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A SYSTEM OF NONLINEAR VARIATIONAL INCLUSIONS
WITH GENERAL H-MONOTONE OPERATORS
IN BANACH SPACES

JinsoNnGg Li, WEI WANG, MIN-HYUNG CHO AND SHIN MIN KANG™

ABSTRACT. A system of nonlinear variational inclusions involving general
H-monotone operators in Banach spaces is introduced. Using the resol-
vent operator technique, we suggest an iterative algorithm for finding
approximate solutions to the system of nonlinear variational inclusions,
and establish the existence of solutions and convergence of the iterative
algorithm for the system of nonlinear variational inclusions.

1. Introduction

Variational inequality theory, which was introduced by Stampacchia [7] in
1964, has emerged as an useful and interesting branch of pure and applied
sciences with a wide range of applications in mathematical programming, opti-
mization theory, engineering, elasticity theory and transportation equilibrium
etc.

In recent years, variational inequalities have been extended and generalized
in different directions, and one of the most important generalizations is called
the variational inclusion. Fang and Huang [3] introduced and studied a system
of variational inclusions involving H-monotone operators. Moreover, Verma
[8] and Fang et al. [4] introduced a system of variational inclusions involving
A-monotone operators and (H,7)-monotone operators, respectively. Fang and
Huang [1] introduced a new class of generalized accretive operator named H-
accretive operators in Banach spaces. As a promotion of these results, Xia and
Huang [9] introduced a new system of variational inclusions involving general
H-monotone operators in Banach spaces.

Motivated and inspired by the research work in [1-4,6-10], we introduce
and study a new system of nonlinear variational inclusions with general H-
monotone operators in Banach spaces, which contains the variational inequal-
ities and variational inclusions in [4,6] as special cases. By using the resolvent
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operator technique for the general H-monotone operator, we construct an it-
erative algorithm of the system of nonlinear variational inclusions and prove
the existence of solutions and convergence of the iterative algorithm for the
system of nonlinear variational inclusions. The result in this paper extends
and improves Theorem 3.4 in [9].

2. Preliminaries

Assume that (B, || - ||) is a Banach space. Let CB(B) denote the families of
all nonempty closed bounded subsets of B and D*(:,-) denote the Hausdorff
metric on CB(B) defined by

D*(A, B) = max { sup d(a, B),sup d(A, b)}, VA, B € CB(B),
acA beB

where d(a, B) = infyep |[ja — || and d(A,b) = inf,ca |la — b|.

Definition 2.1. ([9]) Let B be a Banach space with the dual space B* and
P:B — B* and g: B — B be two mappings.
(1) P is said to be monotone if

(P(x) - P(y),x—y) >0, Va,y€ B;

(2) P is said to be strictly monotone if P is monotone and
(P(x) — P(y),z —y) =0 if and only if x=y;

(3) P is said to be a-strongly monotone if there exists a > 0 satisfying
(P(x) = P(y),x —y) 2 allz —y|*, Va.ye B;

(4) P is said to be S-Lipschitz continuous if there exists § > 0 satisfying

[P(z) = Py)ll < Bllz —yll, Vz,yeB;

(5) g is said to be n-strongly accretive if there exists n > 0 satisfying

(9(x) = 9(y),j(x —y)) = nllz —yll*, Va,ye€ B,

where j(z —y) € J(x —y) and J : B — 2B is the normalized duality mapping
defined by

J(@) ={f e B : (f,2) = fIl - l=ll, IfI| =[]}, Vo e B.

Definition 2.2. ([6,9]) Let B be a Banach space with the dual space B* and
T:B — 28 and A: B — CB(B) be set-valued mappings.
(1) T is said to be u-strongly monotone if there exists p > 0 satisfying

<U*’U,.’E*y>ZHJ||ZL’*yH2, VCE,yEB,UGTﬁL’,UGTy;
(2) A is said to be D*-Lipschitz if there exists a constant £ > 0 such that
D*(A(x), Ay)) < &lle —yll, Yo,y B.
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Definition 2.3. For i € {1,2}, let (B;,] - |l;) be a Banach space with the dual
space B. A mapping F : By X By X By X By — B is said to be mized-Lipschitz
continuous if there exist § > 0, € > 0, € > 0 and ¢ > 0 such that
||F($17ylaU17U1) - F($27y2>u2,712)||1
< Ollwr — 2y + ellyr — yallz + ellur — ually + Cllor — vall2
for all x1,zo,u1,us € By and y1,ys,v1,v2 € Bs.

Similarly we can define the mixed-Lipschitz continuity of a mapping G :
81XB2XB1XB2—>B§.

Definition 2.4. ([9]) Let B be a Banach space with the dual space B* and
H : B — B* be a mapping. A set-valued mapping M : B — 25" is said to be
general H-monotone if M is monotone and (H + AM)(B) = B* holds for every
A>0.

Definition 2.5. ([9]) Let B be a reflexive Banach space with the dual space
B*, H : B — B* be a strictly monotone mapping and M : B — 25" be
a general H-monotone mapping. A resolvent operator (or proximal mapping)
Rﬁ)\ is defined by

Rﬁ,,\(m*) = (H+ M) Y (z*), Vz* € B*,
where A\ > 0 is a constant.

Lemma 2.1. ([13]) Assume that B is a reflexive Banach space with the dual
space B*. Let H : B — B* be a mapping and M : B — 28" be a general
H-monotone mapping.

(a) If H : B — B* is a strongly monotone mapping with constant v > 0, then
the resolvent operator Rf{’)\ : B* — B is Lipschitz continuous with constant %;

(b) If H : B — B* is a strictly monotone mapping and M : B — 25" is a
strongly monotone mapping with constant 8 > 0, then the resolvent operator
R]Ig[)\ : B* — B is Lipschitz continuous with constant Tlﬁ
Lemma 2.2. ([9]) Let B be a uniformly smooth Banach space and J be the
normalized duality mapping from B into B*. Then

(@) e +yl* < [ll|* + 2(y, J (= +)), Va,y € B;

(b) (w—y, J(2)—J(y)) < 2d%pp (§llz—yl), where d = (3(|=]* + ||y||2))%7 vz,
y € B.

3. A system of nonlinear variational inclusions
and an iterative algorithm

Let (By, ||-]]1) and (Ba, ||-||2) be two Banach spaces with the topological dual
spaces B1* and By*, respectively, Hy : By — B}, Hy : By — B}, g1 : By — By,
ggIBQ—)BQ,FZBl><B2XBl><BQ—)BT,GZBlXB2><31XBQ—>B;
be six mappings and A,C : By — CB(By), B,D : By — CB(Bs) be four
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set-valued mappings, M : By — 251" be a general H;-monotone mapping and
N : By — 2527 be a general Hy-monotone mapping. We consider the following
problem of finding (z,y,u,v,w, z) such that (z,y) € By X B, u € A(x), v €
B(y), w € C(x), z € D(y) satisfying

{0 € F(z,y,u,v) + M(g1(z)),
0€ G(z,y,w,z) + N(g2(y)).

The problem (3.1) is called a system of nonlinear variational inclusions.

(3.1)

Some special cases of the problem (3.1) are as follows:

(A) If By and By are two Hilbert spaces, F(z,y,u,v) = Fi(x,y) + P(u,v),
G(z,y,u,v) = Gi(z,y) + Q(u,v) for all x,u € By, y,v € By, where Fy, P :
B; x By — By, G1,Q : By X By — By are mappings, then the problem (3.1)
reduces to the below system of variational inclusions with general H-monotone
operators [6], which is to find (z,y,u,v,w, z) with (z,y) € By x Bs, u € A(x),
v € B(y), w € C(x), z € D(y) satisfying

{O € Fi(z,y) + P(u,v) + M(g1(z)),
0 € Gi(z,y) + Q(w, 2) + N(g2(y))-

(B) If By and By are two Hilbert spaces, g1 = I, g2 = Iz, F(z,y,u,v) =
Fi(z,y), G(z,y,u,v) = Gi(x,y) for all x,u € By, y,v € By, where F; : By X
By — By, Gy : By X By — By are mappings, then the problem (3.1) reduces

to the system of variational inclusions [4], which is to find (z,y) € By x Bs
satisfying

(3.2)

{0 € Fi(z,y) + M(x), (3.3)

0e Gl(x,y) + N(y)

Lemma 3.1. Let (By,| - |l1) and (Ba,| - ||2) be two Banach spaces with the
topological dual spaces Bi* and Bs*, respectively. Let H; : By — Bi* be
a strongly monotone mapping and Hy : By — Bs* be a strictly monotone
mappmg, g1 - By — Bl, ga By — BQ, F : By x By x By Xx By — Bik and
G : By X By X By X By — Bj be four mappings and A,C : By - CB(By),
B,D : By, — CB(B5) be four set-valued mappings, M : By — 251" be a general
Hi-monotone mapping and N : By — 252" be a general Hy-monotone mapping.
Then (z,y,u,v,w,z) with (x,y) € By X By, u € A(z), v € B(y), w € C(x),
z € D(y) is a solution of the problem (3.1) if and only if

gl(x) = R]\Hj,)\ (Hl(gl(x)) - )\F(.I, y,u,v)),
QQ(JJ) = RJIiI/'?p (HQ(QQ(y)) - pG(xv Yy, w, Z))a

where Rﬁl}x = (Hy + A\M)™ 1, Rﬁ?p = (Hy +pN)™Y, X > 0 and p > 0 are
constants.

Based on Lemma 3.1 and Nadler’s result [5], we suggest the following
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Algorithm 3.1. For any given x¢g € Bi, yo € Bz, compute the iterative

sequences {xn}nZO’ {yn}nZO} {un}nZO: {Un}nzm {wn}nZO and {Zn}nZO by,
Vn >0,

Tn4l = Tpn — gl(xn) + R]\Hj,)\ (Hl(gl(xn)) - AF(xnvynvuna vn))v (34)
Ynt1 = Yn — g2(yn) + RNZ, (Ha(g2(yn)) — PG (T, Yy Wiy 2n)), (3.5)
1 .
Sun € Az, fmis — el < (14— ) DHA). Alen)

1 .
30 € B, ones = vall < (14— ) DBl B
(3.6)

1
Sun € Ol e = wnls < (14 7 ) DE(Clann). Clan)),

1 *
320 € Dl anes = 2l < (14 57 ) D5 Dlnsr). Do)

4. Existence of solutions for the problem (3.1)
and convergence of Algorithm 3.1

In this section, we prove the existence of solutions for the problem (3.1) and
convergence of the iterative sequences generated by Algorithm 3.1.

Theorem 4.1. For i € {1,2}, let (B;, || - |l:) be a uniformly smooth Ba-
nach space with the dual space B} and pp,(t) < Cit? for all t > 0, where
C; > 0 is a constant. Let Hy : By — BY be vy-strongly monotone and si-
Lipschitz continuous, Hy : Bo — Bj be strictly monotone and so-Lipschitz
continuous, g1 : By — By be ki-strongly accretive and l1-Lipschitz continuous,
gs : Bo — By be ko-strongly accretive and ls-Lipschitz continuous, respectively.
Let A,C : By — CB(B1) be Dj-Lipschitz continuous with constants 4 and
le, respectively, and B,D : By — CB(B3) be Dj-Lipschitz continuous with
constants lp and lp, respectively. Let F' : By X By x By X By — Bf and
G : By X By x By x By — B3 be mized-Lipschitz continuous with constants
ay, by, c1, di and as, ba, co, do, Tespectively. Assume that M : By — 281
is a general Hy-monotone and N : By — 2B2 s q general Ha-monotone and
B-strongly monotone. If there exist constants X > 0 and p > 0 such that

s1l1 + a1 + Aeqly n as + cole

max { (1 — 2k, + 6401[12)% +

/8 )
(1— 2k, + 64Cu1,%) F 4 522 pff; pdrlp | Abr +7Ad113} (4.1)

<1,

then the problem (3.1) has a solution (x,y,u,v,w,z) with (x,y) € By X Ba,
u € A(z), v € B(y), w € C(x), z € D(y) and the iterative sequences {Tn}n>0,
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{Yntn>0, {tntn>0, {Vntn>0, {Wn}tn>0 and {z,}n>0 generated by Algorithm 3.1
converge to x,y,u,v,w, z, respectively.

Proof. By (3.4), Lemma 2.1 and the Lipschitz continuity of H; and g1, we have

|41 — Znllx
= ||an — g1(2n) + RiE 5 (Hi(g1(20)) = AF (Zn, Y, tin, vn)
— (Zn-1 = g1(@n—1) + R\ (H1(91(2n-1))
— A (Tp—1,Yn—1,Un—1, Un—l))) H1
<|zn — -1 — (91(zn) — g1(zn—1))[lx
+ || RY7 A (H1(91.(0)) = AF (20, Y s )
— Ry (Hi(g1(2n-1)) = AF (&1, Yn-1,un—1,0n-1)) ||,
<|lzn — -1 — (91(zn) — g1(z0n—1))[lx
+ 2|01 (20)) = Hirlon ()

- )\(F(xn7ynaunavn) - F(xn—l; Yn—1, un—lavn—l)) ||1

(4.2)

s1ly

< zn = 2n—1 — (91(2n) — 91(zn—1))|l1 + Zn — Tn-1ll1

A
+ ;”F(xnaynaunyvn) - F(mnfhynflvunflfvnfl)Hla Vn > 1.

Note that g; is ki-strongly accretive and B; is a uniformly smooth Banach
space. By Lemma 2.2, we get that

|2n — a1 — g1(2n) + g1(zn—1) |1
< J2n = Ta-1ll®
—2(g1(20) = g1(xn-1), J1 (20 — 2no1 = (91 () — g1(2n-1))))
= |20 — 2n-1l1? = 2(g1(20) — g1(@n1), J1(@n — T0_1))
—2(g1(xn) = g1(@n-1), Ji(Tp — Tp-1 = (91(2n) — g1(Tn-1)))
— Ji(xn — Tn-1)) (4.3)

S ||37n - (En71H12 - 2k1||33n - xn71||12
9 4
+4d°pp g||91(33n) = g1(@n-1) |1

< (1= 2k1) ||z — Zpoa]li® + 64C1 || g1 (20) — g1 (2n1)|l1
< (1= 2k +64C11°) [z — 2pa |1, YR > 1,
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where J; : By — B1* is the normalized duality mapping. By the mixed Lips-
chitz continuity of F', the Dj-Lipschitz continuity of A, the D3-Lipschitz con-
tinuity of B, (3.6) and (4.2), we infer that

||F(37n7 Yn, Un, Un) - F(xnfh Yn—1,Un—1, ’Unfl) ||1

< arl|zn = zn-1llt + b1llyn — yn—1ll2 + e1llun — un—1l1

+ dl ||Un — Un—1 ||2

<ar|zn — xn_1llr + 01]|Yn — Yn-1ll2

w14 1) DiAen) A1) (4.4

1
+ dl (1 + ’I’L) D;(B(yn)v B(yn—l))
1
< @l = gt + bl = ol e (142 Yallen = il
1
+dy (1 + n)lBHyn —Yn-1ll2, VR =1
It follows from (4.2)-(4.4) that

| Tns1 — 2l

s1ly + Aa1 + )\01(1 + %)IA H _ ”
~ Ln Tn—1]1 (45)

lYn — Yn-1ll2, Vn>1.

< ((1 — 2k + 6401[12)% +

Aby + Adi(1+ 1)ip
+

Similarly we conclude that

lYn+1 — ynll2
= [|yn = 92(yn) + RN, (Ha(92(yn)) — PG (T, Yy W, 2n))
— (Un—1— 92(yn—1) + RY*, (H2(g2(yn—1))
= pG(Tn—1,Yn-1,Wn-1,2n-1))) |,
< |lyn = yn—1 = (92(yn) — g2(¥n-1))ll2
+ || RRZ, (H2(92(yn)) = pG (@ Y Wi, 20)) (4.6)
- Rﬁfp(Hz(%(yn—l)) — PG (Tp—1,Yn—1,Wn—1,2n-1)) ||,
<NYn = Yn—1 = (92(Yn) — g2(yn—-1))l2
+ [ Halaa(m) — Hala(o-1)

- p(G(xn, Yn, Wn, Zn) - G(xn—ly Yn—1,Wn-1, Zn—l)) H2
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SQZQ
< Nyn = Yn—-1 — (92(Yn) — 92(Yn—1))ll2 + piﬁ”yn — Yn-1ll2

1
+ BHG(xna Yn, Wn, zn) - G(xnfla Yn—1,Wn—1, znfl)HZ

8212 + pbg + pdz(]. + %)ZD
B

lzn — zpn-1ll1, Vn>1.

< <(1 — 2ko + 646’2[22)5 + ) IIyn - yn_1||2

az + ca(1+ 2)le

B
By (4.5) and (4.6), we have

[Zns1 = Znllt + [Yns1 — Ynll2
sy + Aar + Aer(1+ 1)y
v

< <(1 — 2k + 6401112)% +

a2+02(1+i)lc>|x o ”

ﬂ n n—1]|1

saly + pba + pda(1 + )ip
pB

+

(1 — 2ko + 6402122)% +

Aby + Adi(1+ 1)l
~ ||yn _yn71||2

20 — 2n_1llt + lyn — yn-1ll2), Vn>1,

+ —— +

<O

—~

where
s1ly + Xay + /\61(1 + %)ZA
Y

0,, = max { (1— 2k + 6401112)% +

1+ ) 2
az +c2(1+ ) C’(1_2k2+6402122)%

B
lo + pba + pda(1 4+ L)ip  Aby + Adi (14 L)1
Jrszz-f—pz-i-ﬂz( —&-n)D+ 1+ Ady ( +n)B}’ 1
pB ~
Let
3 Iy 4+ Xay + Aeyl I
9:max{(1—2k1+64cll12)2+81 1+ a;—&— cila +a2+BCQC7
3 Iy + pba + pdalp — Aby + Ayl
(1—2k2+6402122)2+522+P25‘*‘/72D+ L+ 13}.
P gl

It is clear that 6, — 6 as n — oco. By (4.1), we know that 0 < 6 < 1.
It follows from (4.7) that {xy,}n>0 and {yn}n>0 are both Cauchy sequences.
Consequently there exist x € By and y € By such that z,, — « and y,, — y as
n — oo, respectively.

Next we prove that u, — u € A(z), v, = v € B(y), w, - w € C(x) and
zn — 2z € D(y) as n — oo. In fact, it follows from the Lipschitz continuity of
A, B,C,D and (3.4)-(3.6) that {un}n>0, {Vn}n>0, {wn}n>0, {Zn}n>0 are also
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Cauchy sequences. Consequently, there exist u € By, v € By, w € By, z € By
such that u,, = u, v, — v, w, = w, z, — z as n — co. Note that

di(u, A(@)) < [lu = unpally + di(unyr, Al2))
< = ungally + DI (A(zn 1), A(2))

< |lw—tnyills +lallzn — 2|t =0  asn — oco.

Since A(x) is closed, it follows that u € A(x). Similarly, v € B(y), w € C(x),
z € D(y). By the Lipschitz continuity of g1, g2, B1, B2, F, G, P, Q, Rﬁl’)\, Rﬁ?p

aln

Le

d Algorithm 3.1, we know that x,y,u, v, w, z satisfy the following relations:
91(x) = Rt (Hi(g1(2)) — AF(2,y,u,0)),
92(y) = R, (Ha(92(y)) — pG(z,y, w, 2)).

mma 3.1 guarantees (z,y,u,v,w, z) is a solution of the problem (3.1). This

completes the proof. O

Remark 4.1. Theorem 4.1 extends and improves Theorem 3.4 in [9].
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