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A PRIORI L>-ERROR ESTIMATES OF
THE CRANK-NICOLSON DISCONTINUOUS
GALERKIN APPROXIMATIONS FOR
NONLINEAR PARABOLIC EQUATIONS

MIiIN JUNG AHN AND MIN A LEE

ABSTRACT. In this paper, we analyze discontinuous Galerkin methods
with penalty terms, namly symmetric interior penalty Galerkin meth-
ods, to solve nonlinear parabolic equations. We construct finite element
spaces on which we develop fully discrete approximations using extrapo-
lated Crank-Nicolson method. We adopt an appropriate elliptic-type pro-
jection, which leads to optimal £°°(L?) error estimates of discontinuous
Galerkin approximations in both spatial direction and temporal direction.

1. Introduction

In this work we shall approximate the solution of nonlinear parabolic equa-
tions using a symmetric discontinuous Galerkin method with interior penalties
for the spatial discretization and extrapolated Crank-Nicolson method for the
time stepping. By implementing the extrapolated technique, we induce the
linear systems which can be solved explicitly, thus obviate the order reduction
phenomenon which occurs when the system involved is nonlinear.

Compared to the classical Galerkin method, the discontinuous Galerkin
method is very well suited for adaptive control of error and can deliver high
orders of accuracy when the exact solution is sufficiently smooth.

Discontinuous Galerkin methods with interior penalties for elliptic and para-
bolic equations were introduced by several authors [1, 4, 12]. They generalized
Nitsche method in [5] to treat the Dirichlet boundary condition with penalty
terms on the boundary of the domain. These methods referred to as interior
penalty Galerkin schemes are not locally mass conservative.
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A new type of elementwise conservative discontinuous Galerkin method
for diffusion problem was introduced and analyzed by Oden et al. [6]. Re-
cently, Riviere and Wheeler [9] introduced a locally conservcative discontinu-
ous Galerkin formulation for nonlinear parabolic equations and derived a pri-
ori L*°(L?) and L?(H') error estimates. However, the error estimate in the
L°°(L?) norm is not optimal.

In [7], Ohm, Lee and Shin constructed semidiscrete discontinuous Galerkin
approximations using interior pinalty terms and obtained the optimal L>(L?)
error estimate.

Rieviere and Wheeler [10] construct semidiscrete approximations which con-
verge optimally in A and suboptimally in 7 for the energy norm and subopti-
mally for the L2 norm. They also constructed fully discrete approximations and
proved the optimal convergence in the temporal direction. Sun and Wheeler in
[11] analyzed three discontinuous Galerkin methods, namely, symmetric inte-
rior penalty Galerkin method, nonsymmetric interior penalty Galerkin method,
and incomplete interior penalty Galerkin method to approximate the solution
of reactive transport problems. They obtained error estimates in L?(H') which
are optimal in h and nearly optimal in p and they developed a parabolic lift-
technique for SIPG which leads to h-optimal and nearly p-optimal error esti-
mates in L?(L?) and negative norms.

This paper is organized as follows: In section 2, we introduce model prob-
lems and preliminaries. In section 3, we construct appropriate finite element
spaces and define an auxiliary projection. In section 4, we construct the extrap-
olated fully discrete discontinuous Galerkin method and we prove the optimal
convergence in both spacial and temporal directions in L? normed space.

2. Model problems and preliminaries
Consider the following nonlinear parabolic differential equation:
u — V- {a(w)Vu} = f(u) in Qx (0,7]
(a(u)Vu) -m=0 on 09 x (0,T] (2.1)
u(z,0) = up(x) on £

where Q is a bounded convex domain in R% with d > 2 and n denotes the unit
outward normal vector to 9Q and ug(z) is a given function defined on Q. The
initial data ug(z), f, a are assumed to be such that (1.1) admits a solution
sufficiently smooth to guarantee the convergence results to be presented below.
Assume that the following conditions are satisfied.
1. For any bounded subset B of real numbers. there exist constants v and
~v* such that

0
0 <y <a(z,p) <%, 0<7§8—pa(x,p)§'y* for any (z,p) € Q x B.



A PRIORI L?-ERROR ESTIMATES 617

2. a and f are uniformly Lipschitz continuous with respect to their second
variable.

3. The model problem has a unique solution satisfying the following regu-
larity conditions:

we L2([0,T), H*()), u € L*([0,T), H*()), for s>2;
wp € L2([0,7], L=(Q)), Vue L¥(Q x [0,T]).

Let &, = {F4, Ea, -+ , En, } be a subdivision of Q2 where E; is a triangle or
a quadrilateral if d = 2 and Fj; is a 3-simplex or 3-rectangle if d = 3. Let h; =

diam(E;) and h = Jmax hj. We assume &, satisfies the following regularity
SIS Nh
requirement : there exists a constant p > 0 such that each E; contains a

ball of radius ph;. And also we assume that &, satisfies the quasi-uniformity
requirement: there is a constant v > 0 such that

h
— <~ for j=1,2,---, Np.
h;

We denote the edges (resp., faces for d = 3) of the elements by {ej, ea, -+ ,ep, ,
ep,+1, - »en, t where e; has positive d — 1 dimensional Lebesque measure,
e CQ1<I<P,,and ¢ C I, P, +1 <1 < Np. With each edge (or face)
e, we take n; a unit normal vector to E; if ¢ = 0E; N0FE; and ¢ < j. For
1> P, + 1, n; is taken to be the unit outward vector normal to 9€2.

For an s > 0 and a domain E C R?, we denote by H*(E) the Sobolev space
of order s equipped with the usual Sobolev norm || - ||s, . We simply write || - ||
instead of || - ||s,0 if E = and || - || instead of || - ||s,z if s =0. And also the
usual seminorm defined on H*(E) is denoted by | - |5 g.

Now for an s > 0, we let

H* (&) ={ve LX(Q) |vlp, € H*(E;), i=1,2,--+ Np}.

1
For ¢ € H*(&p) with s > 50 e define the average function {¢} and the jump
function [¢] such that

(0} = 3 0lm)le + 3(0l5)lery Yo, 1<I< P,
[d)]:((b 61_(¢|Ej)|€z> Ve €e, 1<I< P,

where ¢, = O0E; N 0F; with ¢ < j.
We define the following broken norms on the space H*(&p)

Np,
el = oz,
=1

Np,

ol => (16115 & + hZIV¢|

i=1

%)+ J5 (0, 0)
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where
Py

T5(6.) = Zw/ s, B> 0

is an interior penalty term and o is a discrete positive function that takes the
constant value o; on the edge e; and is bounded below by oy > 0 and above by
o* > 0.

3. Finite element spaces and auxiliary projection

For a positive integer r, we define the following finite element spaces

D, (&) = {v € L*(Q)

T(Ei)7 1= 1;2a' o aNh}
where P,.(E;) denotes the set of polynomials of degree less than or equal to r
on El

We use the following hp-approximation results and trace inequality results
whose proofs can be found in [2, 3].

Theorem 3.1. If E; € &, and ¢ € H*(E;) then there exist a positive constant
C’ depending on s, v, and p but independent of ¢, v and h and a sequence
e P.(Ej), r=1,2, - such that for any 0 < q < s,

H—q

6 — 2 Mlq.5, <0 g ||¢||sE 520,

e 1

||¢*ZT||O e; = Tjs % ||¢||3E s > ia
3

B2 3

I =2 1e; <C Z 7 ll9lls.E; s> 5

where p = min(r + 1,s) and e; denotes the diamater of E;.

Theorem 3.2. For each E; € &y, there exists a positive constant C' depending
only on v and p such that

1
2, <o <h|¢3,Ej il ) voeH(E)
J

1
J J

Oe]

where e; is an edge or a face of Ej and n; is the unit outward normal vector
to Ej.
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Now we introduce the following bilinear mapping A(p; -, -) defined on H* (&) %X
H* (&)
Py, Py,

Alpiov0) = @)V, 90) = Y [ {alo)Vo-npl =3 [ {alp) V)10
I=17¢ 1=1 "€k
+I5(6,0).

Using the bilinear mapping A and (2.1), we construct the weak formulation as

follows:
Find u(-,t) € H*(&p,) such that

(ue(t),v) + A(u(t);u(t),v) = (f(u(t),v), VveH(E). (3.1)

Now for a A > 0 we define the following bilinear form Ay (p;-,-) on H*(&y) X
H*(&) such that

Ax(p; ,9) = Ap; &, ¥) + A9, ¥)

A, satisfies the following boundedness and coercivity properties. The proofs
can be found in [7, 8].

Lemma 3.1. For a A > 0, there exists a constant C > 0 satisfying
[Ax(p; &, ) < Cllollllll Vo, € H(En).

Lemma 3.2. For a A > 0, there exists a constant ¢ > 0 satisfying

AN(p;0,0) 2 cllglli Yo € Di(En).

Now we define an elliptic projection initiated by Wheeler [13] to prove the
optimal L? error estimates for Galerkin approximation to parabolic differential
equations. We construct a projection @(t) : [0, 7] — D, (Ex) such that

Ax(uju —u,v) =0 Vv € D,.(Er)
(u(0),v) = (u(0),v).

By Lemma 3.1 and Lemma 3.2, @(t) is well-defined.

(3.2)

4. The optimal (*°(L?) error estimates of
fully discrete approximations

In this section by adopting the extrapolated Crank-Nicolson method we
construct fully discrete discontinuous Galerkin approximations and prove the
optimal convergence in L? normed space.

T
For a positive integer N > 0 we let k = N and for 0 < 7 < N and we define

_ 9i+1 739

t; = jk and g; = g(z,t;). For 0 < j < N — 1, we define A;g; B

1 1
tivs = §(tj +tj41) and g; 1 = 5(9(%‘) +9(tj41))-
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Now we define fully discrete discontinuous Galerkin approximation {U; }é-\':(] C
D, (&) as follows,
(AUj,v) + A(EU; - Uy 1, v) = (f(EU;),v), Vv € Dy(En) (4.1)

J
3 1 1
where EU; = in - §Uj—17 Uj-{-% = i(Uj + Ujt1)-

To apply (4.1), we need two intial stages Uy and U; to be defined in the
following

(AtU07U) + A(Uéa U%,U) = (f(U%)v’U)
Uy = u(0)
where U% = %(UO +Uy).

To prove the optimal convergence of u(t;)—U; in L? normed space we denote
n(z,t) = u(z,t) — u(z,t) and &(z,t;) = u(z,t;) = Uj(z), j=0,1,---, N.

Now we state the following approximations for 1 whose proofs can be found
in [7, 8].

Theorem 4.1. If u, € L*(H?®) and ug € H® then there exists a constant C
independent of h and k satisfying

() flrell + Allmells < Ch*(lug |72+ + JJuolls)
(1) fInll + Alinlls < CR*(lJuell 2oy + lluolls)-

Theorem 4.2. If u; € L2(H®), uy € L®°(H?®), uyy € L°(H®) and ug € H*
then there exists a constant C independent of h and k satisfying

() Ineells < Ch¥H{lluell L2 ooy + llueells + lluolls}

(i) fmeeell < CR*~ el 2 ooy + llueells + llueells + luolls}

1
ided that 8 > ——.
provide at B> o1
By simple computations and the applications of Theorem 4.2 we obtain the
following lemmas.
Lemma 4.1. If uy € L®°(H?®), uwe € L°(H®) and p satisfies
Aguy —up(tyy1) = kpjys

then there exists a constant C independent of h and k such that

o3l < Chlluolls + el 2oy + el oo aaey + el e ire))

o3 ls < Chllluolls + luellaarey + lasell e are) + ltsaell o ).

Consequently from Lemma 4.1 we conclude that there exists a constant C in-
dependent of k and h such that

lojs3ll < Ck and lpjy sl < Ck

if u is sufficiently smooth.
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Lemma 4.2. If we let uy € L>(H®) and rj, 1 =u(t; 1) — u;p 1 then there
exists a constant C independent of h and k such that

I3 ll < CR*(luolls + lluellzare) + lluee ]| oo crre))
Irjpall < Ck*([luolls + el 2 arey + llwee ]| Los re))-

Consequently from Lemma 4.2 we conclude that there exists a constant C in-
dependent of k and h such that

Irjssll < CR%, iyl < K2,
if u is sufficiently smooth.

Lemma 4.3. If we let uy, € L>(H®) and ;1 = ﬂ(tj+%)—(%ﬂ(tj)—%ﬂ(tj_l))
then there exists a constant C independent of h and k such that

o1l < CR*(lluolls + lluell 2oy + lleell oo (are))
lejsille < CR*(luolls + luell 2oy + Nusell o (arey + llee]l Los 22))-

Consequently from Lemma 4.3, we induce that there exists a constant C' inde-
pendent of k and h such that

loy 30l < CR2, llgyiy b < CF
if u is sufficiently smooth.

Theorem 4.3. For 0 <A <1 andd >0, if uy € L®°(H?), uy € L®°(H?®) and
ugee € LO°(H®) then there exists a constant C > 0 independent of h and k such
that forj=1,2,---, N

lu(t;) = Ul < (0" + k) (lluolls + lluel| Lo crrey + [Vl oo + [lugell L a1)
+ llweetl oo (m+))
d .
hold where s = 5 +1+90 and p=min(r+ 1,s).

Proof. Applying (4.1) and (2.1), we get

(ue(tjr1) = AUj,v) + Ax(ulty 1 )iultyy 1) v) — AN(EU;; Ujy 1, 0)

(4.2)
— (f(ult;1y)) = FBU,)0) + Multyy 1) = Uy 1, 0).
By the notations of n and &, we obtain
Ut(tj_i_%)*AtUj :ut(tj+%)*Ataj+Ataj*AtUj (4 3)

=m(tjr1) Hhpjpr + A
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By applying the definition of 7, we have
AA(u(tj+%);u(tj+%),v)—A,\(EU UJ+ ,0)
= ANEU;:&5115v) = AN(BU;5 054 1,0) + Ax(ulty 1 )sult; 1), v)

= ANEU;: &1 15v) + Ax(ultyy1)in(t 1), 0) (4.4)
+ A/\(u(tj-r%); a(tj-f-%) - aﬂ-%yv) + AA(U(tj-i-%)? ﬂj+%vv>
— AN(EU,T, . 0).

Substituting (4.3) and (4.4) in (4.2) and choosing v = §; 1 implies

(Ae&:&541) + ANEU;3 €41, 8511)
= —(me(tjr2) T kpjps,§) — Ax(ult;p1)in(t2 )€]+ L)
— An(ultjpr)irien, §pn) — An(ultyp1)ity41,841) (4.5)

B iy €)1 Pty ey) — FEU). 61 y)
+ A wltyr1) = Ujpn.&11)-

Applying the Caucly-Schwarz’s inequality, we have

(A5, €541) = (||\§]+1|||2 & 1%)-

From (4.5) we obtain,

1
o7 & l” = I&17 + ellggr s 11T

< ) by 6oay) 4 ulty03)) — FEU )6 10)
+ Au (j+§)_Uj+§a§j+§) (U( %)7 ]+2’§j+ 1) (4.6)
— (Ax(ultjrp )ity 1, &01) — ANBUj0541,85,1))

= L.
i=1

For a sufficiently small € > 0 by applying Lemma 4.1 there exists a constant
C > 0 such that

[Lal < (e (5 )0+ W1 DIE 451
< C(lme(ti e DI + K2l 3 I + €107 + 1&511%)
< Clllme(ti DI + 5+ gl + 161%)-
Applying Lemmas 4.1 and 4.2, Lo can be estimated as follows;
| Lo| < Cllult;ys) = EUIIE;+ 4l
< ClIn(t I + B + 0617 + 1&g+ + 16— 1).
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We obtain the following estimates of Ls and Ly.
|Ls| < Al )+ N7 g T+ 16503 D€ 2 1
< Ot )P +E* + &1 + g5+11%)
and
|La| < Cllrjs il I < OF* el i I1E-

From the definition of Ls, we can separate Ls as follows

Ls = ((a(EU;) = a(ult; 1)) Vi1,V 1)

P

=3 [ {alBU) - aulty )V i)
1=1"e
Py

=3 [ {alBU) - aulty ) )VE 4y )
I=17¢

3
- Yo
i=1
By applying Lemma 4.3, Ls; can be estimated in the following way

Lsi < ClIV g oo (In(ti ) + 52+ 1g-ll + 1 DIVE 4 11
< Cllmlty DI + 5+ 18- 1” + 1€ 1) + ellg 4 5 13-

Similarly there exists a constant C' > 0 such that

Py,

=1

o,e0 141 llo,er + 11§50, + 1€5-1llo,e,)

||[§j+%]||0,el
Np,
<O IV o (2 () o+ B2 (5 43)

i=1

lo,E;

_ _ _ d—1)/2
Y25 o, + 208 o5, + Y20 o, lE 4 3 1AL
< C(lln(t; DI + R2IVn(t; OI2 + B+ 161 + 161 12) + ellg; 1 2.

By applying the trace inequality we have

P

Lsy < C ) IV p)llooe (1m0t ) lloer + 10j5g lo.er + 1€ llo.e, + 11€5-1
=1

||[77j+%]”0,61

|0,€z)
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Np,
<O W29 ) o [0t )05, + AR )l

i=1
oy los + 11 B (s
B + hllvn(tﬁ%)

Np,
< CZ HV@H%
i=1
C_dag
+lejsillom + 1€ N0,z + 1€-1llo.g)h~ 72+
< C(InCtie )N + W2Vt I + K+ 1617 + 1€5-107) + ell;5 2 17
= Mbj+3 Myl J i—1 Ellsi+L -
By combining Ls;, 1 <14 < 3, we have
|Ls| < C(lln(t; DI” + R0Vt DI + 1617 + 16117 + &)
+ 3efl€; 4 1 13-
Substituting the estimations of L;, 1 < ¢ <5 into (4.6), we get

1
Sr (il = U 1) + 44 13

< CImlt DI + 5+ Ul + UG + Wt I+ Ul (47)
+B2In()I2).

If we sum both sides of (4.7) from j =0 to N — 1, then we obtain

1 O,Ei)

oz (Int42)

N-1
llénl® = goll® + 2k Z ;4 1113

N—-1
(kz It DI + ety DI + B2NV 0t 4 I + &)

N
Ry |||§j||2)

j=0
which implies

N-1

lenll® + 26> l1g;4 1113
=0
N-1

<&l + C& Y (It I + lne(tye DI + BI04 ) + K]
=0

N
+CkY_IGIP
3=0
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where k is sufficiently small. By applying the discrete version of Gronwall’s
inequality, we have

N-1

138 e [
j=0

N-1

< c{m&)n? 5 S (Inlty )12 + ety DI2 + R2I9n(t; )12 + k4)}.
0

Jj=

Therefore by applying the result of the following Lemma 4.1 we have

I€le=(r2) < C(h® + &?),
lelle 2y < C(R* + k%),

which proves the optimal £>°(L?) error estimation of the fully discrete solutions.
O

The following Lemma 4.1 can be proved by the similar process of Theorem
4.3.

Lemma 4.4. For0 <A <1andé >0, ifu; € L®(H21H9) uy € L®(H2TL)
and h—%k < Cy for some constant Cy then there exists a constant C' > 0
independent of h and k

l€xllze < C(R° + &%),
lexllze < C(h* + k).
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