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APPROXIMATING COMMON FIXED POINTS OF ONE-STEP
ITERATIVE SCHEME WITH ERROR FOR NON-SELF
ASYMPTOTICALLY NONEXPANSIVE IN THE
INTERMEDIATE SENSE MAPPINGS

(GURUCHARAN SINGH SALUJA AND HEMANT KUMAR NASHINE

ABSTRACT. In this paper, we study a new one-step iterative scheme with
error for approximating common fixed points of non-self asymptotically
nonexpansive in the intermediate sense mappings in uniformly convex Ba-
nach spaces. Also we have proved weak and strong convergence theorems
for above said scheme. The results obtained in this paper extend and
improve the recent ones, announced by Zhou et al. [27] and many others.

1. Introduction and Preliminaries

Let E be a real Banach space and let K be a nonempty subset of E. Let
T: K — K be a mapping and F(T) = {z : Tz = z} be the set of fixed points
of T.

A mapping T: K — K is called asymptotically nonexpansive if there exists
a sequence {k,} C [1,00); kn, — 1 as n — oo such that for all 2,y € K, the
following inequality holds:

[Tz =T"y|| < knlle—yl, Vn=1 (1)

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such
that for all z,y € K,

[Tz =Tyl < Lllz—yl, Vn=>1 (2)

T is called asymptotically nonexpansive type [11] if the following inequality
holds:

limsup sup { |77 Ty ~ |z = y|} < o, (3)

n—oo yek

for every = € K, and that TV be continuous for some N > 1.
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T is called asymptotically nonexpansive in the intermediate sense [1] if T is

uniformly continuous and
limsup sup {770~ T"y| ~ |z —y|} < o. (4)
n—oo z,yeK

T: K — E is called completely continuous [20] if for all bounded sequence
{zn} C K there exists a convergent subsequence of {T'z,,}.

Recall that a Banach space E is called uniformly convex [13] if for every
0 < & < 2, there exists § = §(¢) > 0 such that ||%F2|| < 1 —§ for every
z,y€ Spand ||z —y|| >e, S ={x € E: ||z|| =1}.

A Banach space E is said to be smooth [27] if

e+ gl o
t—0 t
exists for all z,y € Sg, S ={z € E : ||z|| = 1}.

The class of asymptotically nonexpansive maps was introduced by Goebel
and Kirk [8] as an important generalization of the class of nonexpansive maps
(i.e., mappings T: K — K such that [|Tz — Ty| < ||l —y||, Vz,y € K) who
proved that if K is a nonempty closed convex subset of a real uniformly convex
Banach space and T' is an asymptotically nonexpansive self-mapping of K, then
T has a fixed point.

Iterative techniques for approximating fixed points of nonexpansive map-
pings and asymptotically nonexpansive mappings have been studied by various
authers (see e.g., [2], [3, 4], [6], [10], [16], [17], [18], [19], [20, 21], [24], [25, 22, 23,
26]) using the Mann iteration method (see e.g., [12]) or the Ishikawa iteration
method (see e.g., [9]).

In [20, 21], Schu introduced a modified Mann process to approximate fixed
points of asymptotically nonexpansive self-maps defined on nonempty closed
convex and bounded subsets of a Hilbert space H.

In 1994, Rhoades [19] extended the Schu’s result to uniformly convex Banach
space using a modified Ishikawa iteration method.

In all the above results, the operator 1" remains a self-mapping of a nonempty
closed convex subset K of a uniformly convex Banach space. If, however, the
domain of T, D(T) is a proper subset of E (and this is the case in several
applications), and T maps D(T') into E, then the iteration processes of Mann
and Ishikawa studied by these authors; and their modifications introduced by
Schu may fail to be well defined.

In 2003, Chidume et al [5] studied the iterative scheme defined by

r1 € K,
i1 = P((1—ap)z, +a,T(PT)" 'z,), n>1, (5)
in the framework of uniformly convex Banach space, where K is a closed convex
nonexpansive retract of a real uniformly convex Banach space E with P as a

nonexpansive retract. T: K — FE is an non-self asymptotically nonexpansive
with sequence {k, } C [1,00), k, — 1 as n — oo. {a, 52, is a real sequence in
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[0, 1] satisfying the condition ¢ < a;, <1 — ¢ for all n > 1 and for some € > 0.
They proved strong and weak convergence theorems for non-self asymptotically
nonexpansive maps.

In 2004, Chidume et al [7] studied the iterative scheme defined by

xr1 € K,
Tny1 = P((1—oap)r, + o, T(PT)" 'z,), n>1, (6)

in the framework of uniformly convex Banach space, where K is a closed convex
nonexpansive retract of a real uniformly convex Banach space E with P as a
nonexpansive retract. T: K — FE be non-self asymptotically nonexpansive
in the intermediate sense mapping and {a, }52; is a real sequence in [0, 1]
satisfying the condition € < «, < 1 — € for all n > 1 and for some € > 0. They
proved strong and weak convergence theorems for said mapping.

Recently, Zhou et al. [27] gave a new iterative scheme for approximating
common fixed point of two non-self asymptotically nonexpansive mappings with
respect to P and proving some strong and weak convergence theorems for such
mappings in uniformly convex Banach spaces.

The aim of this paper is to study the approximating common fixed point of
two non-self asymptotically nonexpansive in the intermediate sense mappings
with respect to P and to prove weak and strong convergence theorems, and
to define one-step iterative scheme with error which modified Zhou et al. [27]
iteration scheme as follows:

Let E be a real normed linear space and let K be a nonempty closed convex
subset of E. Let P: E — K be the nonexpansive retraction of E onto K
and let 77,75: K — E be two non-self asymptotically nonexpansive in the
intermediate sense mappings.

Algorithm 1.1. For a given x1 € K, compute the sequence {x,} by the iter-
ative scheme

Tpi1 = QpTy+ ﬂn(PTl)nxn + Vn(PTQ)niEn + /\nun7 Vn > 1, (7)

where {an}, {Bn}, {1} and {\,} are real sequences in [0,1] and satisfying
an + B+ + A =1 and {u,} is a bounded sequence in K. The iterative
scheme (7) is called the one-step iterative scheme with errors.

If A\, = 0, then (7) reduces to the iterative scheme, defined by Zhou et
al. [27], as follows:

Algorithm 1.2. For a given x1 € K, compute the sequence {x,} by the iter-
ative scheme

Tn+l = Qplp + ﬁn(PTl)nxn + Wn(PT2)nxna Vn Z 1a (8)

where {a, }, {Bn} and {v,} are real sequences in [0,1] and satisfying o, + On +
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A subset K of FE is called retract of F if there exists a continuous mapping
P: E — K such that Px = x for all x € K. Every closed convex subset of a
uniformly convex Banach space is a retract. A mapping P: F — K is called
retraction if P2 = P. Note that if a mapping P is a retraction, then Pz = z
for all z in the range of P.

Let C, D be subsets of a Banach space . Then a mapping P: C — D is
said to be sunny if P(Pz + t(x — Pz)) = Pz, whenever Pz + t(x — Pz) € C
for all x € C and ¢ > 0.

Let K be a subset of a Banach space E. For all € K is defined a set Ik (z)
by Ix(z) ={z+ Xy —z): A >0,y € K}.

A non-self mapping T: K — FE is said be inward if Ta € Ik (z) forallz € K,
and T is said to be weakly inward if Ta € Ik (z) for all z € K.

A Banach space E is said to satisfy Opial’s condition [15] if for any sequence
{zn} in E, z, — z it follows that limsup,,_, . ||z, — 2| < limsup,,_,
|z — yl| for all y € E with y # x.

A mapping T: K — F is said to be demiclosed with respect to y € E if for
each sequence {z,} in K and each x € E, x,, converging weakly to x and Tx,,
converging strongly to y, it follows that z € K and Tz = y.

Now, we recall the well known concept and the following useful lemmas to
prove our main results:

Definition 1. (|27, Definition 1.5]) Let K be a nonempty subset of real normed
linear space E. Let P: E — K be nonexpansive retraction of F onto K.

(1) A non-self mapping T: K — F is called asymptotically nonexpansive
with respect to P if there exists a sequence {k,} C [1,00) with k, — 1 as
n — oo such that

I(PT)"x — (PT)"yll < knlle—yll, Vo,y € K, n>1. (9)

(2) T is said to be uniformly L-Lipschitzian with respect to P if there exists

a constant L > 0 such that
[(PT)"z — (PT)"y| < Llz—yl|, Vz,ye K, n>1. (10)

Lemma 1.3. ([23, Lemma 1]) Let {an }52 1, {Bn}ney be two sequences of non-
negative real numbers satisfying the inequality

Qn41 S Qp +ﬁn; vn 2 1.
If 3207 | Bn < 00, then limy, oo vy, exists.

Lemma 1.4. ([14, Lemma 3]) Let E be a uniformly convexr Banach space and
B, ={x € E: ||z|| < r,r > 0}. Then there exists a continuous strictly
increasing convez function g: [0,00) — [0,00) with g(0) =0 such that

1Az + py + €2 + vwl|* < Nz|? + pllyll? + €llz)1? + v]wl® = Mgz = yl))
for all z,y,z,w € By and A\, u,&,v € [0,1] with A+ pu+E&+v=1.
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Lemma 1.5. ([27, Lemma 2.2]) Let E be a real smooth Banach space, let K
be a nonempty closed subset of E with P as a sunny nonexpansive retraction,

and let T: K — E be a mapping satisfying weakly inward condition. Then
F(PT)=F(T).

The following demiclosedness principle for non-self mapping follows from
([7], Theorem 3.5).

Lemma 1.6. Let E be a real smooth and uniformly convexr Banach space and
K a nonempty closed convex subset of E with P as a sunny nonerpansive
retraction. Let T: K — E be a weakly inward and asymptotically nonexpansive
in the intermediate sense mapping with respect to P. Then I —T is demiclosed
at zero, that is, sequence {x,} converging weakly to x* and x,, —Tx, converging
strongly to 0 imply that Tx* = x*.

Proof. Suppose that {z,} C K converges weakly to 2* € K and z, — Tz, — 0
as n — oo. We will prove that Ta* = z*. Indeed, since {z,} C K, by the
property of P, we have Px, = x, for all n > 1 and so =, — PTz,, — 0 as
n — oo. By Chidume et al. [7, Theorem 3.5], we conclude that «* = PTx*.
Since F(PT) = F(T) by Lemma 1.3, we have Tz* = z*. This completes the
proof. O

2. Main results

In this section, we prove, weak and strong convergence theorems of one-step
iterative scheme with errors for two non-self asymptotically nonexpansive in
the intermediate sense mappings. In order to prove our main results, we need
the following definition and lemmas.

Definition 2. Let K be a nonempty subset of real normed linear space E. Let
P: E — K be nonexpansive retraction of £ onto K.
(1) A mapping T: K — FE is called non-self asymptotically nonexpansive
type with respect to P if the following inequality holds:
lim sup sup {II(PT)"I — (PT)"y|| - [lo - yll} < 0, (11)
n—oo yeKkK
for every € K, and that TV be continuous for some N > 1.
(2) T is called non-self asymptotically nonexpansive in the intermediate sense
with respect to P if T is uniformly continuous and
limsup sup {H(PT)”J: — (PT)"y|| — || — yll} < o (12)
n—oo xz,yeK

Remark 1. If T is self mapping, then P becomes the identity mapping, so that
(11) and (12) are reduced to (3) and (4), respectively.

Lemma 2.1. Let E be a uniformly convexr Banach space, K be a nonempty
closed convex subset of E and Ty, To»: K — E be two non-self asymptotically
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nonezxpansive in the intermediate sense mappings with respect to a nonerpansive
retraction P of E onto K. Put

Ay =max{_sup (|(PT)"x ~ (PT)"y| = e = yl). 0}, vn>1.
zfy

and

By =max{ swp (|(PT)"s ~ (PT2)"yl| = lle = yl), 0}, ¥n>1,
Cl/',y

such that Y7 | A, < o0 and > oo | B, < oo, respectively. Suppose that {x,}
is the sequence defined by (7) with Y o~ | A, < co. If F(Ty) N F(Iy) # 0, then
limy, oo [|2n — q|| exists for any q € F(T1) N F(T3).

Proof. Let q € F(T1)NF(T3), using the fact that P is a nonexpansive retraction
and (7), then we have

|Znt1 —all = llan®n + Bu(PT1)" 20 + v (PT2)" Tn + Apun — 4|
< anllan = qll + Bull(PTh)" 20 — gl + 7l (PT2)"2n — q|
+Anlun — 4|
< apllen —qll + Balllzn — gl + An] + Walllzn — gl + Byl
+An[un — 4|l

< (an + Bn +¥)llTn — qll + BuAn + Y0 B + Anllun — 4|l
= (I =2)llzn —qll + BnAn + yBn + Anllun — 4|
20 = qll + BnAn + 1 Bn + Anllun — 4|l
= on —all +ta (13)
where t,, = 3, Ay + Y Bn + Anllun, — ¢||. Since Y00 | A, < o0, Y00 By < o0

and Y7 | A, < 00, we see that Y > | ¢, < oo. It follows from Lemma 1.1 that
lim,, oo [|2n — ¢|| exists. This completes the proof. O

IN

Lemma 2.2. Let E be a uniformly conver Banach space, K be a nonempty
closed convex subset of E and Ty,T5: K — E be two non-self uniformly L-
Lipschitzian and non-self asymptotically nonexpansive in the intermediate sense
mappings with respect to a nonexpansive retraction P of E onto K. Put

Ay =max{_sup (|(PT)"x ~ (PT)"y| = e = yl). 0}, vn>1.
‘:Efy

and

By =max{ swp ((PT)"s ~ (PTo)"yl| = lle = yl), 0}, ¥n>1,
:L',y

such that Y7 | A, < oo and > oo | B, < oo, respectively. Suppose that {x,}
is the sequence defined by (7) with the following restrictions:

(i) > i1 An < 00,

(#) 0 < liminf, o,, 0 < liminf, 8, and 0 < liminf, 7,.
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IfF(T) N F(Ty) # 0, then

lim |z, — (PTy)x,|| = lim ||z, — (PT2)x,|| = 0.
o0 n—oo

n—

Proof. By Lemma 2.1 lim,_, ||z, — ¢l exists for any ¢ € F(T1) N F(T3). It
follows that {x, — ¢}, {(PT1)"x, — q} and {(PT2)"x, — q} are bounded. Also
{un, — q} is bounded by the assumption. We may assume that such sequences
belong to B,, where B, = {x € E : ||z| <r, r > 0}.

From (7), by the property of P and Lemma 1.2, we have

lznt1 — qll?

lon(zn — @) + Bu((PT1)" w0 — @) + 1 ((PT2)"2n — q) + A (un — Q)||2

< anllzn = ql? + Bul (PT1) 20 — ql* + 7l (PT2)" 20 — gl?
+)‘nHun - QH2 — apfBug(llen — (PT1)"|)
= agllzn — ql* + Bull(PT) @0 — ql|* = |20 — qll*) + Bullzn — all®
ll(PT2) s = all? = 120 — all*) + vallzn — all® + Anllun — g])?
—onfng(llzn — (PT1)"|) (14)
and
241 — gll®
< apllzn — QHQ + Bull (PTY)" 2y — C]”2 + Y ll(PT2)" 2y — q”2
+An [lun — Q||2 — anmg(llzn — (PT2)"]])
= anlen —ql” + Bulll(PT) s — all* — [z — al|*] + Bullzn — gl?
Y ll(PT2)"@n — gl = [lzn — qll*] +mllzn — all* + Anllun — gl?
—anng(zn — (PT2)"()). (15)
From (14);
|0+ — gl
< anllzn =gl + Bu(l(PT1) 2 — gl| + [0 — al)([(PT1)"2n — g
—llzn = all) + Bullzn = al? + 1 ((PT2) @0 — a|| + ||z, — all)
(I(PT2)"2n — gl = llzn — all) + vnllzn — all* + Anllun — gl
—nBng(n — (PT1)"]])
< anllzn = gql? + Bu(I(PT) 20 — gl + 20 — gl)

SUE(II(PTl)"w —qll = llz —qll) + Ballzn — a?
S
1 ([(PT2)" 20 — qll + llzn — qll) Sg}g(l\(PTz)”:c —qll = llz—ql))

+nllzn — C1”2 + Anllun — CIHQ — anfng(|zn — (PT1)"]])
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< (an +Bn+v)lzn —al? + Bu(I(PT) 2 — gl + |20 — gl])An
A ([(PT2) 20 — gl + [l — ql) B + Anllun — a?
—onfng(llzn — (PT1)"(])
= (1= )llzn —al* + Bu(|(PT1)"zn — gl + |2 — al)An
A ([(PT2) @0 — gl + [l — ql) B + Anlun — al?
—onfng(llzn — (PT1)"(])
< len = all? + Bu(|(PT1) @0 — gl + ll2n — al)An
A ([(PT2) 20 — gl + [l — ql) B + Anllun — a?
—onfng(llzn — (PT1)"(])
S Q||2 + M An + 0By + Apllun — QH2
—anBng(|len — (PT1)"[]) (16)
where 7, = B ([[(PT1)"zn — gl + [lzn — qll) and 6n = ([ (PT2)"xn — qll +
lzn — all)-
Then

anfng(en — (PT)") < llon —all* = lznsr — qll* + 10 An
+0, B, + M ||un — gl (17)

Since 07 | A, < o0, Y07 By < 00, Yoo Ay < 00 and limy, o ||z, — ¢
exists, it follows (17) that

lim sup o, Brg(||xn — (PT1)"x,||) = 0.

n—oo

Since ¢ is continuous strictly increasing function with g(0) = 0 and 0 <
liminf,, a,, 0 < liminf,, 3,,, we conclude that

lim ||z, — (PT1)"z,] = 0. (18)

n—oo

By using a similar method, together with inequality (15), it can be shown that
lim |z, — (PT2)"z,| = 0. (19)
n—oo

Next, we show that lim, .o ||xn — (PT1)zy|| = 0 and lim, . ||2n — (PT2)zy| =
0. Using (7), we have

Znt1 —znll < Bull(PT1)" "y — wpl + Yo l|(PT2)" 20 — || + Anlltn — o0

Using (18), (19) and lim,_ A, = 0, we have

i [ 1 — ] = 0. (20)
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Now, consider

[n — (PT1)za||

< an = gl + 2 — (PT)" |
HI(PT)" M wngr = (PT)" || + [(PT)" o, — (PT1)a|
< an = gl + g = (PT)" |
tLen1 = 2all + LI (PT1)" 20 — 20, (21)
using (18) and (20) in (21), we have
Tim_ [z, — (PT | = 0. (22)

Similarly, we have
[2n — (PT2)mn |

< lzn — 2l + |24 — (PT2)n+1xn+1”
HI(PT2)" M angr — (PT2)" ol + |(PT2)" 2y — (PTy)an|
< o = o || + |Zpt1 — (PT2)n+137n+1||
+Ll|lznt1 — wnll + LII(PT2)" 20 — 2all, (23)
using (19) and (20) in (23), we have
Tim [, — (PTo)a | = 0. (24)
This completes the proof. O

Theorem 2.3. Let K be a nonempty closed convex subset of a real smooth and
uniformly convex Banach space E. Let T1,T5: K — E be two weakly inward
and non-self asymptotically nonexpansive in the intermediate sense mappings
with respect to P as a sunny nonexpansive retraction of E onto K and Ty, Ts
be non-self uniformly L-Lipschitzian mappings with respect to P. Put

Ay =max{ _sup (|(PT)"x = (PT)"y| = e = yl). 0}, vn>1.
‘:Efy

and

B, =max{ sup (|(PTe)"x ~ (PTo)"y| ~ le — ), 0}, vn>1.
:L‘)y

such that > 7 | A, < o0 and > oo | B, < oo, respectively. Suppose that {x,}
is the sequence defined by (7) with the following restrictions:

(i) > i1 An < 00,

(i) 0 < liminf, o,, 0 < liminf, 8, and 0 < liminf, 7,.

If one of Ty and Ty is completely continuous and F(Ty) N F(Ty) # 0, then
{zn} converges strongly to a common fized point of the mappings Ty and Ts.

Proof. From Lemma 2.1, we know that lim,,_. ||z, — ¢|| exists for any ¢ €
F(Ty) N F(Ty), then {z,} is bounded. By Lemma 2.2, we have

lim ||z, — (PT1)x,|| =0 and  lim |z, — (PT2)z,| =0. (25)
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Suppose that Tj is completely continuous and note that {z,} is bounded.
We conclude that there exists subsequence {PTix,;} of {PTix,} such that
{PTyx,,} converges. Therefore, from (25), {z,,} converges. Let z,, — ¢*
as j — oo. By the continuity of P, Ty, Ty and (25), we have ¢* = PTiq* =
PTyq*. Since F(PTy) = F(1T1) and F(PT,) = F(T2) by Lemma 1.3, we have
q¢* = T1q* = Taq*. Thus {z,} converges strongly to a common fixed point ¢*
of T1 and T5. This completes the proof. O

Theorem 2.4. Let K be a nonempty closed convexr subset of a real smooth and
uniformly conver Banach space E satisfying Opial’s condition. Let Ty, T5: K —
E be two weakly inward and non-self asymptotically nonexpansive in the inter-
mediate sense mappings with respect to P as a sunny nonexpansive retraction
of E onto K and Ty, T be non-self uniformly L-Lipschitzian mappings with
respect to P. Put

Ay =max{ sup (|(PT)"s — (PT)"y| - |z = y]), 0}, vn>1,
z,ye K

and

By =max{ swp (I(PT)"e = (PTo)"yll = llo = yl), 0}, > 1,
zy

such that > 7 | A, < o0 and > oo | B, < oo, respectively. Suppose that {x,}
is the sequence defined by (7) with the following restrictions:

(i) Y0 A < 00,

(#) 0 < liminf, «,, 0 < liminf, 8, and 0 < liminf, 7,.

If F(Th) N F(Ty) # 0, then {x,} converges weakly to a common fized point
of the mappings Ty and Ts.

Proof. For any q € F(T1) N F(T»), by Lemma 2.1, we know lim,, o ||z, — ¢||
exists. We now prove that {z,} has a unique weakly subsequential limit in
F(T1) N F(Ty). To prove this, let ¢g; and g2 be weak limits of the subsequences
{zn,} and {xy,} of {z,} respectively. By Lemma 2.2 and I — T} is demiclosed
with respect to zero by Lemma 1.4, we obtain Tyq; = ¢;. Similarly, Toq1 = ¢;.
Again in the same way as above, we can prove that g2 € F(T1) N F(T3). Next,
we prove the uniqueness. For this we suppose that ¢; # g2, then by the Opial’s
condition

lim [z, —qi] = lim ||z, —aqll
n—oo 11— 00
< lim ||z, — g2l
11— 00
= lim |z, — ¢
n—oo
= lim ||z, — ¢
J—00
< lim ||an —q
j—o0

= lim ||z, — ¢1]-
n—oo
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This is a contradiction. Hence {z,} converges weakly to a common fixed point
of T1 and T5. This completes the proof. O

Remark 2. Our results extend the corresponding results of Zhou et al. [27] to
the case of more general class of non-self asymptotically nonexpansive mappings
and one-step iteration scheme with error considered in this paper.
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