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Abstract. The main objective of this study is to present a new approach to obtain 
moment inequalities for the new better than renewal used (NBRU) class of life 
distributions. In order to achieve our main objective, the moment inequalities for 
NBRU class of life distribution using the new approach has been derived and then a 
new test for testing exponentiality against NBRU class based on these inequalities 
has been constructed. Then we calculate the Pitman asymptotic efficiency for the 
proposed test using some alternative distributions and comparing it with the other 
tests. Moreover, we make a comparison between Pittman asymptotic efficiencies 
(PAE's) and PAE's of some other tests. A simulation study is conducted to calculate 
the upper critical values and the power estimate of the proposed test for some 
common alternatives. Finally, we apply the suggested test to some real data. 
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1. INTRODUCTION 
 

The mathematical theory of reliability has developed in two main branches. The first 
branch is mostly concentrated on the mathematical aspects of practical problems that face 
reliability and design engineers and reliability analysis specialists. The second branch 
concentrates on the mathematical and statistical aspects of reliability such as life testing 
and estimation. Note that the exponential distribution forms the back bone of statistical 
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reliability theory and maintenance modeling, see for example Barlow and Proschan (1981) 
and Zachks (1992). 

For over three decades, studies have led to declaring several families of life 
distributions to characterize aging. Many classes of life distributions have been introduced 
in reliability, see for example Barlow et. al. (1963), Bryson and Siddiqui (1969),Barlow 
and Proschan (1981), Abouammoh and Ahmad (1992), Abouammoh et. al. (1994, 2000), 
Elbatal (2007) and Kayid (2007). 

Testing exponentiality against various classes of life distributions has got a good deal 
of attention. For testing against IFR class, see Proschan and Pyke (1967), Barlow (1968) 
and Ahmad (1975, 1976) among others. For testing IFRA, see Deshpandeet.al. (1986), 
inmk (1989), Aly (1989) and Ahmad (1994). For testing against NBU, see Hollander and 
Proschan (1972), Koul (1977), Kumazawa (1983) and Ahmad (1994). 

For testing against NBUE, NBUFR, NBAFR, NBURFR, NBRU, DVRL and NBUL 
classes, we refer to Klefsjo (1981, 1982), Deshpande et. al. (1986), Abouammo hand 
Ahmad (1988), Loh (1984), Hendiet. al. (2000), Mahmoud and AbdulAlim (2003,2008) 
and Abuammaoh et. al. (1994), Al-Zahrani and Stoyanov (2008), Mahmoud and Diab 
(2008), and Diab et. al. (2009) respectively. Finally, for testing against RNBU and 
HNRBUE, see Mahmoud et. al. (2005) and Mahmoud and Diab (2007). 

The rest of the article is structured as follows. In section 2, the moment inequalities 
based on the new approach have been derived. Section 3 is devoted to construct the test 
statistic for testing exponentiality against NBRU class of life distributions based on the 
moment inequality presented in section 2. The asymptotic properties of the mentioned test 
has been stated and proved. The Pitman asymptotic efficiencies of the proposed test is 
calculated in Section 4 for three common alternative distributions (linear failure rate, 
Weibull and Make ham distributions). Section 5 presents calculations, based on simulation 
data, of the power estimates of the proposed test for the same common alternatives 
mentioned in section 4. To study the effectiveness of the proposed test, three real examples 
have been presented in section 6 and then apply our suggested approach to these real data. 
 
 

2. MOMENTS INEQUALITIES FOR NBRU CLASS 
 

Definition 2.1. We say the distribution F  NBRU  if 

W x t  F x W t ,   t 0 , x 0 
where 

W z  
1
µ

F u du ,   and   µ  F u du 

 
We need the following lemma: 
 
Lemma 2.1. Suppose that F is NBRU life distribution and its (r+3)rd moment is finite for 
some integer r 0, then 
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µ   ∑ C
µ µ

                     (2.1) 

 
Proof. 
 
We have 

W x t   F x W t  ,   t 0 , x 0 
Then 

x t W x t  dx dt    x t F x W t  dx dt       (2.2) 
Consider 

I  x t W x t  dx dt                  (2.3) 
and 

I  x t F x W t  dx dt                  (2.4) 
Let (x + t) = y in the integral (2.3), then I1 can be in the form 

                   I  y W y dy dt  t W t dy dt  
                         t W t dt  

µ
t F u du dt  

                         
µ

F t u du dt  
µ

F t dt   

                         
µ

µ
                                                                  (2.5) 

Now 

         I  x t F x W t  dx dt  
                        ∑ C x t F t W t  dx dt  
                        ∑ C x F t dx t W t dt   
                        ∑ C µ

µ
t F u du dt   

            ∑ C µ
µ

F t u du dt  

              ∑ C µ
µ

F t dt  

              ∑ C µ µ
                                                 (2.6) 

Making use (2.5), (2.6) and (2.2), we get (2.1). 
 
 

3. TESTING HYPOTHESIS AGAINST NBRU 
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In this section, we present the procedures of testing hypothesis for exponentiality 
against NBRU class of life distribution based on the moment inequality (2.1), i.e. the 
following hypotheses will be tested: 

H0 = F is exponential 
and 

H1 = F belongs to NBRU class and not exponential 
 
Let X1, X2, …, Xn be a random sample from a population with distribution F. Using 
Lemma 2.1, we use as a measure of departure from exponentiality where 

δ  ∑ C µ µ  µ
                                       (3.1) 

It is easy to show that = 0 under H0 and >0 under H1. Now consider , 

δ  
µ µ

i 1 2 i 3 i
 – 

µ
12

 

This implies that 

 δ  
µµ

6
 
µ
4

 
µ
12

 
The empirical form of  is given by 

 δ   
1

n
X X

6
 
X X

4
 
X
12

 

By taking 

X , X  
X X

6
 
X X

4
 
X
12

 
and defining the symmetric kernel 

φ X , X  
1
2!

X , X
R

 

where the summation is over all arguments of  and , then  is equivalent to U-
statistic, such that 

U  
1

C
φ X , X

R

 

To make the test statistic invariant, let 

    ∆   
δ
µ

 which is estimated by ∆  
δ

x
 

The following theorem is summarizing the asymptotic properties of . 
 
Theorem 3.1. As n →∞ 

√ ∆ ∆  ~ 0,  
where  Var η X  and 

η X   
Xµ

6
 
Xµ

2
 
Xµ

6
 
X
12

 
µ
12
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Proof. 
 
Consider 

η X  X , X |X  
And 

η X X , X |X  
Therefore 

η X  
X µ

6
 
X µ

4
 
X
12

 
And 

η X  
6

 
4

 
X
12

 
Suppose that η η η , this implies that 

η X   
Xµ

6
 
Xµ

2
 
Xµ

6
 
X
12

 
µ
12

 

It is easy to show that  as n  ∞ and E ∆  ∆ . Using Serfling (1980) results, 
we conclude that: As n  ∞, 

√ ∆ ∆  ~ 0,  
where η  
It is easy to show that under H0: 

E η X 0 
and 

σ E η X  

      E
X
6

 
X
12

 X  X 2  

      E
1

144
X  

1
36

X  
5

36
X  

1
6

X  
5
3

X  
4
3

X  3X  4X 4  
This implies that 

σ  
1

144
8!  

1
36

7!  
5

36
6!  

1
6

5!  
5
3

4!  
4
3

3!  3 2!  4 4 102 
and this completes the proof. 
 
 
 

4. THE PITMAN ASYMPTOTIC EFFICIENCY(PAE) 
 

In this section, we compute the PAE of our test , where 

PAE δ θ                       (4.1) 
and 
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δ θ  
µ µ

6
 
µ

4
 
µ

12
 

This implies that 

δ  
µ µ

6
 
µ µ

6
 
µ µ

2
 
µ

12
 

Here, we use three alternatives, Weibull, linear failure rate and Makeham families, 
,  and , therefore 

    x exp  , 0 ,  1 
    x exp x  , 0 ,   
    exp 1  , 0 ,  0 
 
Note that  is attained at θ= 1 in (i) and θ= 0 in (ii) and (iii). 
 
4.1. PAE ( ) for Weibull Family 

 
Using Maple Package, we get the following: 

µ 1, 2, 6 , ́ 0.4227 
́ 3.691, ́ 22.61, ́ 144.58 

where 
as θ 1 µ  
as θ 1  
as θ 1  
as θ 1 ́ ́ 2 ln  
as θ 1 ́ ́ 3 ln  
as θ 1 ́ ́ 4 ln  

 
Now, by using Equation (4.1), we calculate PAE of ±1, then we get that 

PAE 0.4125 
 
4.2. PAE (δ ) for Makeham Family 
 
In this case, we have 

µ 1, 2, 6 , ́ 0.5 
́ 2.5, ́ 12.75, ́ 73.5 

Therefore, by applying Equation (4.1), we get 
E 1 

 
4.3. PAE ( ) for Linear Failure Family 
 
In this case, we have 

µ 1, 2, 6 , ́ 1 
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́ 6, ́ 36, ́ 240 
 
Therefore, by applying Equation (4.1), we get 

PAE 0.693 
 

Table 4.1 gives the efficiencies of our proposed test  comparing with the tests given by 
Kango (1993) (Un), Mugdadi and Ahmad (2005) ( ), Abdel-Aziz (2007) (∆ ) and 
Mahmoud and Abdul Alim (2008) (( , )). 

It is clear from Table 4.1 that our test is more efficient than all other tests for all 
alternatives. 

 
Table 4.1. The PAE’s of , , , ∆ , ,  

 

 
 

5. THE POWER OF THE PROPOSED TEST 
 
The power of the proposed test at a significant level αw.r.t. the linear failure rate, 

Weibull and Makeham alternatives are calculated based on simulation data. In such 
simulation, 10,000 samples are generated with sizes 10, 20 and 30 from the alternatives 
for different values of  at α 0.05 . Algorithms for computing the percentiles and 
thepower of the test are explained as follows: 

 
Algorithm for computing the percentiles 
 
1. Determine the required sample size and the simulated number of samples. 
2. Generate an exponential random sample. 
3. Use to compute the values of our test statistic. 
4. Save the values of  
5. Repeat steps (2) to (4) for the determined number of simulated samples and sort the  

values of the test statistic. 
6. For the specified simulated number of samples, compute the upper percentiles of the  

computed values of  
7. Repeat steps (1) to (6) for all different simulated number of sample and sample sizes. 
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Table 5.1. Power of the proposed test 

 
 

Table 5.2. Critical values of the proposed test 
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Algorithm for computing the power 
 
1. Determine the values percentiles that we shall compared with sample sizes and the  

umber of simulated samples. 
2. Put the first value of . 
3. Generate LFR, Makehaman Weibull random samples and save them. 
4. Use to compute the values of our test statistic for all generated samples one by one. 
5. Compare the values of for the specified sample with the corresponding percentile  

which leads the sample to reject or not. 
6. Repeat steps (3) to (5) for the determined number of simulated samples. 
7. For specified simulated number of samples and the parameter , compute and save the  

power in this case. 
8. Repeat steps (2)-(5) for all different values of  and sample sizes. 
 

From Table 5.1, it is noticed that the power of the proposed test is high and increases 
by increasing the value of the parameter  and the sample sizes. 

Table 5.2 shows the critical values of the proposed test in different sample sizes and 
it can be noted that the critical values decrease when the sample sizes increase. 

 
 

6. SOME APPLICATIONS 
 
One of the main objectives of this research is to study the effectiveness of the 

proposed test. In this section, the proposed test is employed, with three sets of data, to 
identify the distribution where the data is drawn from via comparison between the 
tabulated value and calculated value. 
 
Example 6.1. The following data representing failure times in hours for a specific type of 
electrical insulation in an experiment in which insulation was subjected to a continuously 
increasing voltage stress (see Lawless 1982, p.138): 

 
In the above case, we found = 0.499, which is less than the tabulated value, 
consequently the given set of data is drawn from the exponential distribution. 
 
Example 6.2. Consider the well-known Darwin data that represent the differences in 
heights between cross and self-fertilized plants of the same pair grown together in one pot. 
The data is as follows ( see Fisher 1966) : 

 
In the above data, 2.26, which exceeds the tabulated value, consequently the given 
set of data is drawn from NBRU class and not exponential. 
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Example 6.3. The following data set consists of 16 intervals in operating days between 
successive failures of air conditioning equipment in a Boeing 720 aircraft (see Edgeman et. 
al. 1988) : 

 
One can show that = 0.549, which is less than the tabulated value, and then the given set 
of data is drawn from exponential distribution. 
 
 

7. SUMMARY AND CONCLUSIONS 
 

The main objective of this research is to derive moment inequalities for NBRU class 
of life distribution using a new approach. Based on these inequalities, new testing 
hypothesis for exponentiality against the NBRU class are introduced. The Pitman 
asymptotic efficiency of this test is calculated for some alternative distributions and 
compared with other tests for exponentiality. The critical values and the power of the 
proposed test are calculated. Finally, the proposed test is applied to some real data. 
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