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Improved Computation of L-Classes for Efficient Computation
of J Relations*

Jae-Il Han** - Young-Man Kim***

—8 Abstract m

The Green's equivalence relations have played a fundamental role in the development of semigroup theory. They
are concerned with mutual divisibility of various kinds, and all of them reduce to the universal equivalence in a group.
Boolean matrices have been successtully used in various areas, and many researches have been performed on them.
Studying Green's refations on a monoid of boolean matrices will reveal important characteristics about boolean
matrices, which may be useful in diverse applications. Although there are known aigorithms that can compute Green
relations, most of them are concerned with finding one equivalence class in a specific Green's relation and only a
few algorithms have been appeared quite recently to deal with the problem of finding the whole D or J equivalence
relations on the monoid of all nxn Boolean matrices. However, their results are far from satisfaction since their
computational complexity is exponential-their computation requires multiplication of three Boclean matrices for each
of all possible triples of nxn Boclean matrices and the size of the monoid of all nxn Boolean matrices grows
exponentially as n increases. As an effort to reduce the execution time, this paper shows an isomorphism between
the R relation and L refation on the monoid of all n x n Boolean matrices in terms of fransposition, introduces theorems
based on it, discusses an improved algorithm for the J relation computation whose design reflects those theorems
and gives its execution results.

Keyword : Isomorphism, Boolean Matrix, Semigroup, Monoid, Ideal, Green's Relation,
Algorithm, Computational Complexity
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1.A &

B2 gde a7t 0AR Y 1G] 3g&
= P24, =8 g, Ay $4E9 5 74]
A, FEEA 5o kg BopollA 83 ALE
=3 QtH9-13]. Green #A|(relation)= ¥l Al
o] B34 (divisibility)S oldsh=d wl$- f-83
Ndozx, wigd &8 94 548 HAFE
oAl 719 28 A equivalence relation)$) R, L,
H, D, ] #AZ FA=[5], At (transfor-
mation semigroup), A1 ¥ H(stochastic ma-
trix), TFaH4(polynomials) & o1& EofolM &
Hi gvH6-8]. £ AFBY Ei-olmof A
Green #AIE TF43 Hopo] 888 & & 7%
Aol J&ollE B3I Green BA A4te] &

€ 7IstEAd ANEREE Qe 1 E4E
T A% ATl & oElgol er, dA
5x 508t 27|19 Ed PE Rxolzolxe J
A oigt 53] A3k Aol LA UTH,
4, 14].

B =82 5x5RT & e P Bxo
zolx e J A 54& w7 98l e sl
B2 428 FA4 ol&7 A9 Green B4
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A el B4 R Felast L 82 A}
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of B} AME J BA A gangES AA
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of et =311, A 3¢ B =M AL &
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A Ade 98 R #AS L 34 Aol Ax
PFE A7l 3 (somorphism)Yg Hole
T o2& AYI} o|E o]&3te] AT J
A A €agES 71Esty, A 54 dug
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2. B A+

B g gt 7|EY Ay FE F E
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L 292U R 282 AXke 9% Jleg, 84
gF oY J FYse AN BE 22
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A2 B g2 EroludA EE J FY

g Aey] fg dadsel [Mle AAEHNL
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3. &0l ¥ 712 A9
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x| E(monoid) 2 A"t

189 9, oH s =959 BE z <6 i)
zsE€ ] o|H IZ § ofolt]U(right ideal)olz} ¥-E
2 sy & Io|H IE F olo|t)dlleft ideal) o) -
&t}, & ololt]Y(principal ideal)S 3ol i
a €S9 o3 AMEE olo|EE v, a
of thaj So RE 945 AAg A Hgen
W TFARCR YT o] Aojdrt oW Uk
ae 57t FAHE W B Sa={sa:s=5}, aS
={as:5€8}, SaS={sas,: s, s, ES}E 4%
a’l 93 A== F F ool U(left principal
ideal), ¢ F ololtjLright principal ideal), %2
7 oto]r] d(two-sided principal ideal) & % <jshs,
at APile] sk 7 otolt] o] A4 AHgene-
rator)i 2T
S g bEM
of &3 %‘4/] - %éﬁ}ﬂ & wf Green #AI=
oS UM A R L ] H D 3AZ AZejgrt

aRb if and only if aM=bM

alb if and only if Ma= Mb

aJb if and only if Mol = MbM

aHb if and only if aRb and aLb

aDb if and only if there exists acin S
such that aRc and cLb

A nxm B P& A7} FoAiL F=
{0, 17018} & o, MP(F)¥ ZE nxm 2
PHo] AT s, 4.9 4= A7 AgE
i3 (A4S u)sitt 47 A9l AR (transpose)
Fdoln] mad WH v

v=_{byby - b, 1), HEF 0<i<m—1
2 Aosta nxm E¥A PE o o33t

Pl RE T8 pe 9} 3 HEE upE
mx1 B sE g

o= | where v={byb, - b,_,)

2 BHY mxn 22 F9] Aol hga}
E g Bao yn)s RE mAy PUE
Agtely (Mm)), & mAbd $EE kol 2%
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Vim) = { (byb, -+ b, ) | b EF for 0 <i<m—1}
U
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Ve
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29 93 Bel FAS n A BUEE WY

vB=(vB B vB" ) where v& V(m)
AOUT
AvT = Al_.vT where v= V(m)
An;,‘u?
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g gtk Mol F71FelnR (uz)™o] HEY

mel AP A 1 2. 3). c=za3 3P,
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= {vA | vE V(n)}
(A 219 98 B, =(c,)"elx [ 3ol 9
& L,=(T,) otk dele BeMF) o)
BTe MY(F)o|Bg,

(R)T={(4B)T| Be M (F)}
={BTAT| Be MM F)}
={pAT| DEMNP}=L . =(T,.)

AT 47n
olth, Wt (R,) Lol o

[ 612 nxn 89 e BojzoA
ol R 2d2d &% £9d PFE S HA(trans-
pose)std L EY2E 4& 5 Y-S dnjath
(=] 712 L Ed2d &3 £ PE& A
(trans- pose)Sh¥ R Y25 AL + 322 B
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29 W (L,)"= R S#20)th

(82 8] nxn BT YL BirojzeMe R
A L BA7F FARE o e Zo] FAY
2 g o3 R FHAE L S22 WYsie
5 r:R—LE AYsAL

7{r) =rT where r€R
o] wl &4 v ¥ (isomorphism)o|t}.

(F9) L #A0 £33 A2 08 T /)9 L Sd~
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A, BE "3, ¥ L Fe29 o8& L, Ly
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RiList = @
RiGenList = &
for each boolean matrix 4 in M#)
compute a right principal ideal Rlq of A
if (RI, & Rilist)
insert 4 into GEN(RI4)
else
make a new generator set GEN(RI,) for Rla
insert GEN(RI4) into RiGenList
insert A into GEN(RIL4)

Lilist = &
LiGenList = @
for each boolean matrix A in M{F)
compute a left principal ideal LIy of A
if (LI, &Lilist)
insert A4 into GEN(LI,)
else
make a new generator set GEN(LL4) for Lla
insert GEN(LIL,) into LiGenList
insert A into GEN(LI4)

JRel =@
for each GEN(RI4) € RiGenlist
Ja = GENRIY)
for each GEN(LI4) < LiGenlist
if GEN(RL) NGEN(LI4) # &
Ja = Ja U GEN(LL)
if Jas® JRel
insert Ja into JRel

e RI4  a right principal ideal of A

e L4 * a left principal ideal of A

o RilList : a list of right principal ideals

o LiList © a list of left principal ideals

o GEN(PIDL) : a set of generators of PIDL

s RiGenList : a list of generator sets for right
principal ideals

o LiGenList : a list of generator sets for left principal
ideals

o JRel * a set of J relations

RiList = @
RiGenList = @
for each boolean matrix 4 in M {F)
compute a right principal ideal Rl of A
if (RI, & Rilist)
insert A into GEN(RIL)
else
make a new generator set GEN(RI) for Rls
insert GEN(RI4) into RiGenList
insert A into GEN(RLy)

LiGenList = &
for each GEN(RI4) in KiGenList
for each boolean matrix A in GEN(RI4)
insert AT into GEN(LLy)
insert GEN(LI4) into LiGenList

JRel =
for each GEN(RIL) € RiGenlList
Ja = GEN(RILg)
for each GEN(LI1) € LiGenList
if GEN(RLy) NGEN(LLy) =
Ja = Ja U GEN(LLY
if JaZ JRel
msert Ja into JRel

o Rl a right principal ideal of A

o LI4: a left principal ideal of A

o Rilist . a list of right principal ideals

o GEN(PIDL) : a set of generators of PIDL

o RiGenList . a list of generator sets for right
principal ideals

o LiGenList - a list of generator sets for left
principal ideals

o JRel - a set of J relations
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