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A WEIGHTED COMPOSITION OPERATOR ON
THE LOGARITHMIC BLOCH SPACE

SHANLI YE

ABSTRACT. We characterize the boundedness and compactness of the
weighted composition operator on the logarithmic Bloch space LB =
{f € HD) : supp(1 — |z\2)ln(l%‘z‘)|f'(z)| < +oo} and the little loga-
rithmic Bloch space LBg. The results generalize the known corresponding
results on the composition operator and the pointwise multiplier on the
logarithmic Bloch space £B and the little logarithmic Bloch space £LBy.

1. Introduction

Let D = {z : |z| < 1} be the open unit disk in the complex plane C, and
H(D) denote the set of all analytic functions on D. For f € H(D), let

1 fllcs = Sup{(l — 2/*)In (1 2|Z> 1f(2)|: z € D}.

As in [10, 12], the logarithmic Bloch space LB consists of all f € H(D)
satisfying || f||zg < 4+oc and the little logarithmic Bloch space LB, consists of
all f € H(D) satisfying lim,; ;- (1 — \z|2)ln(1_2lzl)\f’(z)| = 0. It is known
that with the norm

11l = 1O+ [If]ls,
LB is a Banach space and LB is a closed subspace of LB.

An analytic map ¢ : D — D induces the composition operator C, on H(D),
defined by

Cof =fop
for f analytic on D. It is interesting to provide a function theoretic char-
acterization when ¢ induces a bounded or compact composition operator on
various function spaces. The boundedness and compactness of C, on the clas-
sical Bloch space B were described by Madigan and Matheson in [4]. On the
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logarithmic Bloch space £B5, this operator is studied by Yoneda in [12]. On the
other various function spaces, one may see in [3, 7, 8, 11, 13].

In this paper we study the weighted composition operator uC,,, which can
be regarded as a generalization of a multiplication operator and a composition
operator.

For a fixed analytic function v on D and an analytic self-map ¢ : D — D,
define a weighted composition operator uC,, as follows:

uCof =ufoe, feHD).

This operator may be firstly studied on the Bloch space and the little Bloch
space in [6]. In [5], Ohno, Stroethoff, and Zhao got the characterization on ¢
and u for the weighted composition operator is bounded or compact between the
a-Bloch spaces. Especially, for ¢(z) = z, this operator is a pointwise multiplier
operator induced by u. The pointwise multiplier operator was studied on the
Bloch spaces [1], on the a-Bloch spaces [14], on the logarithmic Bloch [10], to
mention only a few related works.

Here we will consider the boundedness and the compactness of the weighted
composition operator uC, on the logarithmic Bloch space £B and the logarith-
mic little Bloch space £By. In what follows C will stand for positive constants
not depending on the functions being considered, but whose value may change
from line to line.

2. Auxiliary results

In order to prove the main results of this paper, we need some auxiliary re-
sults. The first four lemmas may be found in [10]. For the purpose of reference,
we give them here.

Lemma 2.1. If f € LB, then

@) 1f(2)] < 2+ W Z)) 25
(ii) [f(2)] < 2In(ln Z5p)lIfllp,  where |2 >ro=1-

2
ee?”

Lemma 2.2. If f € LBy, then lim;|_,;- % =0.
T—[z]

2
(1—|z]) In =

[1—z|In ﬁ

Lemma 2.3. Let f(z) = , 2 € D. Then |f(2)| < 2.

|2 In —2—

Lemma 2.4. Let 0 <t <1, f(z) = m%, z € D. Then |f(z)| < 2.
1—[tz]

Lemma 2.5. Suppose f € LB. Then ||fille < 4/|fll,0 < t < 1, where

Fi(2) = f(t2). -

The result is easily proved by lemma 2.4.
Using the same idea of [9], we obtain the following result.




A WEIGHTED COMPOSITION OPERATOR 529
Lemma 2.6. Let f € H(D). Then

Iflles~sup [ 171012 (125) (- PP aAG),

where vq(z) = (a — 2)/(1 — az) is the Mébius transformation of D, dA(z)
denotes the Lebesque area measure on D, and =~ means the equivalence of two
quantities, that is, the quotient of the left side and the right side lies between
two positive constants unless both are zero.

Proof. Noting that

1= 12D (2)] =1 — |pal(2)]? = (1= la]?)(1 = |2[?)

11— az)?

and
L\ & 1 2 2
zeE a5 | = zED:|gpa(2)|<§ = 1—|2|°~1—]|q
by p. 61 in [15], we obtain that

[ (@)] = [f'(pa(0))]

4 !
o] el aac)

IN

é e " ( 2 Py
S NCECIREE

L (4 _22)"1(1 — 12)2 .
(1 — |al?) /E(a,;)|f()|(1 [2]) 7 (1 — |pa(2)]7)7 dA(2)

i (2 ) (1 o (2 A
-y 1n1||)/ L rena-n 1(1_|Z|)(1 [pa())” dA(2)

Hence
(1o (27 ) @)

< Zoup [ 1PN (2 ) (0 )PP aAG)

IN

ie.,

4 / 2\—1 2 2\2
Iflles < 2swp [ (@10 17 (12 ) 0= LR dAG).

Conversely, by Lemma 4.2.2 of [15], we obtain that

! 2\—1 2 2\2
swp [ 1710 1) (12 ) (= L@ dAl)

a 2\2
< lessup [ S 4 < s
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Hence

15 ~ sup / (e z|2>—11n<

— 222 zZ).
) U eGP AR,

Lemma 2.7. Suppose uCy, : LBy — LBy is a bounded operator. Then uC,
LB — LB is a bounded operator.

Proof. Suppose uC, is bounded in L£By. It is clear that for any f € LB, we
have f; € LB for every 0 <t < 1. According to Lemma 2.5, we obtain that

[uCo (f)llr < [[uCellll fellz < 4lluCollllfllz < +oo.

For the simple, we write w(|z|) = (1 — |2]?)? ln(lflzl)(l — |pa(2)]?)? > 0. By
Lemma 2.6 and Fatou’s lemma, we obtain that

||ucsaf||L
= [u(0)f(¢(0))] + [[uC fl 5

< [u(0)f(e(0))] + CSUP/ u(2) f'(0(2))¢'(2) + v/ (2) f(0(2))w(|2]) dA(z)
acD JD

= [u(0)f(£(0)) + CSHP/ lim Ju(2) f'(te(2)te' (2) + 0/ (2) f (tp(2)) lw(2]) dA(2)
aeD Jpt—1

Stl_igl_ |u(0) f(tp(0))] +Csup hmlnf/ [(uCu(f1)) (2)|w(]2]) dA(2)

€D t—1

< Jim [u(0)fe((0)] + Clgg;rgf [uCe fill e

< ClluCy(fo)llx
< ClluCollll fllz < 400

Hence uC, : LB — LB is a bounded operator. O

3. Boundedness of uC,

In this section we characterize bounded weighted composition operators on
the logarithmic Bloch space £B and the little logarithmic Bloch space L£LBy.

Theorem 3.1. Let u be an analytic function on the unit disc D and ¢ an
analytic self-map of D. Then uCy, is bounded on the logarithmic Bloch space
LB if and only if the following are satisfied:

(1) sup(1 - |z|2)ln< =P |> (m EMz)I) W' (2)] < +00;

(2) “ (1 - |Z|2) 1%|z| | /(Z)U(Z)‘ < 400
e e e |
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Proof. Suppose uCl, is bounded on the logarithmic Bloch space £B. Then we
can easily obtain the following results by taking f(z) =1 and f(z) = z in LB
respectively:

(3) u € LB;
(1) K = sup(1 = o) n (12 ) 1 (e < o

zeD 1- |Z|

Fix w € D, we take the test function
2
4 1 4
(5) fw(z) =2Inln _— — I (ln In )
l—p(w)z  Inln =g 1 —p(w)z
for z € D. Then
2p(w) 4 p(w) 1
f{u(z) = — —2Inln — — .
(1= p(w)e) In —— L—p(w)z (1 - p(w)z) In = Inln o

By Lemmas 2.3 and 2.4 we obtain that f,, € LB and || f ||z < 16 with a directly
calculation. Since f, (¢(w)) =0 and f,(¢(w)) =Inln W, it follows that

(1= oo (12 ) W ) fultw))

— (1—|wf)In

(4 o) )

< NuCofwles < uCpllll full < 16[uCy|| < 4o00.

In (m 1_|;‘(w)|>

2 2
sup(1l — z[?) In ‘ln (ln)
sup(L = |17 I 7 T 1o

Hence (1) holds.
Next, fix w € D with w # 0, let

z =2 -1 -1
(6) fw(z)=/O (1—|Z|2z2> (1n1_|47”2222> dz.

By Lemma 2.3, we have

We have

2
sup(1 — |w|>)In [ —=——
sup (= hwl) (1—Iw|)
So

! (w)| < 16]juCl]| < +oo.

[u(2)] < +o0.

-1

2 4
sup (1= |:1?) (In——— ) |1 — 2|7 |In <2 < +oo,
st la) (i = 0= o
applying z; = %27 we obtain that
2 w2 4 '
w
sup(l — |z|?) (In ——— ) |1 — —= 22| |In — < 2 < 4o00.
sap1 =) (in ) |1 - | o ke
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Hence f,, € LB and || fu||z < 4 with w # 0. Then for w # 0 we obtain that
||uC<P(fw)||L‘B < HUO(,O(fw)”L
< [[uCollll fuoll

= [[uCy|[[| full 2B
=C < +o0.

(7)

So for Vz € D with ¢(z) # 0, applying w = ¢(2) to (7), we have that

)P )

2
1— 2]

(1= 2/*)In

< NuCo(fw)lles + fgg(l ~|2*)In [/ ()] fu ((2))]

2 2
< 2 1— 1z —(24+In(ln—= ¢
< O+ 2sup( ”)“L4z< *“(nl—wun>>“w”<+m’

where we use Lemma 2.1. So,

ap PR
zeD (1= [¢(2)[?) In 1_|i(z)\
2(1—|2]?)In 1_2‘z‘
< sup DT ()l (2)] < oo
zeD (1= |e(2)]?) In = 5

For Vz € D with ¢(z) =0, by (4), we have

p LTV TR
up u(2)¢' (2
zeD (1 —p(2)]?) In 1—|Z(z)|

2

|u(2)¢"(2)] < +o0.

~ .epIn2 1—|z|

Hence (2) holds.
Conversely, suppose that (1) and (2) hold. For f € LB, by Lemma 2.1, we
have the following inequality:

Huc<pf||£3
sup(1 = o) n (21 ) W) (o12)

z€D

#sup(1 = )t (2 ) W (o) )

zeD

sup(1 = o) (2 ) Wl (24— 2 )

2\ (A le@P) ey
<l—|z|) (1—|p(2)2) In 17“20(2)‘ Lf ()¢ (2)u(z)]

IN

IN

+ sup(1 — [2]*) In
z€D
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(1—[2[*)In 13|z| ,
< Clflle + Ifllzs sup 5 7 —l¢' (2)u(z)]
zeD (1 —[p(2)] )lnm
< C|fllz
and

2
O (O] < 1u0)2 411 (10— Pl
1= [p(0)]
This shows that uCl, is bounded. This completes the proof of Theorem 3.1. [

Theorem 3.2. Let u be an analytic function on the unit disc D and ¢ an
analytic self-map of D. Then uCy, is bounded on the little logarithmic Bloch
space LBy if and only if u € LBy, (1) and (2) hold, and

2
lim (1—[z[*)In "(2)u(z)] = 0.
(1 ) Gl

Proof. Suppose that uC, is bounded on the little logarithmic Bloch space LB.
Then u = uCy,1 € LBy. Also up = uCyz € LBy, thus

(1= 2 _2‘z| W/ (2)p(2) + u(2)¢' ()] — 0 (|2] = 17).

Since |¢| < 1 and u € LBy, we have lim,|_,;- (1 — |z]*)In 1_2|Z| l¢' (2)u(2)| = 0.
1

On the other hand, by Lemma 2.7 and Theorem 3.1, we obtain that (1) and
(2) hold.
Conversely, let

2
M; =sup(1—|z]*)In | ——
=gy (=)

|/ (2)] < +oo;

i (=)
El

(1—|2?)In 13
My = sup 5 ¢’ (2)u(z)] < +oo0.
zeD (1= p(2)]?) In =2,

For Vf € LBy, we have both (1 — |z]?)In 2= |f'(z)| — 0 and &L ¢

1—|z] In(In 17‘2‘)
as |z| — 17 by Lemma 2.2. Given € > 0 there is 0 < ¢ < 1 such that
(1—12[*)In 1f|2| |f'(2)| < 53; and % < gap; forall z with § < [z] < 1.
1—]z]
If |o(2)] > 6, it follows that

(1= o) n =l ) (2)

< (1—1[2*)n . _2|Z| [ ()| f(p(2)] + (1 = |2*) In . _2|Z| | (p(2)¢" (2)]u(2)]
2 2 |f(p(2))]
< (1-1z*)In ] |v'(2)] In(In T |@(z)|)ln(ln%)
2 (1—=1[2[*)In 3

e Ju(2)¢' (2)]

S G e 2y

A =le@P =y
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€
My —— + M. —
< Mgy T Mgyr

€.

We know that there exists a constant M3 such that |f(2)] < M5 and |f'(2)] <
M for all |z| < 4.
If |p(2)| < 6, it follows that

(1= o) I =l ) (2)

< (A=) W/ ()1 f(p(2)] + (1= |2*) In

11z

N =
|

< M3(1— |2*) In

! M;(1— |21
O+ M1 = o)

Thus we conclude that (1 — |z\2)lnl%M\(uC¢(f))’(z)| — 0as|z| — 1.
Hence uCy f € LBy for all f € LBy. On the other hand, uC,, is bounded on

LB by Theorem 3.1. Hence uC,, is a bounded operator on the little logarithmic
Bloch space LBj. O

Corollary 3.1. Let ¢ be an analytic self-map of D. Then C, is a bounded
operator on LBy if and only if ¢ € LBy and

(1= [2*)In 1—2|z| ,
Sup 7—1¥'(2)] < +o0.

zeD (1 —[p(2)]?) In T-Te(@)]

In the formulation of remark, we use the notation M, on H(D) defined by
M, f =uf for f € H(D). Let H* be the algebra of bounded analytic functions
in D.

Remark 3.1. From Theorem 3.1, we see that the composition operator C, :
LB — LB is bounded if and only if

(1 - |Z|2) In 1_2|Z|

sup 1¢'(2)] < +oc.

zeD (1= lp(2)?) In 2

This fact is proved in Theorem 1 of [12].

Remark 3.2. From Theorem 3.1 and Theorem 3.2, we see that: the pointwise
multiplier M,, : LB(or LBy) — LB(or LBy) is a bounded operator if and only

if u e H* and
2 2
sup(1 — |z*)In <) In (ln >
z€D 1- |Z| 1- |Z‘

This fact is proved in Theorem 2.4 of [10].

[u/(2)] < +o0.
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4. Compactness of uC,

Lemma 4.1. Suppose that uCy, is a bounded operator on LB. Then uCy, is
compact if and only if for any bounded sequence {f,} in LB which converges
to 0 uniformly on compact subsets of D, we have ||[uCy(fyn)||z — 0 as n — oo.

The proof is similar to that of Proposition 3.11 in [2]. The details are
omitted.

Theorem 4.1. Let u be an analytic function on the unit disc D and ¢ an
analytic self-map of D. Suppose that uC,, is bounded on the logarithmic Bloch
space LB. Then uC, is compact if and only if the following are satisfied:
2 2

i lim (1-|z]*)Iln ln<ln) u'(2)] = 0;

® W)H,( =) 1— |2 1 —[p(2)] e (=)

)l (1—2*)In

ii im

o) =1 (1= [(2)]) In =27

Proof. Suppose that uCy, is compact on the logarithmic Bloch space £B. Let

{#zn} be a sequence in D such that |¢(z,)] — 1 as n — co. We take the test
functions

2 3
fulz) = 3 Inln I — % Inln I ,
Qn, 1—p(zn)z as, 1—p(zn)z

where a, = Inln m. Clearly f,(z) — 0 uniformly on compact subsets
of D. By Lemmas 2.3 and 2.4, we obtain that sup,, ||f.||lz < co. Then {f,} is
a bounded sequence in LB which converges to 0 uniformly on compact subsets

of D. Note that f!(¢(z)) =0 and f,(¢(2zn)) = an, it follows that
[uCoy fullL = [[uCp fnll B

_2
1-]z]

| (2)u(z)] = 0.

> (a1 (1= ) W) e o) o)
2 2 ! 4

=(1—|2,)*)In (1 — |Z'n|) |t/ (2p,)] [Inln T o E

> (1—|2]*) In <1 — |Zn|) |t/ (2,)| |InIn 1—|<,0(2’n)‘ :

Then (i) holds by Lemma 4.1.
Next assume that (ii) fails. Then there exist a subsequence {z,} C D and
an ¢y > 0 such that |¢(z,)] — 1(n — o) and

(1 - |Zn|2) In 17\2271\ |S0/(Z )U(Z )| > ¢
n n)| = €0-
(1= le(z) ) In o= 2y
Let ¢(2z,) = rpe'®n, we take

z 2 -1
T Ty 4
z) = . — . In , dw
gn(2) /0 (1 —e Wnr,w 11— r%e—wnw> < 1-— r%e—wnw> ’
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SO

Tn r2 4 !
! n

= - — - 1 n .
9n(2) (1 —e"Wnp, 2z 1— r%e“’nz) < M1z r%ew"z)

One may obtain that |g,(z)| < (fjﬁ(ln 1%‘2‘)_1 by a directly calculation and
llgnllz < 8 by Lemmas 2.3 and 2.4. Then {g,} is a bounded sequence in LB
which converges to 0 uniformly on compact subsets of D.

On the other hand, for enough large n, by (i) and Lemma 2.1, it follows that

0C, ()
> (1= fou ) Tl (el (o)
— (1= ) I (eI ()

Y

2 r r2 4\
1- n21 E - n 1 ! n n
Pt (2 - 2 ) () Gt

n

2 2
—2(1 = |z,[)) In ln(ln ) ! (2

(1= l2nl?) In 3=y
2 TP i 7 )
Pizn T=To(enl
—16(1 — |z,/*) In 2 In (ln 2 ) [u' (zn)| > “© (n — o0).
1 — [z 1= feo(zn) 6

This contradicts the compactness of uC, by Lemma 4.1. The proof of the
necessary is completed.

Conversely, suppose that (i) and (ii) hold. Let {f,} be a bounded sequence
in LB which converges to 0 uniformly on compact subsets of D. Let M =
sup,, || fnllz < +00. We only prove nan;o |luCy(fn)|lz =0 by Lemma 4.1. This

amounts to showing that both

sup (1= 1]*) In = () £ ()¢ ()] = 0
weD w
and )
sup (1= fof?) In el (1) ()] = 0,
weD w
If |p(w)| <7 < 1, by (4), then
(1= o) In =) £ () ()| < € a2
If |o(w)| > r, then
(1= o) In = () £ ) (1)



A WEIGHTED COMPOSITION OPERATOR 537

(1- \w|2)1nl%|w| /
(1= Jp(w)) In =2y ! (w)u(w)]

= (L= Jp(w))n (%
(1= wl*) In =55 o/
(1= le(w)*) In =y

) (o)) x

Thus

2
sup (1 — |w|?) In
supt = [y In =y
, (1 |wP)n 2y
< K max |f)(w)|+ sup M 5 > |¢' (w)u(w)].
|w|<r lp@)>r (1= [p(w)[?)In T ()]
First letting n tend to infinity and subsequently r increase to 1, one obtains
that

sup (1 — wl|*) In %H\U(W)ffl(w(w»@'(w)l —0
weD w

as n — 00. The other statement is proved similarly.
If |p(w)| <r <1, by (3), then

2
1—|wl*)1 "(w) fn < w(2)].
(1= fwl") In 7— ol [/ (w) Fulp(w)) < flull max | £u(2)]
If |o(w)| > r, we may suppose that |r| > r., by Lemma 2.1, then
2
1— |w|*)1 '
(1= ) In 1= () ()
<2M(1 —|w|*)In (2> In (ln 2) u' (w)]|
- 1 — [wl 1= [p(w)| '
Thus
2
sup (1 — [w]*) In [/ (w) fu(p(w))]
weD 1- |w‘
< JJul|p max |fn(w)| +2M sup (1 |w|2)1n( 2 >lnln 2 [u (w)]
= L n - )
|w|<r lo(w)|>r 1- ‘w‘ 1- |QD(U))‘

which also implies that
2
sup (1= ) o (=) o) )] — 0
weD 1- |w|
as n — 00. This completes the proof of Theorem 3.1. 0

In order to prove the compactness of uC, on the little logarithmic Bloch
space LBy, we require the following lemma.

Lemma 4.2. Let U C LBy. Then U 1is compact if and only if it is closed,
bounded and satisfies

i sup(1 - |+ (2 ) 172 =0,

lz2|=1 feU 1 — 2|
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The proof is similar to that of Lemma 1 in [4], we omit it.

Theorem 4.2. Let u be an analytic function on the unit disc D and ¢ an
analytic self-map of D. Then uC, is compact on the little logarithmic Bloch
space LBy if and only if the following are satisfied:

2 2
i) lm (1—1z? ln<)ln(ln) u'(2)] = 0;
) Jim (1= ) (= ) (= ) W)
(i) lim (= F)in ' (z)u(z)| =0
lzl=1= (1 = [p(2)[*) In 1_\3,(2)\ .
Proof. Assume (i) and (ii) hold. By Theorem 3.2, we know that uCy, is bounded
on the little logarithmic Bloch space LBy. From (i), we can show that

. 2 reN
(5) i (1= Pyt (2 ) W) =0,
Suppose that f € LBy with || f||r < 1. We obtain that
(1= o) I T O )
< (1= =) I W ()] + (1= o) I T I () )

(1-12*)In 1%\4

= |¢<z)|) R p——

< (A=) ' (2)] (2 +Inln ¢ (2)u(2)],

1— 2]

thus

sup { |1 [+ n

(WCo Y (2)| < f € LBo, |l < 1}

2 ’ 2 (1* ‘Z‘Q)IH 1_2‘2‘ ,
1_|z||u (2)] (2+1nln1_|¢(z)|> + (1—|(p(z)\2)ln%‘@ (z)u(2)),

and it follows that

i _sup { |1 1520 {2 ) )

2
11z

< (1=z)n

. fe LBollfl §1} —0,

|z
hence uC, is compact on LBy by Lemma 3.2.

Conversely, suppose that uC, is compact on LBy. By Lemma 3.2 we have

2

(1—1z]%)In ?M(ucwf) (2)

for some M > 0. Note that the proof of Theorem 3.1 and the fact that the
functions given in (5) are in LBy and have norms bounded independently of w,
we obtain that

. 9 2 2 , _
(10) lim (1 —|w|?)ln =] In <ln . <p(w)|> |u'(w)| = 0.

|z|—1—

(9) lim sup{

: fEﬁBo,lf”LSM}:O

|w]—1—



A WEIGHTED COMPOSITION OPERATOR 539

Similarly, note that the functions given in (6) are in LBy and have norms
bounded independently of w, we obtain that
(1 |22 In 2
lim 2 u(z)y' (2
l2l=1= (1 = |¢(2)[?) In \i(zn () ()

|(wCi fu)'(2)]

1—
. ) P
<2 lim (1—|2|%)In
|z]|—1— 1-—- |Z‘

2 2
+2 lim (1—|2*)In (2+ln<1n)> u'(z
- T leti) ) 1)
for ¢(z) # 0. So by (9) and (10) it follows that

2 2
(1—2*)In =

u(2)¢(2)] = 0
(1= le(2)1?) In t=Zy
for ¢(z) # 0. However, if ¢(z) = 0, by taking the constant function and
f(2) = z in (9) respectively, we easily have

lim (1 |2]%)In (1_22|> lu(2)¢' (2)] = 0.

|z|—1—

lim
z|—1-

This completes the proof of Theorem 3.2. O

Corollary 4.1. Let ¢ be an analytic self-map of D. Then C, is a compact
operator on LBy if and only if
(1 - |Z|2) In 1,2‘ ‘
lim “— 1 (2)| = 0.
=1 (1= [(2)]?) In 12y
Corollary 4.2. Letu € H(D). Then the pointwise multiplier M, : LB(or LBy)
— LB(or LBy) is a compact operator if and only if u = 0.

Remark 4.1. From Theorem 4.1, we see that the composition operator C, :

LB — LB is compact if and only if
(1 - |Z|2> In 1,2‘Z|

im
e@l=1- (1 = [p(2)]?) In =2,

¥’ (2)] = 0.

This fact is proved in Theorem 2 of [12].
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