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A B-spline based Branch & Bound Algorithm for Global Optimization

Sangkun Park*

ABSTRACT

This paper introduces a B-spline based branch & bound algorithm for global optimization. The
branch & bound is a well-known algorithm paradigm for global optimization, of which key compo-
nents are the subdivision scheme and the bound calculation scheme. For this, we consider the B-spline
hypervolume to approximate an objective function defined in a design space. This model cnables us to
subdivide the design space, and to compute the upper & lower bound of each subspace where the
bound calculation is based on the LHS sampling points. We also describe a search tree to represent the
searching process for optimal solution, and cxplain iteration steps and some conditions necessary to
carry out the algorithm. Finally, the performance of the proposed algorithm is examined on some test
problems which would cover most difficulties faced in global optimization area. It shows that the pro-
posed algorithm is complete algorithm not using heuristics, provides an approximate global solution
within prescribed tolerances, and has the good possibility for large scale NP-hard optimization,

Key words : Branch & bound, B-spline hypervolume, Global optimization, L11S(Latin-hypercube sampling)
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Fig. 1. Illustration of the scarch tree (left) and space (right)
of the propased algorithm.
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Algorithm Unconstrained global optimization
Step O: Initialization

Make a root node, and set it to current node.
Repeat until the current node exists

{

Step 1.
Step 2:

Generate sampie points.

Evaluate objective function at the sample
points.

Build a B-spline based approximate function
te supply bound information.

Split the current space into its subspaces.
Compute lower and upper bounds of each
child subspace,

Update the current node and its children, and
the next node is returned. If the next node is
nulk, the iteration stops.

Update the root node and its children, and
the next node is returned. Then set the next
node to the current node.

Step 3:

Step 4:
Step 5:

Step 6.
Step 7

}
Step 8: Find an optimal solution on the best node.

sep 634 75120 242k -

Step 9: Delete the search tree.

Fig. 2. The proposed algorithm based on branch & bound
principle.

Algorithm Updating the search tree
{

Step 1: Update the upper and fower bounds of the
parent for tighter bounding.

Update the best solution found so far.

Prune the nodes which have no solution in its
feasible space.

Select the next subspace (or node) which new
iteration starts from,

Test of convergence.

Return the next node.

Step 2.
Step 3:

Step 4.

Step 5:
Step 6

}

Fig, 3. Sub-algorithm of updating the search tree called by
the proposed algorithm shown in Fig. 2.
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Algorithm LHS (Latin hypercube sampling) method

{

Step 1: Determine n equiprobable intervals by
dividing the distribution area of each variable.

Step 2. Compute the sampled cumulative probability
for the i-th interval {i=1,..,n} by using
P = (1/n)*r + (i-1P'n
where r is a uniform random number between
Oand 1.

Step 3. Calculate the sampled values x(i) (i=1,...,.n)
from the above probability P(i) by using the
inverse of the distribution function F1, where
P(i) = F(x(i)).

Step 4: The n vaiues x(i) of each variable are randomly
paired to form the n required vector of size m
(=number of variables}. Here, the pairing is
performed by a random permutation,

Fig. 4. LHS algorithm.
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Table 1, Test functions and iheir scarch domain

Label

Test function Definition  Search domain

Goldstein &

Gl Pricc Eq. (6) [ 2 2]

BR Branin Eq. (7)  [-5, 10]1 x [@, 15]
_ Six-hump N P

L6 Camelback Fg. (3) -3, 3]

SHU Shubert Eq. (9 |-10, 10)

{b) Branim

{a) Goldstein & Price

{¢) Six-hump Camelback {d) Shubert

Fig. 5. Function graph of test functions.
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Table 2. Performance results produced by the proposed
method

Performance GP BR™ e SHU

0.0 9.42478  (.089842

global  ¥™ 5 Hurs 0766 (O
SOL — -
™ 3.0 0397887 -1.031628 -186.7309
. -0.004395 9426880 0.088615  4.8580
?0'& X 1001465 2473755 -0.715220  -7.0833
U TN 3004414 0397918 -1 031565 -186.7308
objective “'",“.', 0047 00078 Q0061  0.000066
accuracy{%0)
# function 138 136 51 135
calls
run-time{ms) < 453 234 156 238
tolerance ™ 1.0e-2  1.0e-2  1.0e2 102
# splitting 4 4 3 3
nodes
# sa.mplc 3 8 3 5
points

{a)y x"™—(-m, 12.275), {(m, 2.273), (9.42478, 2.475).

X" - (-3.137860, 12.287380), (3144719, 2.280521).
(2.426880, 2.473755).
(-0.089842, 0.712636), {0.089842, -0.712656).

(b) PR
09), ((L088G1S, -0.715226),

X" =(-0.088615, 0.7122
(¢} 18 global minima.
(d) Computed by [f(x*) - /(x| max( [f (x"™)l, 0.1)
(e) Measured in milliscconds. It excludes the func
eval times.
(1) Used for stopping criterion.
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Table 3. Memory usage of the proposed method for test
functions

GP BR Co SHU
# branch 46 17 17 27
# (otal nodes 737 273 154 244

memory Size, KB
(withount pruning)

# pruning nodes 715 248 140 224
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Fig, 6. Algorithm convergence of test functions.
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