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STRONG CONVERGENCE THEOREM OF
COMMON ELEMENTS FOR EQUILIBRIUM PROBLEMS
AND FIXED POINT PROBLEMS

L1JUAN ZHANG AND ZHIBIN Hou

ABSTRACT. In this paper, we introduce an iterative method for finding
a common element of the set of solutions of an equilibrium problem, the
set of common fixed points of an asymptotically strictly pseudocontrac-
tive mapping in a Hilbert space. We show that the iterative sequence
converges strongly to a common element of the two sets.

1. Introduction

Let H be a Hilbert space and C' be a nonempty closed convex subset of H.
Let f be a bifunction of C' x C' into R, where R is the set of real numbers. The
equilibrium problem for f: C x C — R is to find = € C such that

Fz,y) > 0,¥y € C. (1.1)

The set of solutions of (1.1) is denoted by EP(f). Given a mapping T : C — H,
let f(z,y) = (Tx,y —x) for all z,y € C. Then, & € EP(f) if and only if
(TZ,y — &) > 0 for all y € C, i.e., & is a solution of the variational inequality.
Numerous problems in physics, optimization, and economics reduce to find a
solution of (1.1). Some methods have been proposed to solve the equilibrium
problem; see [1].

A mapping T : C — (' is said to be asymptotically A-strictly pseudocon-
tractive if there exist A € [0,1) and a sequence {k, } with k,, > 1 for all n and
lim,, 00 kn, = 1 and such that |77z — T"y||* < knllz —y||? + M| =T™)x — (I —
T")y||? for all n > 1 and z,y € C. This class of mappings has been studied by
several authors, and it includes the important class of asymptotically nonexpan-
sive maps (A = 0). It is well known that if T" is asymptotically strictly pseudo-
contractive, then T is uniformly L-Lipschitzian, i.e., |72z — T"y|| < L|jz —y||,
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see [2]. A point z € C'is a fixed point of T provided Tx = x. Denoted by F(T)
the set of fixed points of T

Recently, many authors studied the problem of finding a common element
of the set of fixed points of a nonexpansive mapping and the set of solutions
of an equilibrium problem; for instance [3]. Inspired and motivated by these
facts, we prove strong convergence theorems for finding a common element of
the set of solutions of an equilibrium problem and the set of fixed points of an
asymptotically strictly pseudocontractive mapping.

2. Preliminaries

Let H be a real Hilbert space with inner product (-, -) and norm ||-||. {z,} is
a sequence in H, x, — x implies that {x,} converges weakly to = and =, — x
means the strong convergence. In a real Hilbert space H, we have

A2+ (1= Xyl* = Ml + @ = NIyl = A1 = Nllz =y, (1.2)

for all z,y € H and X € [0,1]. Let C be a nonempty closed convex subset of
H. Then, for any = € H, there exists a unique nearest point in C', denoted by
Pcx, such that
|z — Poz| < |z —yl|,vVy € C.
Such a Pg is called the metric projection of H onto C. We know that Pg is
nonexpansive. Further, for z € H and z € C, z = Pex & (x — 2,z —y) > 0
for all y € C. We also know that for any sequence {z,,} C H with x,, — x, the
inequality
liminf ||z, — || < liminf ||z, — y||
n—oo n—oo
holds for every y € H with x # y;
For solving the equilibrium problem for a bifunction f : C x C — R, we
assume that f satisfies the following conditions:
(A1) f(z,z) =0 for all x € C;
(A2) f is monotone, i.e., f(z,y) + f(y,z) <0 for all z,y € C;
(A3) for each z,y,z € C,

lim f(tz + (1 - t)z,y) < f(z,y);
(A4) for each z € C, y — f(z,y) is convex and lower semicontinuous.

Lemma 2.1. ([4]) Let C be a nonempty closed subset of H and f be a bifunction
of C x C into R satisfying (A1)-(A4). Letr >0 and x € H. Then, there exists
z € C such that

Fey)+ Ty =2z —a) 20 Wy e O

Lemma 2.2. ([5]) Assume that f : C x C — R satisfies (A1)-(A4). Forr >0
and r € H, define a mapping ®, : H — C as follows:

<I>T(x):{ZEC’:f(z,y)—F%(y—z,z—x) >0,VyeC}
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for all x € H. Then the following hold:
(1) ®, is single-valued;
(2) ®, is firmly nonexpansive, i.e., for any x,y € H,

1@ () = @ (y)]I* < (D1 (@) = Pr(y), 2 — )5

(3) F(®,) = EP(f);
(4) EP(f) is closed and convez.

Lemma 2.3. ([6]) Let E be a real g-uniformly smooth Banach space which
is also uniformly convex. Let C be a nonempty closed conver subset of E
and T : C' — C an asymptotically k-strictly pseudocontractive mapping with a
nonempty fixed point set. Then (I —T) is demiclosed at zero.

Lemma 2.4. ([7]) Let H be a real Hilbert space. Given a closed conver subset
C C H and points x,y,z € H. Given also a real number a € R. The set
D:={veC:|y—v|?<|z—v|*+ (z,v) + a} is convex and closed.

3. Main result

Theorem 3.1. Let C' be a bounded closed convex subset of a real Hilbert space
H. Let T : C — C 1is an asymptotically \-strict pseudocontraction mapping.
Let f be a bifunction from C x C into R satisfying (A1)-(A4). Assume that
{an} is a sequence in (0,1) satisfying the condition: 0 < a + A < o, < 1—
b,¥Yn > 0 and for some a,b € (0,1), {r,} C [m,00) for some m > 0. If
F:=F(T)NEP(f) #0, then the sequence {,} generated by

xzo € C,

Yn = ALy + (]- - Oén)Tnxna

1

Cni1={2€Cp: |luy, — z||2 < @y — Z||2 — (1= an)(an = N[z, — TnanQ
+ 00},

Tn+1 = PC,L+1x0a

(3.1)
where 0, = (1 — o) (kp, — 1)(diamC)? — 0 as n — oo, converges in norm to
PF.’L’().

Proof. Firstly, We observe that C,, is convex by Lemma 2.4.
Next observe that F' C C,, for all n. Indeed, for all p € F, we have

lun = pl* = lIp = v, yull?
< lyn — pII?
< apllzn = pl? + (1= an)[|T"zn — pl* — an(l — an) |z, — T 2, |
< anllz, — p”2 + (1= an)kn|lzn — p”2 + (1= o)Az — TnCEn”2
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—an(1 = ap)||zn — T 2,2
<[+ 1= an)(kn — Dlllzn — p||2 — (1= an)(an — A2, — Tnxn”2
< |z, — p||2 — (I —an)(an = AN)|lzn — Tnan2 + On.
So p € Ck41. This implies that F' C C, for all n.
From x, = P, xg, we have (xg — &n, 2, —y) > 0 for all y € C,,. Using

F cC C,, we also have (xg — zp, 2, —p) > 0 for all p € F.
So, for p € I’ we have

0 < {(x0— Tpn,Tn — p)
= (To — Tp, Tn — To + To — P)
< —llwo — @all? + llzo — pllllzo — @nll.
This implies that
[z = zall < [lzo — pl-

From z, = Pc,xo and x,11 = Pc, 20 € Cpy1 C Oy, we also have (z,41 —
Xy, Ty, — xg) > 0, from the above inequality, we have for all n,

0 S <(E0 — Tn, Tn — xn+1>

= (Tg — T, Tn — To + Lo — Tpy1)

IN

~llzo = znll* + llzo — Zp41llllzo — 4
and hence
20 = znl| < [lzo — Tniall-
Since {||xo — @ ||} is bounded, lim, o |0 — 2| exists. Next, we show that
lim, o0 || Zn+1—2Zn|| = 0. In fact that x,, = Po, x¢ and x,11 € C,, which imply
that
241 = 2l = [ (Tnt1 — 20) = (xn — 20)
= |xn+1 - 330”2 - Hxn - x0||2 - 2<37n+1 — Tn,y Tn — x0>
< l[@ntr — ol — llen — o>

So we have lim, o0 ||Zn+1 — n|| = 0.
Since z,41 € Cr41 C C,, we have

[un = Zps1|? < N2n = 21 = (1= an)(an = A|@n = T 241 + 6,
§ ||mn - mn+1||2 + en
So we have lim,,_, o0 || Tn+1 — Un || = 0 and lim, o0 ||2n — un|| = 0. Observe that
yn = 2l = (1 = @) ? 20 = T 20l” < [llyn — unll + [[un — @ ]]?

= |lyn — unH2 + 2(|yn — unlllun — zpll + |lun — anQ
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Since ®,. is firmly nonexpansive, for all p € F', we have

||un _p||2 = ||(I)Tnyn - (I)rnp||2 S <(Drnyn - q)rnpv Yn _p>

1
= (tn =,y = 1) = S (lun = I + lyn = I = un = yall®),

and hence
wn = yall® < g = pII* = lun = pII?
< [lzn _pH2 — lun — pH2 + 0, — (1 —an)(an = A)llzn — TnanQ-
So we have
(1- an)zumn - TnmnHz
< lzn — p”2 — fJun — p”2 + 0, — (1 —an)(an = A)|lzn — Tnl’n“2
+ 2[|yn — unllllun — znll + Jun — $n||2
Thus
b(1 = A)lzn — T"ay?
< Nun = zall(un = pll + |20 = pl) + 00 + 2[[yn — un|llun — 2ol + [lun — xn”Q
Hence limy, 00 ||[n =Ty | = 0, limy, 00 [|Zn —yn|| = 0, limy, 00 [|in —yn|| = 0.
Observing that
[@n — Tyl
<Nwn = zpga | + 1T = T @npa || + [T 2nga — T |
T 2, = Ty |
<lzn = znga | + lznsr — T"+1xn+1|\ + Ll|lznt1 — zol| + LT 20 — 20 |-
Hence lim,, o0 ||2n — Tn|| = 0.
Since {z,} is bounded, there exists a subsequence {z,, } of {z,} such that

T, — &. By Lemma 2.3, we have that & € F(T). From z,,, — Z, ||un —yn| —
0 and ||uy, — zp|| — 0, we have y,, — & and u,, — &. From r,, > m, we have

lim,—s o0 w = 0. By u, = @, y,, we have

1
f(unay) + 7<y_unaun _yn> > 07Vy eC.

n

Replacing n by ny, we have from (A2) that

1
f(y = Uny, Uny, — ynk> > _f(unkay) > f(yaunk)’vy eC.
Nk
Letting k — oo, we have from (A4) that f(y,2) < 0,Vy € C. For 0 <t < 1 and
y € C, define y; = ty + (1 — ¢)Z. Since y € C and & € C, we have y; € C and
hence f(y:,2) < 0. So, from (A1) we have

0= fWey) <tflyey) + A —1)f(ye, &)
<tf(ye,y)-
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Dividing by ¢, we have

f(ye,y) > 0,Vy € C.

Letting ¢ | 0, from (A3) we have

f(z,y) >0,¥y e C.

Therefore, & € EP(f).
Let w = Prxg. From x, = Pc, xo and w € F' C C,,, we have

[0 = 2nll < [lzo — wl.

Since the norm is weakly lower semicontinuous, we have

lzo —wll < lzo — 2|

<liminf |xg — zp, ||
k—o0

< Timsup |20 — @, |

k—o0
< [lzo — w-
This implies that ||zg — w|| = ||xo — £|| and ||zo — 2, || = |xo — w||. It follows
that w = & and x,, — w. Therefore {z,,} converges strongly to w. (]
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