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HIGHER LEFT DERIVATIONS ON SEMIPRIME RINGS

Kyo0o-HONG PARK

ABSTRACT. In this note, we extend the Bresar and Vukman’s result |1, Proposition
1.6], which is well-known, to higher left derivations as follows: let R be a ring. (i)
Under a certain condition, the existence of a nonzero higher left derivation implies
that R is commutative. {ii) if R is semiprime, every higher left derivation on Ris a
higher derivation which maps R into its center.

1. INTRODUCTION

Throughout this note, R will represent an associative ring with center Z(R) and
we will write [a,b] for the commutator ab — ba. It is easy to see that the ident'ity
la,bc} = [a,blc + bla, ¢] holds for all a,b,c € R. Recall that R is semiprime (resp.
prime) if aRa = 0 implies a = 0 (resp. aRb = 0 implies a = 0 or b = 0).

A derivation is an additive mapping 6 : R — R satisfying the equation 6({ab) =
adé(b) + 6(a)b for all a,b € R. An additive mapping 6§ : R — R is called a left
derivation if 6(ab) = ad(b) + bé(a) holds for all a,b € R.

M. Bresar and J. Vukman [1, Proposition 1.6] obtained the following results: let
R be a ring, X be a left R-module and 6 : R — X be a left derivation.

(i) Suppose that aRz = 0 witha € R,z € X impliesa =0 orz =0. If§ # 0,
then R is commutative.

(ii) Suppose that X = R is a semiprime ming. Then 6§ is a derivation which
maps R into Z(R).

Higher derivations as a generalization of derivations have been studied in rings
(mainly in commutative rings), but also in noncommutative rings (see [2], [3], [4],
[5]). In this note, we introduce higher left derivations to extend the above Bresar
and Vukman'’s result {1, Proposition 1.6] to higher left derivations.
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2. MAIN RESULTS

Let Ng = NU {0} be the set of all nonnegative integers.
Definition 2.1. Let D = (8,)nen be a sequence of additive mappings on R. D is
said to be:
(i) a higher derivation if for each n € N and 1,5 € Np,

Sn(ab) = Y [6:(a)d;(b) + ci;0;(a)di(b)] for all a,b € R

i+j=n
i<

(or 6n(ab)= Y 6i(a)s;(b) foralle,be R),
itj=n

where &g = idg and
- _J1 if i # 3,
Gi= { 0 ifi=j
(ii) a higher left derivation if for each n € N and 4,5 € Ny,
Sn(ab) = Y [6:(a)d;(b) + ci;6i(b)d;(a)] for all a,b€ R,
H;;j“
where 6y = idp and
1 if ©#4,
W= { 0 ifi=j
We precede the proof of our main theorem by lemmas.

Lemma 2.2. Let R be a ring, X be a left R-module and D = (6, )nen be a higher
left derivation of additive mappings from R to X. If n € N is such that §,, = 0 for
all m < n, then we have

[a,b]6,(a) =0
for all a,b € R.

Proof. Given a,b € R, consider é,(aba). On the one hand we have

bn(a(ba)) = Y [5:(a)ds(bo) + cisbi(ba)d;(a)]
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= > &i(a)siba)+ Y cijdi(ba)dj(a)

= ;; l:éi(a) ; [65(5)04(a) + cpgdp(a)é (b)l}

+ badn(a) + W;M [cm ; [6,(b)5(a) + 5r(a)5s(b)15j(a)}
= i+§=n [5i(a)§;;)§q(a) + Zéi(a)ép(a)éq(bﬂ

: :\;_ [c(r+);0r (6)8s(a)3(a) + c(r15)jCrsbr ()85 (b)5;(a))-

On the other hand, we get

((ab)a)) = > [d:(ab)dj(a) + cijdi(a)d;(ab)]

i+i=n
i<y
= > di(ab)s;(a)+ Y cijbi(a)d;(ab)
ifj:jt 1’+j='n
i<j i<y

= abén(a) + 2 [ Z [6(a)ds(b) + Crsér(b)és(a)]j} dj(a)

i+j=_2}i¢o r:»;?i
+ Z cij&i(a)[ Zﬁp(a)éq(b) + Cpq‘Sp(b)‘Sq(a)]}
= Z [6+(a)ds (6)5 (a) + crs0r (b)ds(a)d;(a)]
+ Z [Ci(p+4)9:(a)dp(a)0q () + Ci(p+q)Cpgdi(a)dp(b)dg(a))-

Comparing the two expressions for §,(aba), we arrive at

D" [(Citpra)tq — 1)8:(a)d5(6)04(a) + (Citprq) — Cpa)Bi(a)p(a)5(b)]

i+ptgm=n
i<p+q,p<q

+ D (1= crr)irs)Br(a)55(6)3;(a) + (ers — (r15))0 (b)3s(a)d(a)] = O

r+s4j=n
r4s<j, r<s



358 Ky00-HONG PARK

which reduces to
(1) abén(a) — badn(a)
+ Y ((Cigpraton = DBi(@)0p(0)84(a) + (Cigpq) — Cpa)0i(@)8p(a)Fq(D)]

i+p+q=n,i<p+q
p<q,i#0,p#0,9%n

D 1= craa)jers)8r(@)ds(b)55(a) + (crs = Cira)3)0r(8)0s(a)5(a)]

rtatj=n,r+a<j
r<s,r#0,s70,jEn

= 0.

From the hypothesis d,,, = 0 for all m < n, it follows that the third and fourth sum

in the equation (1) are zero, respectively. Hence we have
[a, b]én(a) =0
for all a,b € R. |

Lemma 2.3. Let R be aring and D = (dp)nen be a higher left derivation of additive
mappings on R. If n € N is such that §,,(R) C Z(R) for all m < n, then we have

[a,b]0n(a) =0
for all a,b € R.

Proof. According to the same process as the proof of Lemma 2.2, we arrive at the
equation (1). Now the expansions of the third and fourth sum in (1) can be divided
into the following cases.

Case I: n =4k, k € N.

The indices used in the third and fourth sum of (1) can be classified among the

followings:
p<gq, i1<p+g
p=gq, t=p+gq
p<gqg, t=p+gq
p=gq, 1<p+gq
and

r<s, r+s8<j
r=8 T+8=]

r<s, r+s=7
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r=s, T+s<].
Since, in cases p< gq,i <p+gqandr <s,r+s<j, we have, in (1),
Citp+a)Cpa — 1 = 0= Cipq) — Cpq
and

1- C(r+s)jCrs = 0=crs — Clr+s)j
Thus (1) yields

abéy,(a) — bad,( Z 3i(a)dp(b)0q(a)
fg [6:(a)8,(b)54(a) + 6:(a)dp(a)dq (b))
:g‘q 8:(a)6,(b)54(a) — 6:(a)dp(a)dq(b)]
(2) +f§?6(®5 (6)d;(a)
+ i [6- ()85 (b)3;(a) + 8- (b)ds(a)d;(a)]
+ t}: [0r(@)8s(5)d5(a) — 6,(5)3s(a)3;(b)] =
r0,a%0.5n

From the hypothesis 6,,(R) C Z(R) for all m < n, it follows that the fifth and
eighth sum in (2) are zero, respectively. Since we know that p+¢g=iandr+s=j
in expressions for 4, (a(ba)) and &,((ab)a), we deduce that i = j in the third (resp.
fourth) and the sixth (resp. seventh) sum of (2). Making use of the hypothesis
dm(R) € Z(R) for all m < n to compare the third (resp. fourth) sum with the sixth
(resp. seventh) sum in (2), we see that the third (resp. fourth) and the sixth (resp.
seventh) sum can be disappeared from (2). Hence we have

la,blon(a) =0

for all a,b € R.
Case l: n=4k -2, ke N.

The relations among indices of the the third and fourth sum in (1) are as follows:

p<g i<p+gq
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p<gq, i=p+gq
p=gq, i<p+t+g

and

r<s, r+s<j3
r<s, r+s8=j

r=s, r+s<j,
where p+ ¢,7 < n. Then (1) implies that

abSn(a) — bada(a) — 3 [6:(@)5,(8)34(a) — 5:(a)5p(@)5g(b)]

p<q
i=ptgq

- Z: [6:(a)d,(b)dq(a) — 0i(a)dp(a)dy(b)]

(3) + > [6:(a)ds(b)3;(a) — 6, (b)6s(a)8;(a)]

r<s
T+s=j

+ Y [6:(a)8s(0)5;(a) — 6,(8)8s(a)é;(B)] = O.
Mg

From the same argument as Case I, it follows that the third, the fourth, fifth and
sixth sum in (3) vanish into (3). So we get

[a, b}én(a) =0

for all a,b € R.
Case III: n is odd.
Indices in the the third and fourth sum of (1) are separated into the followings:

p<gqg, 1<p+gq
p=q, 1<p+gq

and

r<s, r+s<j

r=3s, r+s<j

where p+ ¢,7 < n. Then (1) means that
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obtn(a) — bad(a) — 3 [8:(aip(0)6s(@)  6i(0)5p(a)6g(0)

1<p+q

+ D [5(a)8s(0)55(a) — 8 (0)55(2)8;(b)] = 0.
T=3,r43<j
r#0,5#0,5#n
From the hypothesis 6,,(R) C Z(R) for all m < n, we see that that the third and

the fourth sum in (4) are zero which gives
[a, b]dn(a) =0
for all a,b € R. This completes the proof. O

Now we are ready to prove our main theorem.

Theorem 2.4. Let R be a ring, X be a left R-module and D = (6n)nen be a higher
left derivation of additive mappings from R to X.
(i) Suppose that aRx =0 witha € R, z € X impliesa=0 orz =0. If D #0,
then R is commutative.

(i) Suppose that X = R is a semiprime ring. Then D is a higher derivation
which maps R into Z(R).

Proof. (i) We use the induction. Assume that R is noncommutative. If n = 1, then
it follows from [1, Proposition 1.6(i)] that &; = 0. If n > 2 and §,,, = 0 for all m < n,
then it follows from Lemma 2.2 that

(4) [a,b]dn(a) =0
for all a,b € R. Replacing b by cb in (4), we have
la, cblon(a) = (c[a,b] + [a, c|b)bn(a) =0
that is,
[a, c]bdn(a) =0
for all @, b,c € R. Hence the hypothesis gives us that for each a € R, either a € Z(R)
or d,(a) = 0. But then, since Z(R) and Keré, = {a € R : §,(a) = 0} are additive
subgroups of R, we get either R = Z(R) or R = Keré,,. Thus we see that é, =0
since R was noncommutative. This yields D = 0.
(ii) By induction, we intend to prove that §,(R) C Z(R) foralln € N. If n = 1,

then it follows from [1, Proposition 1.6(ii)] that d;(R) C Z(R). Therefore, we assume
that n > 2 and 6,,(R) C Z(R) for all m < n. Then, from Lemma 2.3, we see that

[a,b]dn(a) =0
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for all a,b € R. As in (i), we obtain that
(5) (3, cJb6a(a) = 0
for all a,b,c € R. A linearization of (5) with a = a + d gives
(6) [a, c]bd,(d) + [d, c]bon(a) =0
for all a,b,c,d € R. Hence we get, from (5) and (6),
(7 [a, c|bdn(d)z[a, c|bd,(d) = —[d, c]bd,(a)z[a, c]bdn(d) = O
for all a,b,¢,d,z € R. Since R is semiprime, the equation (7) yields
[a, c]bén(d) =0
for all a,b,c,d € R. In particular, we have
[a, 8x(d)]bla, 6,(d)] = O

for all a,b,d € R which implies [a, 6,(d)] = 0 by the semiprimeness of R. That is,
we see that 6,(R) C Z(R). Consequently, D is a higher derivation. The proof of the
theorem is complete. O
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