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Error Probability Expressions for Frame Synchronization
Using Differential Correlation

Sangtae Kim, Jaewon Kim, Dong-Joon Shin, Dae-Ig Chang, and Wonjin Sung

Abstract: Probabilistic modeling and analysis of correlation met-
rics have been receiving considerable interest for a long period of
time because they can be used to evaluate the performance of com-
munication receivers, including satellite broadcasting receivers. Al-
though differential correlators have a simple structure and practi-
cal importance over channels with severe frequency offsets, closed-
form expressions for the output distribution of differential correla-
tors do not exist. In this paper, we present detection error proba-
bility expressions for frame synchronization using differential cor-
relation, and demonstrate their accuracy over channel parameters
of practical interest. The derived formulas are presented in terms
of the Marcum ()-function, and do not involve numerical integra-
tion, unlike the formulas derived in some previous studies. We first
determine the distributions and error probabilities for single-span
differential correlation metric, and then extend the result to muiti-
span differential correlation metric with certain approximations.
The results can be used for the performance analysis of various de-
tection strategies that utilize the differential correlation structure.

Index Terms: Differential correlation, false alarm rate, frame syn-
chronization, mis-detection probability, satellite transmission.

I. INTRODUCTION

Broadcasting services via satellite transmission are being
provided to an increasing number of users, and new stan-
dards with enhanced transmission capabilities are being devel-
oped. For example, the second-generation digital video broad-
casting for satellites (DVB-S2), has incorporated new techni-
cal features so that high-quality broadcasting services can be
provided [1]-[3]. However, several challenges are involved in
the implementation of a system with advanced transmission ca-
pabilities. The DVB-S2 standard requires receiver operation at
sub-zero signal-to-noise ratios (SNR); this is enabled by the
powerful error-correction capability of low-density parity-check
(LDPC) codes. Thus, catrier recovery may be more difficult
when a certain level of phase noise is present in consumer low
noise block (LNB) converters and tuners. The synchronization
of DVB-S2 receivers must also cope with the wide range of pos-
sible system configurations and the presence of operative modes
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working at very low SNRs, in addition to large frequency off-
sets' [3], [4]. Under such circumstances, the development of
robust synchronization methods and the exact identification of
their performance becomes very important.

~ Initial acquisition using frame synchronization has been a
topic of both theoretical analysis and practical development.
The seminal work by Massey presented an optimal correla-
tor for coherent detection based on the maximum likelihood
(ML) statistics [5]. This correlation scheme was subsequently
extended to specific modulation methods and approximated
to obtain suboptimal solutions [6]-[9]. For coherent correla-
tors, closed-form expressions for the error probabilities are
known [10]. Synchronization using coherent correlation, how-
ever, causes considerable degradation in performance when fre-
quency offsets due to the Doppler shift or oscillator frequency
drift exist in the channel.

To circumvent the effects of frequency offsets, various syn-
chronization methods and their performance in different channel
environments have been studied. Although some of the meth-
ods use the partial correlation properties of synchronization se-
quences [11] and noncoherent combinations of the correlation
over subintervals [12], many other schemes are based on differ-
ential correlation [13]-{20]. In particular, the detection methods
in [13] are derived from approximated ML metrics to provide
robust synchronization performance under frequency offsets. To
reduce the complexity of the synchronization operation, appro-
priate adjustments to the differential correlator structure have
been made and the corresponding performance has been inves-
tigated [14]-[17]. These schemes in general use limited “spans”
for the differential correlation and produce an efficient tradeoff
between performance and complexity. Analyses of the differen-
tial detection for pseudo-random code acquisition are described
in [18] and [19].

Although differential-correlation-based synchronization meth-
ods are widely used, the results for the related statistical analysis
and the derivation of the error probability expressions are not
as well known as those for their coherent counterparts. There
are several reasons for this, including the complication due to
the noise product term and the strong correlations among the
variables constituting the decision metric. Due to these reasons,
existing analytic results either exhibit inaccuracy arising from
approximations or contain expressions involving numerical in-
tegrations. Discussions of the statistical distributions relating to
differential correlation can be found in [20] as well as in the
aforementioned references [13]-[19].

The main purpose of this paper is to present the analytic ex-
pressions for the error probabilities as well as the statistical dis-
tributions for the differential-correlation decision metric, when
the frame synchronization is performed over the additive white
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Gaussian noise (AWGN) channel. In contrast to some previous
results, our expressions do not involve numerical integration,
which complicates the evaluation, and the accuracy of the for-
mulas is verified for a wide range of channel conditions. The
results can also be used for further performance evaluation and
analysis of various forms of frame synchronization that include
the differential correlation structure. This paper is organized as
follows. The signal model and the differential correlator struc-
ture for performance analysis are introduced in Section II. In
Section III, the statistical distributions for the differential cor-
related metric are determined by decomposing the metric into
parts. Both the misdetection probability (MDP) and the false
alarm rate (FAR) are determined using the derived cumula-
tive distribution functions (CDF). Generalization to the case in
which the correlation involves multiple symbol spans is dis-
cussed in Section IV, and the numerical verification of the for-
mulas is given in Section V. The conclusions are presented in
Section VI.

II. SIGNAL AND CORRELATOR MODELS

We consider the continuous transmission of data frames over
the AWGN channel. Each frame consists of a synchronization
sequence of L consecutive symbols followed by N — L data
symbols, as shown in Fig. 1. After performing perfect symbol-
time synchronization, the received sample at the mth symbol
time can be written as

I = Smej(ZTrmfoTs+¢0) + N (1)
where s, is the transmitted symbol with normalized power
E{|sm|*} = 1 and n,, is the zero-mean complex white Gaus-
sian noise sample with variance o2 for both in-phase and
quadrature components. Parameters f; and ¢ represent the un-
known frequency and phase offsets, respectively, and T repre-
sents the symbol period. We assume that f; takes one of the val-
ues from [— frnaz, + fmaz) Where fi,q, represents the maximum
frequency offset, and ¢y takes one of the values from [—7, +7].

Frame synchronization using differential correlation performs
the correlation of the L consecutive samples with the syn-
chronization sequence symbols dy, dy, - - -, dy,_1 in the form of
S bt uditiim ad;; [13]. For notational simplification,
we drop the symbol index by letting m = 0 without loss of
generality and define

L-1
2 : * *
Y = Tz‘diri—ldi—r

=1

@)

The corresponding differential correlation metric uses its
squared magnitude

S=|Y72 3)

The differential correlation in (2) can be generalized to the k-
span differential correlation defined as

L-1
Y(k) =Y ridiri_xdi 4. (4)
=k
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Fig. 1. Continuous transmission of frames of N symbols. Each frame

includes the synchronization sequence of L symbols in its header.

The correlation metric that uses the squared magnitudes of k-
span differential correlation summed from & = 1 to a pre-
determined parameter K, referred to as the multi-span differ-
ential correlation metric, is expressed as

K
S=Y Yk (5)
k=1

Although the value of K can be as large as L — 1, an ap-
propriate small value is usually chosen to control the com-
plexity of the detection without significantly sacrificing perfor-
mance [14]. We first determine the statistical distributions of the
differential correlation metric in (3); they are subsequently ex-
tended to distributions for the multi-span metric in (5). For no-
tational simplicity, our analysis is based on quadrature phase
shift keying (QPSK) modulated symbols chosen from the sig-
nal constellation {1,j,—1,—j} with equal probability. How-
ever, with straightforward modifications, the derivation proce-
dure described in this paper is directly applicable to any other
phase shift keying (PSK) as well as to amplitude phase shift
keying (APSK) modulation types. The QPSK results reported
in this paper can be easily extended to other modulation types
by simply changing the equation coefficients. This simple ex-
tension is possible since all the distributions derived including
the weighted sum of Gaussian, chi-square, and binomial ran-
dom variables are valid for both PSK and APSK modulations.

In the following, subscripts I and (¢ denote the in-phase and
quadrature components, respectively, of a given variable, e.g.,
Zr = R{Z} and Zg = I{Z} for complex random variable
7, where R{-} and 3{-} represent the real and imaginary parts.
The expectation, variance, and covariance are denoted by E {}
Var{-}, and Cov{-, -}, respectively. A real random variable R
following the Gaussian distribution with mean z and variance
02 is denoted by R ~ N(u, o?).

III. DIFFERENTIAL CORRELATION STATISTICS

We investigate the distribution of the differential correlation
metric in (3) for both the synchronous and asynchronous cases.
In the synchronous case H, the correlation is performed over
the received data, which exactly correspond to the synchroniza-
tion sequence, so we have s; = d; forv = 0,1,---,L — 1.
The asynchronous case Hy refers to all other correlations, and
s; #d;fori=0,1,---,L — 1. Combining (1) and (2) gives

L-1
Y — Z(Siej(QwifonL(bo) + ni)*di

i=1
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X (Si_lej(zw(i~1)f0Ts+¢0) + n’i—l)dj;_]

L—1 L-1
—j2nfoT, « =
= ¢ 92 foTs E Sisi—ldid:—1 + E Srni—ldidz_l
=1 =1
L—-1 L—-1
~ % * Jo
+ E fysi_1did;_, + E n;‘ni_ldidf_l 6)

=1 i=1

where we defined fi; £ n;e~7(2mfoTs+60) Note that 7; is sim-
ply a phase-rotated version of n; and follows the identical dis-
tribution. We further define four separate terms in the square
bracket of (6) as
L-1
UL stsidid]_y, 7

=1
L-1

V&Y siiididyy, 8)
i=1

L-1
> Arsi1did_y, and ©)

i=1

s
>

L-1
X &N Ari_1didf_y. (10)
=1

Using these definitions, the metric S in (3) can be written as

S=\U+V+W+X]?=|Y? (11)

where Y AU +V + W + X.

A. Synchronous Case

The distribution of S can be derived using individual distribu-
tions for U, V, W, and X. For the synchronous case, we have
s; = d; and variable U in (7) becomes

U=L-1. (12)

Further, variables V and W become V = ZiLz_ll ni—1d;_; and
W =Yl ird;ie.,

V = fiody + -+ g _adi_, (13)

and
W=7~l>fd1 +'-'+T~Zz_1dL_1. 14
Each term in the RHS of (13) and (14) is obtained by the phase
rotation of the noise sample and follows the identical distribu-
tion N(0,02). Since R{n;d;} = R{f’d;}, the sum of the in-
phase components of V and W is
L—2
Vi+Wr = R{fiods} +R{AL1d] 1} +2> R{fd;} (15)
i=1
which is the sum of real Gaussian variables. Hence, V; + W;
is also Gaussian with mean E{V; + W;} = 0 and variance

Var{Vi+W;} = (2+4(L — 2))o2. The sum of the quadrature
components of V' and W becomes

Vo + Wqo = S{fiods} + S{fL_1dr-1} (16)

using the relation 3{7;d; } = —S{n;"d;}, and Vg + Wy, fol-
lows the Gaussian distribution with mean E{Vy+Wg} = 0 and
Var{Vg + Wg} = 202. These observations are summarized
by

Vi + Wy ~ N(0, (4L — 6)02) 17)

and

Vo +Wg ~ N(0,202). (18)

For variable X = Y.,'#;fii1d;di_;, each element
n;f;_1d;d;_; in the summation is a phase-rotated version of
f;7;—1 and hence it suffices to inspect its distribution. The real
and imaginary parts of 72} 7,1 are

R{fini1} = R{AFIR{A} — S{A}S {1} (19)
and
Sy} = RIS {ficr } + S{ASIR{A_1}. (20)
It immediately follows that E{R{77;_1}} = 0 and
Var{R{ijfi-1}} = E{®{aRi-1})’} =20, D)

holds. The mean and variance of the in-phase component of X
are determined as

L-1
E{X1} =) B{R{fijf;1}} =0 22)
=1
and
L-1
Var{X;} = Z Var{R{na7;—1}}
i=1
+3 0N Cov{R{Agi_1}, R{ATR;_1}}
i#]
= 2(L —1)a2. (23)

Similarly, the mean and variance of the quadrature component
of X can be determined as 0 and 2(L — 1)o7, respectively. We
approximate X as a Gaussian that is the sum of L — 1 uncorre-
lated variables, to obtain
X1, Xg ~ N(0,2(L — 1)a3). (24)
Then, Y = U+ V + W + X is the sum of the real constant U,
the complex Gaussian V + W, and X. The complex Gaussian
variables V' + W and X are uncorrelated since
Cov{V+W, X} =E{(V+W)X*} =0 25)
holds. The mean and variance of ¥ can be obtained by adding
the individual mean and variance values indicated in (12), (17),
(18), and (24), i.e.,
Y7~ N(L—1,22L —3)02 +2(L — 1))  (26)
and

Yo ~ N(0,202 + 2(L — 1)o?). 27)
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Thus Y7 follows the non-central chi-square distribution with a
single degree of freedom with its probability density function
(PDF) [10] given by

exp | — y+oa? cosh \/37
208, o3
\/2myoy,

where a = L —1is the non-central parameter and 0§, = 2(2L—

3)an + 2(L — 1)} is the variance of Y. Also, Y3 follows the
central chi-square distribution with a single degree of freedom
with PDF given by

f}”/121H1(Z/|H1) =

y =0 (28)

Y
Fram o) = ———exp (4] 520 @9
27ryo%,Q g
where 03 = 202 + 2(L — 1)o? is the variance of Y.

_ Since the differential correlation metric in (11) satisfies S =
Y? + Yé, it is the sum of a non-central chi-square variable
and a central chi-square variable. Using the result presented
in [21, p. 43], we obtain the PDF of .S from fy2im, (y|H1) and
fg,s i1, (| H1), as presented in (30). The corresponding CDF of
S is given in (31). These distribution functions include the nth
order modified Bessel function of the first kind

> x/2)n+2k
‘ZOF k+1)T(n+k+1)

where
o<
F(é):/ 2~ lexptdt
0

is the Gamma function, and the mth order Marcum @-function
is

1 /°° ” z? +u?
I ex —
um—l . P 2

Missed detection occurs during frame synchronization when
the correlation metric S at the synchronous position does not
exceed a given threshold value £. The MDP is determined from
the derived probability distributions as

Qm(u,v) =

> L (uz)dz.

¢
Pu() = /0 Foimn (sl H)ds = Fon (6). (32)

B. Asynchronous Case
When s; # d;, variable U does not reduce to a constant value
as in the synchronous case. By denoting U; = sfs;,_1d;d}_,,

we have U = Zfz_ll U;. Since each data and synchronization
symbol takes a discrete value, U; is a discrete random variable
with its real part following the probability mass function (PMF)

Priuy(z) = (1/4)8(x — 1) + (1/2)d(x) +

where §(-) is the Dirac delta function. Using the independent
identically distributed Bernoulli random variable Z; with PMF

(1/4)8(z + 1)
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Pz, (2) = (1/2)6(2) + (1/2)6(z — 1), R{U;} can be expressed
as R{U;} = Zgi—1 + Zy; — 1. Therefore,

L-1 2(L-1)
=Y "RU= Y Zi-
i=1 i=1

follows the binomial distribution with mean 2(L — 1) x 1/2 —
(L—1) = 0 and variance 2(L—1)x1/4 = (L—1)/2.Ina similar
fashion, Ug can be shown to follow the binomial distribution
with mean 0 and variance (L — 1)/2. For sufficiently large L,
the binomial distribution approaches the Gaussian PDF, so we
model Uy and Ug as

Us,Uq ~ N(0, (L - 1)/2). (33)

Variables V' and W are uncorrelated and their distribu-
tions are separately considered. Each term in variable V =
ST E s*fi;_1did}, is obtained by rotating the phase of it;_1
and follows the identical distribution. Summation of the L — 1
independent Gaussian terms in V' results in in-phase and quadra-
ture components satisfying

Vi, Vo ~ N(0,(L = 1)ay), (34)
and the distributions for W; and W, are determined as in
Wi, Wo ~ N(0,(L = 1)az). (35)

The distribution of variable X is identical for both synchronous
and asynchronous cases and is given by

X1, Xg ~ N(0,2(L - 1)o3)

n

(36)

as in (24).

Using individual distributions for the four uncorrelated Gaus-
sian variables U, V, W, and X given in (33)—(36), we observe
that the overall distribution of Y = U + V + W + X follows

(L —1)/2+2(L —1)o% +2(L - 1)a2) (37)

where 0% = (L —1)/2 + 2(L — 1)o2 + 2(L — 1)o} is the
variance of both the in-phase and quadrature components of Y.
Thus the differential correlation metric S = Y7 + Y3 follows

the exponential PDF of
1 5
— - >0
20%6""( 2) °=

Y7, Yo ~ N(0

fsim,(s) = (38)

and the corresponding CDF is given by
s
Fg\m,(s|Ho) =1 —exp (—2—2) , §>0. 39
Oy

Erroneous frame boundary detection at asynchronous sym-
bol positions occurs when the correlation metric S exceeds the
threshold, and we obtain the FAR using the derived CDF as

Pp(§) = /:’ fs1H,(s|Ho)ds =1 — Fsp,()

_ 3
= (g7 )

(40)
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__ 1 Z r(1/2+i) [Vsloy, —of,) i (/sa
Tsim (s) = 20yIUer ( 20’YI ) I+ 1)T'(1/2) < ao?,Q L (U—%) » 820 (30)
_ovn T2+ (de-ch)'( o (25))
FSlHl (S) N Yo i=0 F(Z + 1) (1/2) < U%’Q (1 QH—l Iy ’ Jy; » 820 Gl

C. Other Modulation Types

As mentioned in Section II, the distributions obtained for
QPSK symbols can easily be extended to other modulation
types. For general M -ary PSK, the distributions for V, W, and
X remain the same as those for QPSK. The variables defined
in (8)-(10) are phase-rotated versions of circularly symmetric
noise random variables, so the distributions given in (17), (18),
and (24) hold regardless of M. For the synchronous case, vari-
able U has the same constant value U = L — 1 using s; = d;
and |d;| = 1. For the asynchronous case, the discrete random
variable U, follows different PMFs depending on the value of
M. When M = 8, for example, we obtain

(1/8)5(z — 1) + (1/4)8(z — 1/v2) +
+(1/4)8(z +1/V2)

(1/4)b(=)
+(1/8)3(z + 1)

Pypu,y(z) =

with mean O and variance 1/2. For sufficiently large L, both

Ur = ZiL:_ll ®{U;} and Uy = Efz_ll S{U;} approach the
Gaussian PDF, so we model Ur and Ug as
Ur,Ug ~ N(0,(L —1)/2), (41)

which is identical to (33). Although specific PMFs may vary de-
pending on M, the Gaussian model remains the same. In sum-
mary, we observe that all the distributions determined for QPSK
also apply to general M-PSK.

On the other hand, for M-ary APSK some of the statis-
tics are dependent upon a given pattem of the synchroniza-
tion sequence. Let us define o = Z 2L ds 2 |die)? /(L - 1),

= (|do|* + |9z 1P+ 45057 |ds | )/(4L — 6), and vy =
(|d0 |2 + |dr—1]?)/2, which are determmed by the specific syn-
chronization sequence symbols {d;}. Note thata = S =y =1
for the PSK symbols. Using these parameters and following a
similar derivation procedure, the distributions for M -APSK can
be obtained as follows.

Synchronous case: We have U = 21—1 |di|?|d;_1|? =
a(L — 1) and the real and imaginary parts of V + W follow

Vi+Wr ~ N(0,B(4L—6)02) and Vg +Wg ~ N(0,2v02).

Also, since the real and imaginary parts of X follow
X1,Xg ~ N(0,2a(L — 1)o2),
the distributions in (26) and (27) change to
Y7 ~ N(o(L

—1),8(4L — 6)02 + 2a(L — 1)o?)

and

Yo ~ N(0,2702 + 2a(L — 1)0).

Asynchronous case: From E{s}} = 0 and E{|s;|*} = 1,
we have E{U;} = 0 and Var{U;} = |d;|?|d;_,|%. Applying the
central limit theorem for sufficiently large L, the distributions of
real and imaginary parts of U are given by

Ur,Ug ~ N(0,a(L — 1)/2).
The real and imaginary parts of V and W follow the distribution
1)ay)
and the distribution for variable X is determined as
Lad).

Hence, the distributions for Y7 and Yg in (37) change to

V[, VQ, W], WQ ~ N(O,a(L —

X],XQ ~ N(O,Qa(L -

Y7, Yo ~ N(0,a(L — 1)(1/2 + 202 + 2073)).
Q

IV. EXTENSION TO MULTI-SPAN DIFFERENTIAL
CORRELATION

Generalizing the expression in (6), the k-span differential cor-
relation Y (k) in (4) can be written as

Y (k) = e 2RI (k) + V (k) + W (k) + X (k)] (42)
where

L-1

Uk) 2 ) sisi—wdidi_y, (43)
i=k
L-1

V(k) £ siii_gdid)_y, (44)
i=k
L-1

W(k) &> #ilsi_gdidi_y, and (45)
i=k
L-1

X(k)2 ) Ajfi-xdidi_y. (46)
=k

The multi-span correlation metric in (5) is given by
P
S =Y "|Uk) + V() + W(k) + X (k)
k=1
K _ K N ~
=Y YEP+ D _AVF (k) +Y5(k)} C))
k=1 k=1

where Y (k) 2 U(k) + V (k) + W(k) + X (k).



KIM et al.: ERROR PROBABILITY EXPRESSIONS FOR FRAME SYNCHRONIZATION...

A. Synchronous Case

The distributions for U (k), V' (k), W (k), and X (k) can be ob-
tained by a procedure similar to the derivation of the single-span
correlation distributions in Section III. Using s; = d;, variable
U (k) becomes

Uk)=

)
From Var{V;(k ) Wi(k)}
Var{Vgo(k) + Wo(k)} = 20

+ W (k)

(48)

(2+4(L — 1 — k))o? and

2, the in-phase and quadrature

components of V( Y+ Wik follow
Vi(k) + Wi(k) ~ N(0,2(2L — 2k — 1)02)  (49)
and
Vo(k) + Wo(k) ~ N(0,202). (50)
Further, the distribution of X (k) is approximated as
X1(k), Xg(k) ~ N(0,2(L — k)o?). (51)

Then, the distribution of Y7, the sum of uncorrelated variables

U(k), V(k) + W (k), and X (k), can be expressed by
Yi(k) ~ N(L —k,2(2L — 2k — 1)o2 + 2(L — k)ot) (52)
and
Yo(k) ~ N(0,202 4+ 2(L — k)od). (53)

B. Asynchronous Case

Following the same procedure for the derivation for the asyn-
chronous single-span correlation except with the summation
limit for variables U (k), V' (k), W (k), and X (k) changed from
L — 1to L — k, we obtain the distribution of Y (k) as

Yi(k),Yo(k) ~ N(0,(L—k)/2+2(L — k)o2 +2(L — k)ol).

(54)
Note that for the asynchronous case, variables Y (i) and Y (),
i # j, are uncorrelated, whereas statistical dependency exists
between these variables in the synchronous case.

C. Special Case: K =2
When K = 2, the correlation metric becomes
S=YF(1) +Y5(1) + YE(2) + Y5(2). (55)
For the synchronous case, the means of Y (k) and Yé (k) are
E{Y?(k)} = Var{Y1(k)} + (E{Y1(k)}])*

=2(2L - 2k — V)02 + 2(L — k)ot + (L — k)?

and
E{Y§(k)} = Var{Yq(k)} + (E{Yq(K)})”
=202 +2(L - k)o?

We observe that the relation E[Y7? (k)] > E[Y3(k)] holds for a
sufficiently large value of L, so we approximate the metric by

S~YA1) +YA(2) (56)
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under the large L assumption. Although there exists statistical
correlation between Y(1) and Y7 (2), we derive the distribu-
tion of S by assuming the independence of these two random
variables. The PDF and CDF of S are obtained and presented
in (57) and (58), where a;, = L — k is the non-centrality param-
eterand 03, = 2(2L — 2k — 1)o% + 2(L — k)oy,. The MDP is
computed using the CDF of
Py(€) = Fsar, (€| H1). (59)
For the asynchronous case, the metric is the sum of two in-
dependent central chi-square variables with two degrees of free-
dom, and the exact PDF can be determined. We obtain

8 s
expl ——= | —exp| ——5
P 20%2 P 20%1

2(0%, —o%,)

fS\HO(S) =

. s>0 (60)

and the corresponding CDF is

(61)

where 03, = (L — k)/2 4+ 2(L — k)op + 2(L — k)oy,. The
probability that frame synchronization is erroneously made at

asynchronous positions can be obtained by evaluating the FAR
of

Pr(§) =1 - Fg g, (¢)-

The exact distribution for the sum of K non-central chi-
square random variables that are correlated is unknown for
K > 2 [21]. Thus closed-form expressions for error probabili-
ties for general K are not presented in this paper, and one may
have to resort to simulated results for performance evaluation.

(62)

V. NUMERICAL RESULTS

The derived formulas are evaluated using different numerical
parameters. We use F; /Ny = 0,5, and 10 dB representing low,
medium, and high channel SNR values; L = 26,50, and 100
representing short, medium, and long correlation lengths are
tested separately. L = 26 corresponds to the header synchro-
nization sequence length for the current DVB-S2 standard [1],
and the use of longer synchronization sequences to guarantee
rapid re-synchronization for hostile channel conditions is also
under consideration [22].

The PDFs of S are plotted in Fig. 2 for the synchronous
case using (30) and the asynchronous case using (38) at 0 dB
SNR. The metric value is normalized such that the metric for
the synchronous correlation becomes unity in the absence of
noise, by dividing the metric by the squared non-centrality pa-
rameter a®> = (L — 1)?. The distributions for the synchronous
and asynchronous cases are denoted by the solid and dashed
lines, respectively, and the two distributions are shown to have
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Fig. 2. PDFs of the differential correlation metric with varying correlation

lengths at 0 dB SNR: (a) L = 26, (b} L = 50, and (¢) L = 100.

a wider separation as the correlation length increases, result-
ing in improved detection performance. In the figure, the an-
alytic distributions are compared with simulation results, ob-
tained by repeated generations of the correlation metric using
a noise-corrupted synchronization sequence and data symbols.
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Fig. 3. CDFs of the differential correlation metric with varying correlation
lengths at 0 dB SNR: (a) L = 26, (b) L = 50, and (¢} L = 100.

The maximum frequency offset corresponding to 20% of the
transmission bandwidth is applied, i.e., the frequency offset is
uniformly generated from the range [—0.2/T, +0.2/T}]. Since
the correlation property of specific synchronization sequences is
not important in this study, the simulation uses random binary
code patterns for the synchronization symbols. Although some
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Fig. 4. PDFs of the differential correlation metric with varying channel
SNR values (L = 50): (a) SNR = 0 dB, (b) SNR = 5 dB, and (c) SNR
=10dB.

of the approximations used in the analysis are more applicable
when the correlation length increases, the figure shows that the
derived formulas are in good agreement with the experimental
values for all correlation lengths tested.

Fig. 3 shows the changes in the PDFs for different SNR val-
ues, indicating that the variance of the distributions reduces
rapidly as SNR increases. Since the error probabilities are func-
tions of the threshold value, the MDP and FAR can be deter-
mined for different threshold values as shown in Fig. 4. Finally,
Fig. 5 shows the multi-span differential correlation statistics ob-
tained from the analytic expressions in (57) and (60).

As mentioned in Sections 111 and 1V, several approxima-
tions were made to determine the probability distributions. A
key approximation is modeling the sums of random variables
as Gaussian, including variable X in (24) and (36) for both
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Fig. 5. CDFs of the differential correlation metric with varying channel
SNR values (L = 50} {(a) SNR = 0 dB, (b) SNR = 5 dB, and (c) SNR
=10 dB.

the synchronous and asynchronous cases, and the sum of bi-
nomial variables I/ in (33). Another approximation, as indi-
cated in (56), is using the dominance of the in-phase compo-
nent of Y for large L. These approximations become more ac-
curate as the synchronization sequence length increases. In fact,
the presented formulas are shown to be quite accurate even for
moderate lengths, e.g., L > 26 as demonstrated in Figs. 2 to
5. The final approximation is the assumption of independence
between variables Y(1) and Y(2) in the derivation of (57) for
the synchronous multi-span correlation. This approximation has
resulted in a slight offset between formula and experiment, as
shown in Figs. 7 and 8. Note that variables Y (1) and Y (2) are
independent in the asynchronous case and no further assump-
tion was necessary for the derivation of (60). This is also con-
firmed by the exact match of formula and experiment for the
asynchronous case in the same figures.
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Fig. 6. Mis-detection probabilities and false alarm rates for frame syn-
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One final comment is on the numerical computation of the
MDP formulas for the synchronous case. Although the formu-
las involve an infinite sum of Gamma and Marcum (-functions
as indicated in (31), the actual computation is performed over a
finite range of the summation index because of the fast conver-

gence behavior of the sum. In many cases, the first few terms
dominate the MDP value, and all the results in this paper used
no more than ten leading terms since virtually no change occurs
with the inclusion of more terms.

VI. CONCLUSIONS

We have investigated probabilistic modeling of the differen-
tial correlation output and presented analytic expressions for its
distributions. At synchronous positions, the PDF is expressed in
terms of multi-order Bessel functions, while the asynchronous
distribution is represented by simple exponential functions.
Since the distribution functions determine the detection error
probabilities, our formulas are applicable for predicting the per-
formance of frame synchronization using differential correlators
under various channel conditions.
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