shadow price of CO:
assimilation. Van Kooten et al(1995) also showed that the implementation
of carbon taxes and subsidies increases the rotation period of timber
harvests, and thereby increasing the carbon sequestered. Romero et al
(1998) identified the divergence between the rotation period of timber
harvest for the private optimum and that for the social optimum that
takes carbon uptake of forests into account. They also estimated the
subsidy that would equalize the two rotation periods. These studies,
however, are deficient in connecting the impact of the accumulating
atmospheric carbon upon the global timber market. Two studies that take
some of these market implications into account are Sohngen and
Mendelsohn (1998) and Lee and Lyon(2004). Sohngen and Mendelsohn
(1998) investigated the impacts of climate change on the U.S. timber
market by taking into account the ecological change of U.S. conterminous
forests over time. Lee and Lyon(2004) investigated the effect of climate
change on the global timber market by considering the dynamic change
of forests on the globe.

Forests can contribute to the mitigation of GHG buildup in several
ways. They can act as carbon sinks as standing trees, they can supply
fuel-wood to reduce fossil fuel consumption, and they can also provide
building materials for long-lived wood buildings and structures that are

substitutes for building products for such fossil-energy-consumptive
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materials such as concrete and steel. As standing forests the growth rate
of trees can be increased by management practices such as fertilizer
applications, and the volume of standing timber can be increased by
lengthening the rotation period. As indicated above some of these
relationships have been investigated in the literature; however, the
contribution that fuel-wood can make In an Integrated timber market,
carbon cycle model has not been reported. Hence, we establish a
modeling approach that integrates timber market, fossil fuel market, and
carbon cycle model to investigate significant impacts of forestry on
atmospheric carbon accumulation.

Below, we first develop the model and analyze, and important
characteristics of the transition period and stationary state are developed
and discussed. We use discrete time optimal control theory to identify
optimal time paths, the laws of motion, and stationary state solutions
of endogenous variables in the model. Second, we present a numerical
example, using the stationary state solution, to illustrate the charac-
teristics of the model. While only a few features of the example are
calibrated to the real world several key elements of the forest sectors
potential contributions. We incrementally shift the social cost function for
atmospheric carbon upward, and observe the changes within the model
results. At our lowest level of social costs there are insignificant effects
in the forest sector, and at the highest level there are large impacts of
and on the forest sector. Third, after presenting these scenario results we

suggest the policy implications and summarize the paper.
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II. The Model

The objective function is the present value of the net surplus stream,
which is maximized subject to several constraints. On the demand side
there is a demand for Btu’s and for the services of buildings and
structures. On the cost side there are costs of harvesting timber,
extracting fossil fuels, and converting wood to structures and buildings.
The negative impact of atmospheric carbon is modeled through a social
cost function, which is strictly increasing in atmospheric carbon, and has
increasing marginal costs (increasing and strictly convex). The const-
raints include the laws of motion for solidwood and fuel-wood, buildings
and structures, and fossil fuels. In addition, there is a provision for
shifting forest land between solidwood and fuel-wood production.

The net surplus function is given by :

B . Q!
_ ' B J b af _a cf ¢
Sj_/o D (v)dv—i—fo D’(v)dv —C (zj)—C(q]-, yj)

- g, ql) - C'q}) (1)

where the sub j’s are for year j,
B is Btu's,
D¥ (+) is the demand function for Btu's in inverse form,

D"(+) is the flow demand for the services of buildings and

structures,

q° is the cubic meters of commercial solidwood harvested and sold,
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Q" is the stock of buildings and structures,

C“(+) is the social cost function for atmospheric carbon,

2% 1s the stock of atmospheric carbon,

C“(+) is the cost function for the extraction of coal,

q° is the metric tons of coal (fossil fuel) extracted and consumed,

y is the stock of coal (fossil fuel),

CH(+) is the harvest cost function,

¢’ is the cubic meters of commercial fuel wood harvested and
consumed, and

C*(+) is the cost function for converting solidwood into

buildings and structures.

Note that the demand for solidwood is a derived demand. It is derived
from the demand for the services of buildings and structures. Close
examination of these functions reveal that the burning of fossil fuels
increase atmospheric carbon while the burning of fuel-wood along with
its forest source maintains an atmospheric carbon level, and that standing
trees in the forests play a role as a carbon sink as do wood buildings
and structures, and fossil fuels in the ground. In addition, through time
buildings and structures decay releasing carbon into the atmosphere.

We define

__ ¢ ¢ f.f
B; =a‘q; +a’qj (2)

where ¢ and o' are parameters identifying the relationship between the

fuels and their Btu content. We posit

a c F b o __
zj tzjtzj +zj tz; =7
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where z is the stock of carbon on various forms. The superscripts ¢ and
¢ are identified above :

2" is for the forest stock,

2" is stock in structures (buildings),

o

z° 1s for the other stocks, and

Z 1s a constant.
From this last equation we get :
a _ c F b [
Zjp1 = TZjp1 T Zje1 " Zj+1 T %41 T 2. 3)

Equation (3) will play an important role below. There are several
alternatives for the law of motion for 27, ;. One alternative is to assume that

the rest of the atmospheric carbon world balances itself, so Az’ =0. Another

alternative is to assume its absorption is proportional to atmospheric carbon,
2l = 2] Ta’z). 4)

Of course, the second alternative collapses to the first if o’ =0. We
use this latter alternative with o” > 0.

For carbon tied up in structures (buildings) :

zf =ab Q]-b )]

b is carbon

where Q' is the stock of wood in structures (buildings), a
per cubic meter of structure wood. We assume the depreciation on the
stock of structure wood is proportional to the stock; hence, the law of

motion for structure wood 1is:
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Q' — Q' =q —6Q) with Q) =Q" given; (6)

Z;)+1 :aijb+l :042)((1;+(1*5>ij)~ (7

The stock of coal (fossil fuel) is decreased by the size of the

extraction, so its law of motion can be given by :

and

To identify the harvest for each forestland class we define u

Yjo1—y; = —q; with y, = y" given, )
g =ay,
Zi =y =a(y; —qf). 9)

h

i for

h=s, f to be the portion of hectares of age group i trees harvested in

year j, with the constraint

<1 for h=s,f and all 4, j. (10)

0 < uy;

We also define:

h

uf to be a column vector with typical element w,

¢°(i) and ¢’ (i) to be the vield functions for commercial
volume a function of age,

g" to be a column vector of length A/ with typical element
gl =g"(i), h=s, f,

¢, and !

i i; to be the hectares of forest in the respective

types with age ¢ in year j, and
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x]h to be a column vector of length A with typical element
xfj, h=s, f.
The parameter A/ is equal to or greater than the index number of the

oldest age group in the problem, and ¢°(i) and ¢’ (i) are assumed to be

concave and differentiable. With these definitions the harvests are given by
7 =) X]'g", 1

where the super 7" is for transpose and X]-”’ 1s a diagonal matrix using

the elements of /.

The laws of motion for the forestland classes are given by

al = (A+BU/z! +vle for h=s, f (12)
where
(0000 0] 1
1000 0 0
0100 0 0
_loo1o0 0 — |0
A=10001 0 ‘T
000000T1O0] 0
101 1 1 1]
-10 0 0 0
0—-10 0 0
1o 0 -10 0
L0 0 0 0 00—10 |
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A, B, and U are M-square matrices, Ujh’ 1S a diagonal matrix using

the elements of u?; and e is a M-vector where M is equal to or

greater than the index number of the oldest age group in the problem.

h

In addition, initial hectares of forest by land class are given, =z =20,

The variable v" is used to move forestland between the two types of

J
trees. We hold the forestland constant but allow for transfers between
the two types with v} +vjf =0, where v]h < 0 means hectares are being
transferred out of this land class. To keep the problem manageable we

only allow harvested hectares to be transferred, so we require
M —
Zufj gl ==l or 17U 2! +0] =0 (13)
i=1

where 1" is a row vector of ones.

The stock of carbon in the forest is posited to be proportional to the
commercial volume of timber on the forestland area; thus the pre-harvest
stock is:

M

M
) : : ) T T

F w g°(i)xj; + E gf(z)xj; =oz"’(gs x; +gijf) (14)
i=1 i1

where all variables were defined above except o which is the carbon
per cubic meter of commercial volume of timber. We can now state the

stock of forest carbon as:

T T
Z]F+1 =a" (9'5 mj+1"‘gf %f+1)~ (15)

We collect the carbon relationships in Equation (3) by substituting into
it Equations (4), (7), (9), and (15). This yields :
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X X ) T T
qu+1 = _O/’(yj _q;‘) _au(gs $;+1 "‘gj xjf+1)

—a’(g +(1-0)Q)) — (2] +a’2)) + Z. (16)

The objective functional is:

W= Y p’s i (17
i=0
where p=-e¢ " with r the real rate of interest. The problem can be stated

f1e

or the sequence {qf, ul, uj =0

. . c s f 00
as finding the sequence {qj, a4, q }j:O
to maximize Equation (17) subject to Equations (2)~(16). We use the
Bellman Equation to identify the necessary conditions. The Bellman
Equation can be written :
V(x} xjf7 Y Zja) = ]If[ax(sj-l-pV(x;H, x‘{H, Y10 zﬁ_v ij+1)) (18)

uj"., uj, q;’EK

where K 1s the constraint set. To proceed we use the following

Lagrangian function :

_ s f a b
L=s; +PV(%‘+1’ Lit1 Yj+10 Zj+ 1> Qj+1)

+ Y (ol W )t T U ) )
h=s,f

where the Lagrangian multipliers ¢ and 1« are for Equation (10) and ¢ is
for Equation (13). We substitute Equation (6) for Qj”ﬂ, Equation (8) for
y;+1, Equation (11) for ¢/, Equation (12) for z.,, and Equation (16) for
z{,1 to generate the necessary conditions. In the derivatives that follow,

the derivative of a function or a scalar with respect to a scalar is

indicated as a partial derivative, the derivative of a function or a scalar
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with respect to a vector is a gradient column vector indicated with a d,

and the derivative of a vector with respect to a vector is a Jacobian

matrix indicated with a d. In the Jacobian matrix the columns are

gradients. For example, the first column is the gradient of the first

variable. The first order necessary conditions are:

dq; +p[dx§f+1 dv_ . oV dzj.,

dL :(_ oc” 9C’

du; aq; aq; | du; duj dxji, 0z, duj
oV dQ
g+ el =0 (20a)
00y, duj
. 2\ dof dx!f
d_Lf — DB(acq;‘i‘aquf)af_ BCf q]f ( j;l de/
du; aq; | du; duj dzj,,
dz} :
+3—QVJ—+flj— Tyl +¢fal=0 (20b)
9zj41 duj
aLp = D¥aq +alg! ) - an N ( ov._ aaV ac)_o
aq; q; Y41 dzj4 1
(20c)
T .
oL =p v _dV e+ —¢l=0 (20d)
s s f J J
ov; dzj, 4 dxjy
h 7T h __h hY __ sT s _ _ s s __
j(l Uj'z; +vj)—0, ®; (u]- 1)=0, and Yiu; =0. (20e)

By the Envelope Theorem we get :

AV _ dL _ ds; (dxfﬂ av oV dzji,
= -+p +
d:rf d:rf dm;

s S a S
drj dr;j, ., 0z, dx;
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+ g (21a)

J )

A% deb+1j

C”ij+1 dx;
ds; dx! dz{

dV _ dL iy ( ji+1 dV i oV J+1j+<fu{

da:}f dxﬁ 1 0z, dx{

oV :i _ aC" +p( oV 9Yj+a i oV ‘92]('1+1j 210)

Y, oY oy, OYj+1  0Y; 0zj1q 9Yj

oV _ oL _ _oC' oV 0241 @1d)

oz;  0z] 0z 0zi,y 0z

1% oL b b av 9zj44 oV 3ij+1
L (cU N (LA L L LR e

Q) Q) 9zj41 00 0@, 00

In Equations (21a)~(2le) the left-hand side is the shadow value of a
state variable and is the same concept as the costate variable in optimal
control theory; hence, we define five costate variables, A7, Af ,ALLAS,
and )\Jl? to correspond to the left-hand side of Equations (21a)~(2le),
respectively. In the manipulations below the stumpage prices of the two
types of wood become relevant. Because the demand for solidwood is a
derived demand, the expression for its stumpage price is slightly

complicated. The market price of solidwood is given by

dc’
dq]'-S

s

b
Py =pAji1—

In this )\;’H is the value of a cubic meter of buildings and structures

in the next time period, and p discounts this to the current time period.

From this is subtracted the cost of transforming a cubic meter of
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solidwood into a cubic meter of buildings and structures. This gives the
net value of a unit of solidwood, and will be its market price. Hence, we
define the stumpage price of solidwood as :

, s dc”
J - J dq; )

In addition, define the fuel wood stumpage price as:

H
P]-f: =D (aqj-l-af j) ——8Of .
0q;
Using these definitions and evaluating some of the derivatives (See

Appendix) we can rewrite Equations (20a)~(21d) as

e  ac’
oq;  9q;
FA X9t 6 G =

)X5 S-|—P<X BT/\J+1 ;+1(anjSTBT+O‘bXJ‘S)gS

ac” aC”

— 5+ Gl =0

p)‘]+l

PiXg" +p(X; ( T\ =A% (@ BT+ T)gY))
—¢; i+l = (20a")

Dt +alql) f_2CT | r
aq; ta'q)a o g

J

+P(XfBT)‘J+1 A;+1anjfBT9f)_¢f+wjj'c+gfxf:

Pfo f +p(Xj /\ )‘j('l+ 1anjf BTgf)

— ¢l +yl+ ¢zl =0 (20b")
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80(1

Dé(a"q;f + aquf)a -——0+ p(— AT A lozc> =0 (20c")
qj
p(A = ALet = =o0. (20d")

The laws of motion for the costate variables :

H b
As_( ac?  sC

! aq;  oq]

e sl
J

A% (e(A+ BUS) + b U7 ) gt + A U g?) + Gl
No=Prutgt+pl(a+BUr) A,

“Alam(a+ BUY) + 007 )g?) + Cul (21a’)

M=pPlutgh+p((4+BUN M, — 2 a4+ BUS) g!) + clud

(21b)

= - 880 +p(\ =A% af) (21¢")
2

a=—2 _oxe e (21d')
0z;

AN =D"QN+p[= A 0" (1=8)+ AL (1-6)]. (21¢’)

Because our primary purpose is to find Faustmann type results we

now examine the stationary state. The Faustmann framework consists of

doing the same thing over and over again, which is a stationary state

concept.

This last set of primed equations identifies the optimal conditions along

a transitional time path; hence, they determine the optimal trajectory. The

costate variable \* is the shadow value of carbon in the atmosphere, so
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— )% is the value to society of reducing atmospheric carbon by one unit.
Examination of these equations reveals that atmospheric carbon impacts
every equation, if not directly then indirectly. In both Equations (20a’)
and (20b’) — A" impacts the value of standing timber, and has the effect
of increasing the rotation periods. The main role of these two sets of
equations is to determine harvests and plantings; thus they determine the
distribution of hectares between solidwood and fuel-wood and the
distribution by age group. Equation (20c’) identifies the optimal marginal
condition for coal utilization. In this p(— /\}’H—h\fﬂac) gives the
opportunity cost of using a unit of coal in the ground. The term —pA?,,
is the usual shadow value of coal in the ground. The term pAf,;a° is
negative and is the shadow value of the carbon that would be placed in
the atmosphere from burning that unit of coal. Equation (20d’) along with
(20a’) and (20b') determine the distribution of between the two types of
forests.

Equations (21a’)~(2le’) are the laws of motion for the shadow values.
The vectors A\* and A are the shadow values of standing timber by age
group and forest type. As already mentioned M\’ and \* are the shadow
values of coal in the ground and atmospheric carbon, respectively. The

final one is A’ is the shadow value of carbon in buildings and structures.

Il. Stationary State

We assume the system evolves to a stationary state (ss) or something

that is approximately a stationary state. The problem here is that either

- 612 -



Potential Impact of Timber Supply and Fuel-Wood on the Atmospheric Carbon Mitigation

coal (fossil fuel) extraction must go to zero or the stock of coal must be
infinite to get a stationary state. By an approximate ss we mean a state
that will last long enough that the discounted value of the distant future
flows that are ignored is nil. In the stationary state the flows, prices, and
the shadow values are constant through time; hence, we examine Equations
(4), (5), 6), (7), (8, (9), (12), (15), (16), and (20a’)~(21d’) with constant
flows, prices, and shadow values. Because of these conditions we leave

the sub—j off from the variables. Starting with Equation (21¢’) we have

Yy — 600 Yy __ ya _c
A o +p(\ = 2af),
N o= _(Bacy +)\aa6)lT1p. (21C/SS)

Note that the shadow value of coal (fossil fuel) in the ground, MY,

includes its value as a repository for carbon, A*a‘. For (21d’) we get:

=28 yar= o201 (21dss)
2" 0z" 1+pa’
Equation (21e’) yields :
N =D"Q") +pl=2al(1—6)+ A\ (1—0)]
b by a b(q1 _
_D (Q")—pA'a’(1=9) (21e’ss)

1—p(1—4)

This value of A\ is then used in Equations ((20a’), (20b"), (20c’),
(21a’), and (21b’). Equation (21c’) gives the optimal marginal condition

for coal (fossil fuel) utilization, and its stationary state version is:
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Dé(acqc +alq)a"— 6CL +p(= N+ 2%f) =0. (20c’ss)
0q-
This states that at the margin the value of burning a ton of coal

(fossil fuel), DZ(-)a® must be equal to the marginal extraction cost of

that ton, :

plus the value of the coal in the ground as a repository

for carbon, pM\Y, plus the shadow value of marginal degradation of the
atmosphere, \a‘.

The next task is to solve for A\° using Equation (21a’). In the
stationary state there will be no pressure to switch hectares between
land classes; hence, by Equation (20e) we will have ¢* = 0. Substitute \*

from this last result into (21a’) and set ¢* =0 yields:
N= P gt + oA+ BUS) N = 2o+ BUS) +alU%) g°)

([ *p(A‘*‘BUS)T))\S — ps Usgs 7p)\a (Oéw(A‘FBUs)T"'OébUS)gS

v = (1 plas po)’) PO+ pxat = L BU) g0
7_p)\aabUsgs

. | PU+ X" T — X'a"

N=(1-pa+BU)") 4 prar(— (4t BU)") |0°

_7p)\(1,abUs

e ’PsUs_AaO[u:]

N=(1-pa+BU)") a7 - plat U)o

7_p)\aabUs

This simplifies to:

A= (1 —p(A+BUS)T)71 [P U= NabT —p)\“abUS] g°+X\avg’.
(21a’ss)
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This result for A* is then substituted into Equation (20a’):

Psngs _'_p(XSTBT)\s +Xs(_ A(L(OCWBT—’_ O[b[))gs) _¢s+¢s =0
(1 —pla+Bu)T) "

P X g° +p (PP U N T — p)\aabUs]g
+)\ll w S
a uB +ab1))gs)
— ¢ " =0
Continuing
)71 s s a w a b s s
Pngerp( 7 —pla+BU) [PU—/\oz[—p)\ozU]gj
0" X BTy + X (=2 (a"BT+a'T)) ¢
Poxigt | X BT —plat BU)T) [P Ut Xt = patal US}g'*)
_)\aabngs
—¢°+° =0.

_ a __w a _brrs
PSXS[]er(BT([—p(AJrBUS)T) Hyso Aol pAal )

PS PS

) . 7)\11 w 7)\(1 b
Define w® : = @ and W' = PSO‘ ; therefore

Px (14087 (1 —p(4sBU)) (U 40l +pu U )+ pu'l ) g°
-+’ =0. (20a’ss)

The w’s are real shadow values in the sense of a trade off of physical

quantities for physical quantities. The shadow value — \* is the money
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value of removing a unit of carbon from the atmosphere, and w?® is the
carbon in standing trees value of removing a unit of carbon from the
atmosphere. The parameter o is carbon per cubic meter of commercial
volume of timber, and P° is the stumpage price of the same volume of
timber. Thus, %us is units of carbon in standing timber per dollar (unit
of money), so w® is the optimal trade off of carbon in standing timber
for atmospheric carbon. An increase in this ratio indicates an increase in
the value of cleaning up a unit of atmospheric carbon.

To examine Equation (20a’ss) let k° be the optimal rotation age for
solidwood, and examine the elements in rows k°—1, and k°. In this we
assume there is no pressure to redistribute hectares between the land
classes, so ¢=0. The first part of necessary condition (20e) for the

stationary state is:
ATt o) =0

which implies for v" =0 with U" =0 that ¢" =0. By Equation (20d’)

this means
p (N — AMle=0
pAi=x)=0 (20d'ss)

where the sub-ones are for row one. That is hectares of one-year-old
solidwood trees and one-year-old fuel wood trees have the same value,
and this implies that the land rental is the same for the two land classes.

We have
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S S S 1 S S S - S S
Al =Pw (7k (97 +pgs +p'g5+ .. +p" 1gk)—gl)
(1—p*)
+p7)PS(1+pwb)g,‘;"
and

1 .
W(gﬁpg%p{qﬁ o tp 19;5)—9{)

In these the sub-k’s are for the land classes s and f, respectively.
The conventional Faustmann shadow values are a special case of these.
If A"=0 then w®=0, w'=0, and w/ =0, and these last two equations

collapse respectively to:

Pk71
AN =7—=Pg,
1 (1—pk) 9k
and
k—1
M=o 7k

We also assume all of age group k° is harvested, u; = 1(row k), and

no other age group is harvested. From Equation (20e) we have:

" (' —1)=0 and ou’ =0.

Thus, we have ¢; = 0, but ¥; =0. For ¥*—1 the signs are reversed,

¢p-1=0and ¢y_, =0. Row k" —1:

17 S S S S Y S
él—pp%w‘(pgl +ptgs+p0gs+ ot gl )
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b
+ﬁ(1+ws+pwb)g£+(1+pwb)g£4 =0 @a'k=1)
—p

For row k* we have:

(1—p)

mw5<P9f +075 + 0005+ L+t gi)
k
1— .
+Llf)(1+ws+pwb)g,f+(l+pwb)gi
(1—p")
—p(1+ws+pwb>g,§+1 > 0. (20a' k)

Note that if A*=0 then w®=0 and w’=0, so these two equations

collapse respectively to:

k—1 k

P s P s
— 1|91 = 9k,
(1—pk 1) P (1—pk) '

( pk: ) ( pk:+1 )
e el [/
17pk 9k 17Pk+1 Ik+1

and

These two identify the standard discrete time Faustmann rotation
relation. See Tahvonen (2004) for a statement of the Faustmann rotation
in a discrete time problem.

Because the structure of Equations (20a’) and (20b’) and Equations
(21a’) and (21b') are very similar we need not repeat all of the
manipulations. Instead we can modify these last few results, changing the

super s to f and drop o’ and w’. This vields
-1 o . .
M=(1=pla+BUN)") " [PIUT= 20T ] ¢! + A%aty!

(21b'ss)
and
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Px 1 +p87(1 - pa+B0))") (0F+w'D))y

_ (bf + ¢f =0 (20b’ss)
where wf':_AJfM )
P

For row k/ —1 we have:

(1—p)

= w(pgl + pPgd +0°gl + .. +p" gl )

k_
YR oo
—p

For row k' we have:

1— A
((1_45,3) w! (pgl +0°al +p'ef + .. +0%q])

kg X N
+(1+M(1+w1> g;{*p(l—i-wf)g[,H > 0. (20b" k)

1_pk

Note that if A =0 then w’ =0, so these two equations collapse

respectively to:

k—1 k
P P
( kl)gljjl <( k)gl{

and

( pk ) f ( pk:+1 ) f
sl [ SRR
17/)]{? Gi: 1*pk+1 Gk+1

As in the solidwood case these two identify the standard discrete time

Faustmann rotation relation.

The effect of w®, w® and w’/ on the optimal rotation periods is not easy

to see qualitatively, however, for the numerical example given below as
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the omegas increase the rotation periods also increase. In addition, the
rotation periods are very sensitive to the omegas over a very narrow
range. <Figure 1> depicts these results using the yield functions and

parameter values of the numerical example. The values used yield

s b

w® =w’, and a Faustmann rotation for both types of wood equal to 15.
The rotation periods are equal because we use the same yield function and

parameter values for both types of wood. It does not take a very large

increase in w' to cause the rotation period to increase to 50 which is the

b

largest value examined. Note that the effect of w’ on the solidwood

rotation is to decrease it, as is evidenced by the solidwood rotation line
lying under the fuel-wood rotation line in the graph. An examination of

{Figure 1) Solidwood and Fuel-Wood Rotation Periods

50
45
40
35F

30r

Rotation
Period o1
20

15
10} :
5_ -

Solidwood

\

X

Fuel-Wood

0 001 002 003 004 005 006 007 008 009 01

u)S:u)b and wf

the rotation equations given above reveals that if w®=w’ and w’=0
then the two rotation periods will be equal, since the two yield functions
are identical. Note that this is qualitatively consistent with that reported
by Hoen(1994), Van Kooten et al(1995) and Romero et al (1998).
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IV. Numerical Example

To illustrate the characteristics of the model we present a numerical
example. We compare stationary state solution levels of the endogenous
variables of the model for shifts of the social cost function for
atmospheric carbon. We anticipate that as this social cost function shifts
upward the extraction of coal (fossil fuel) will decrease, the utilization of
fuel-wood will increase as production is shifted away from solidwood,
and the rotation period for both types of wood will increase. The results
are consistent with these anticipations, but there are some surprises with
respect to the rotation period. We now identify the equations we use to

represent the functions in the model

D*(B) =a,~b,B ag: by > 0
D'(¢*) =a,—1,Q" ap, by >0
c(z%) = ca;z" + .5ca2(z”>2 cay >0
' g)= chbq° cby >0
ce (qc): ceiq” cc; >0

C'H(q , qf)z cs1q° +cf, q csy, cfy > 0.

These functions and variables were defined above as:

D( ) is the demand function for Btu's in inverse form,
D"(+) is the flow demand for the services of buildings

and structures,

q° is the cubic meters of commercial solidwood harvested and sold,
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Q" is the stock of buildings and structures,

C( +) is the social cost function for atmospheric carbon,

2% 1s the stock of atmospheric carbon,

C“(+) is the cost function for the extraction of coal,

q° is the metric tons of coal (fossil fuel) extracted and consumed,

y is the stock of coal (fossil fuel),

C?(+) is the harvest cost function,

¢’ is the cubic meters of commercial fuel wood harvested and
consumed, and

C’( ) is the cost function for converting solidwood into buildings
and structures.

The parameter values are:

ay =9, b, = 0.00000001, a; =6, b; =0.0001, ca; = — 100, ...,20
ca, = 0.0000001, ¢b; =0.02, cc; =0.02, ¢s; = 0.5, ¢f; =0.5.

Other parameters in the model are:

p=¢e¢ " =0.95 discount factor,

a® =30.8 is millions of Btu's per metric ton of coal (fossil fuel),
o’ =8.33 is millions of Btu's per cubic meter of fuel-wood,
a®=0.7 is tons of carbon per ton of coal (fossil fuel),

o =0.27 1s metric tons of carbon per cubic meter of

commercial wood in standing forests,
o’ =0.27 is metric tons of carbon per cubic meter of

building and structure wood,

§ =0.1 is rate the of depreciation of carbon in building
and structure wood,

o’ = 0.02 portion of atmospheric carbon absorbed by the
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unmodeled sector per unit time.

The yield functions for both solidwood and fuel-wood have the

equation :

¢"(j)=expld; +dy/(j—dy)) dy.dy, dy =0, j > d,
where j is age. The parameter values are:

dy, = 6.52, dy = 6.5889, dy = 7.

The Faustmann rotation for this yield function and parameter values
are the same as those in Sedjo and Lyon (1990) for the Emerging Region.

Some of the parameter values are averages of their real world
counterparts such as the carbon and Btu content of coal (fossil fuel) and
wood, but there is no claim that these and the other values calibrate the
model to the real world. Instead, this section gives an illustrative
example. In this the social cost function for atmospheric carbon is shifted
upward by increasing ca; from -100 to 20 in steps of 10 to create 13
scenarios. These changes cause the shadow value of atmospheric carbon,
A, to Increase in absolute value approximately 55 fold from -0.36 to
-19.75. At the same time the utilization of coal decreased about 785 fold
from 2,869X104 to 3,657 metric tons per year. Corresponding to this is a
decrease in percent of total of Btu's derived from coal (fossil fuels) from
100 percent to 26 percent as total Btu's decrease 204 fold from 88,277><104
to 432.32x10" million Btu's.

In the forest sector the percent of total forest hectares in solidwood

production decreases for 100 percent to 0.3x10 7. Corresponding to this is
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a decrease in solidwood production from 407,910 to 0.01 cubic meters per
year, and an increase in fuel-wood production from 0 to 383,790 cubic
meters per year.

As the social cost of a ‘social bad is incrementally increased it is
anticipated that the use of those things that propagate the bad will be
successively reduced and the use of those things that mitigate the bad
will be successively increased. <Table 1>, <Table 2>, and <Table 3>
support these statements and give additional information about the
results. As the social cost for atmospheric carbon increases, the shadow
value of atmospheric carbon removal increases, the utilization of coal
(fossil fuel) decreases, and the percent of total of Btu's derived from coal
also decreases as does total Btu's. In the forest sector the percent of
total forest hectares for solid-wood production decreases, and correspon-—
ding to this the percent of total forest hectares for fuel-wood production
increases. Everything to this point is as expected.

The surprising result is that the effect of the shifts of the social cost
function for atmospheric carbon had such a small impact on the optimal
rotations. <Figure 1> above shows that these rotations are very sensitive
to the omegas; however, <Table 2> reveals that as the shadow value of
atmospheric carbon, A%, increases, initially «® increases causing the
solidwood rotation to increase from 16 years to 24 years. While this is
occurring fuel-wood production is zero because the price of fuel-wood,

P;, is too low to warrant its production. Once fuel-wood production

begins increases in the absolute value of A\ and increases in wood

(Table 1) Scenario Results, Coal and the Atmosphere
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| o [ [ [ v [ [V
20 | 1.2812e+006 | -19.753 | 276.54 | 3.6565e+004 | 8.96 26.1 4.3232e+006
10 | 8.4840e+007 | -18.139 | 253.95 | 2.4241e+006 | 823 9.4 7.7480e+007
0 | 1.6841e+008 | -16.527 | 231.37 | 4.8138e+006 | 7.49 98.4 1.5067e+008

-10 | 2.5198e+008 | -14.915 | 208.81 | 7.1959e+006 | 6.76 9.1 2.2362e+008

=20 | 3.3553e+008 | -13.300 | 186.21 | 9.5976e+006 | 6.03 99.5 2.9717e+008

-30 | 4.1911e+008 | -11.689 | 163.65 | 1.1983e+007 | 5.30 99.7 3.7027e+008

=40 | 5.0267e+008 | -10.076 | 141.06 | 1.4376e+007 | 4.56 99.8 4.4352e+008

-50 | 5.8622e+008 | -8.462 | 118.46 | 1.6736e+007 | 3.84 99.9 5.1578e+008

-60 | 6.6980e+008 | -6.850 95.89 | 1.9135e+007 | 3.11 100 5.8937e+008

=70 | 7.5328e+008 | -5.229 73.20 | 2.1532e+007 | 2.37 100 6.6319e+008

-80 | 8.3671e+008 | -3.602 50.43 | 2.3916e+007 | 1.63 100 7.3735e+008

-90 | 9.2021e+008 | -1.984 2077 | 2.6300e+007 | 0.90 100 8.1003e+008

-100 | 1.0037e+009 | -0.363 5.08 | 2.8690e+007 | 0.16 100 8.8277e+008

{(Table 2> Scenario Results, Solidwood and Fuel-Wood

ca, k, kg L w’ P, Py
20 24 24 0.0778 0.0722 68.78 74.11

10 24 24 0.0776 0.0723 63.34 68.02

0 24 24 0.0777 0.0723 57.67 61.92
-10 24 24 0.0778 0.0724 51.97 55.84
-20 24 24 0.0778 0.0725 46.33 49.72
-30 24 24 0.0778 0.0726 40.73 43,63
=40 24 24 0.0781 0.0728 34.98 3753
-50 24 24 0.0782 0.0728 29.31 31.51
-60 24 na 0.0772 na 24.04 25.38
=70 22 na 0.0685 na 20.68 19.23
-80 20 na 0.0558 na 17.48 13.11
-90 18 na 0.0367 na 14.66 6.95
-100 16 na 0.0078 na 12.62 0.86
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(Table 3) Scenario Results, Solidwood and Fuel-Wood Continued

ca q q’ Q' N
20 0.01 383,790 0.002 72.94
10 45,684 338,110 4,566 67.22

0 94,800 288,990 9,484 61.25
-10 145,440 238,350 14,439 55.26
-20 195,940 187,850 19,308 49.32
-30 241,520 142,270 24,120 43.42
-40 293,740 90,053 29,170 37.36
-50 344,760 39,033 34,082 31.40
-60 383,790 0 38,379 25.86
=70 397,590 0 39,759 22.31
-80 408,770 0 40,878 1894
-90 414,210 0 41,421 15.98

-100 407910 0 40,791 13.83

prices, P, and P;, balance the effects of each other, keeping w*® and w’
approximately constant. They are at least constant enough to hold the
rotation period constant at 24 years for the eight highest atmospheric
social cost scenarios. These results are significantly different from those
reported in <Figure 1> and by Hoen(1994), Van Kooten et al(1995), and
Romero et al(1998). The difference of course is that these are general

equilibrium results and those are partial equilibrium results.

V. Policy Implications

A market based economy will not automatically produce the above
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necessary conditions since atmospheric carbon is a public ‘bad’ or an
externality to the firms, however, as is usual in cases such as these,
taxes and subsidies can be used to achieve them. In this discussion we
assume perfect certainty so we can concentrate on the issues at hand.
Equations (21a’), (21b’), (21c’), and (2le’) for the shadow values of
solidwood forests, fuel-wood forests, coal (fossil fuel) in the ground, and
buildings and structures, respectively, reveals that all of them are
impacted by the shadow value of atmospheric carbon; therefore, some tax
or subsidy would be required. In the absence of externalities the shadow
values are identified in the firms as the present value of the return
stream to the marginal unit of the stock. In Equation (21a’) the shadow
value of solidwood forests needs to be subsidized for sequestering carbon
(the term containing A*) and for producing wood for buildings and
structures (the term containing A°). Equation (21b') is similar except the
term for buildings and structures is missing. The shadow value of coal
(fossil fuel) in the ground, Equation (21¢’) can be handled in one of two
ways. Either coal in the ground can be subsidized as indicated by the
term containing A, or coal burning can be taxed by the appropriate
amount to achieve the same effect. In addition, since buildings and
structures are a carbon sink they also require a subsidy as indicated by
the term containing \°.

The necessary conditions also must be taken into account. Equations
(20a"), (20b"), and (20c’) all are impacted by the above discussion of
shadow values. Equation (20a’) the necessary condition for solidwood
requires a subsidy for A% The X\’ in this equation will be taken care of
in the market place if buildings and structures are subsidized as

discussed above for their role as a carbon sink. The production of
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fuel-wood also requires a subsidy as indicated by the presence of \* in
Equation (20b’). The necessary condition for the burning of coal (fossil
fuel) indicates that there is a cost of releasing carbon into the
atmosphere, as indicated by the term containing A®. This can be handled

by a tax on the burning of coal (fossil fuel).

VI. Summary

To identify the contribution that forests can make to the mitigation of
GHG buildup we have built a discrete time optimal control model of these
relationships and a simplified carbon cycle. The burning of fossil fuels
increases atmospheric carbon while the burning of fuel-wood along with
its forest source maintain an atmospheric carbon level. The standing
timber in the forests is a carbon sink, as are wood buildings and
structures, and fossil fuel in the ground. The model was presented and
analyzed, and important characteristics of the transition period and
stationary state were developed and discussed. We presented a numerical
example using the first order necessary conditions of our qualitative
model to identify a set of simulation results of variables. The simulation
results for 13 scenarios are tabulated above. We incrementally shift the
social cost function for atmospheric carbon upward, and tabulated the
resulting changes. As the social cost for atmospheric carbon increases,
the shadow value of atmospheric carbon removal increases, the utilization
of coal (fossil fuel) decreases, and the percent of total of Btu's derived

from coal also decreases as does total Btu's. In the forest sector the
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percent of total forest hectares for solidwood production decreases, and
corresponding to this the percent of total forest hectares for fuel-wood
production increases. All of these results are expected. A surprising
result, however, is that the social cost for atmospheric carbon has a very
smaller impact on the optimal rotation period. The reason for this is that
relative prices change so that markets can clear with positive output
from the forest sector. In addition, a market based economy will not
automatically achieve these efficient results since atmospheric carbon is a
public ‘bad’, or an externality to firms. The optimal amounts of subsidies
to be provided and taxes to be imposed by the regulatory agency in

order to achieve the efficient results are discussed.

(Appendix)

Some of the gradients and Jacobians are:

h
dgj 4

h J
du;

dz! dBUz!  dBXu!
jt1 _ J i J i T _ h'pT
= = =(Bx)) =x/'"B

h h h
du]- du j duj

T .

dz? dg® x? dq;
jt+1 jt+1 d; yosT .

waie —a'—— —a = —a"X' B'g* —a'X}g"

J J J

= - (a“’XjSTB Ty 04be) g°
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J+1 Jjy MnT
d ho d h _(A+BUJ‘)
L Ly
h
dg; rhh
dz" Y
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Abstracts

Potential Impact of Timber Supply and
Fuel-Wood on the Atmospheric Carbon Mitigation :
A Carbon Cycle Modeling Approach

Kenneth S. Lyon and Dug Man Lee

There is general agreement that global warming is occurring and that the
main contributor to this probably is the buildup of green house gasses, GHG,
in the atmosphere. Two main contributors are the utilization of fossil fuels
and the deforestation of many regions of the world. The burning of fossil
fuels increases atmospheric carbon while the burning of fuel-wood reducing
fossil fuel consumption along with its forest source maintain an atmospheric
carbon level. The standing timber in the forests is a carbon sink, as are
wood buildings and structures, and fossil fuel in the ground. This paper is
designed to examine a number of current issues related to mitigating the
global warming problem through forestry. For this purpose, we develop a
modeling approach by integrating timber market, fossil fuel market and
carbon cycling model. We use discrete time optimal control theory to identify
optimal time paths, the laws of motion, and stationary stats solutions of
endogenous variables in the model. On the basis of these results, we identify
the optimal amounts of subsidies to be provided or taxes to be imposed by
the regulatory agency to mitigate atmospheric carbon accumulation. We also
present a numerical example to help illustrate the characteristics of variables
in the model when the social cost for atmospheric carbon incrementally
shifts upward. A surprising result is that the social cost function for
atmospheric carbon has a very smaller impact on the optimal rotation period
than previous literature suggested.

Keywords : forest, carbon mitigation, optimal control theory,
subsidies and taxes, optimal rotation periods
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