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ON THE QUOTIENT MOMENTS OF RECORD VALUES
FROM THE GENERALIZED EXTREME VALUE
DISTRIBUTION
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ABSTRACT. In this paper, we obtain some recurrence relations for the quo-
tient moments of the lower record values from the generalized extereme
value(GEV) distribution. We also deduce some recurrence relations for the
negative moments from the GEV distribution.
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1. Introduction

Suppose that X3, X3, -+ is a sequence of independent and identically dis-
tributed random variables with cumulative distribution function(cdf) F(x) and

probability density function(pdf) f(x). Let ¥, = min {Xl,Xg, ,Xn} for
n > 1. We say X; is a lower record value of {X,,n > 1}, if Y; < Y;_; for

7 > 1. And we suppose that X, is a first lower record value. The indices at
which the lower record values occur are called the record times {L(n),n > 1},
where L(n) = min {jlj >Ln—1), X; < Xpinoy, 0> 2} with L(1) = 1.
There have been enormous works on obtaining recurrence relations for the
moments of order statistics or record values from well known statistical distri-
butions. Among such works are Adeyemi [1] obtained the single and product
moments of order statistics from the generalized Pareto distribution. Joshi [7]
discussed the recurrence relations between moments of order statistics from the
exponential and truncated exponential distribution. Balarishnan et al. [4] inves-
tigated some recurrence relations for the moments of record values from the GEV
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distribution. Chang [6] established some recurrence relations for the quotient
moments of the upper record values from the Weibull distribution.

In this paper, we obtain some recurrence relations for the negative and quo-
tient moments of the lower record values from the GEV distribution.

The pdf of the GEV distribution is
1

1
kfork> 0,2 > Efork <0,

(1- kx)i’_lexp[ -(1- kx)%],x <

f(z) =
e:vp(—:l;)e:vp[ — ezp(—x)], —o <z <oofork=0
(1.1)
and the cdf of the GEV distribution is
1
ezp[— (1- kx)ﬁ],x < lfork >0,z > lfork <0,
F(z) = k k (1.2)

ea:p[ - exp(——:z:)] ,—oo <z < cofork =0,

where k is the parameter.
From (1.1) and (1.2), we obtain the following differential equation for k # 0

(1 - kz)f(z) = F(z)(~InF (z)) (1.3)
and we have the following differential equation for £ =0
f(z) = F(z)(=InF(z)). (1.4)

2. Recurrence relations for the negative moments

Let X1(1y, X1(2), - - - be the sequence of the lower record values from the above
considered GEV distribution. Then the pdf f,)(z) of X, for n > 1is given
(n) (n)
by (see, (2, 3])
_ n—1
(~inF ()" f(@) 21)
(n—1)!

fony(®) =
Theorem 2.1 Fork#0,n>1 and s > 1,
1 n 1 s 1
B ) () - b ) e
X5 n) (n—ks) \ X5 4/ (n—ks) \X;F,

Proof. Let us consider for k #0,n>1and s> 1

1 k 1k ‘
R T
XL-(‘_;) Xi(n) s+l s

By the pdf f,,)(x) (2.1), we obtain the following moment
( 1 k ) 1 (1 - kz)(~InF(z))" ! f(z) s
=1 .

XZJ(FJ) X3 ) n—1)! s+l
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From the differential equation (1.3), we have the following moment

! Eoy_ 1 F(z)(~InF(z))"
e R et

Using integrating by parts in the right hand side of (2.3), we get the following
moiment

1k _ 1 (=InF(z))" f(x) "
E(Xz*('i) Xz(n)> T (n- 1)!3/ s d

_ n—1

CLLC i D
(n—1)s x®

By the pdf (2.1), we can write the following moment

E( s1+1 - f ) - 2/f(nﬂs)(%) dz = E/f(n)s(l‘) dz.
XL(n.) XL(n) s T s x

Hence we have the following negative moment

1 n 1 s 1
ER T
(XL(R)> (n — ks) (Xi(nH) (n—ks) \X:{,

This completes the proof.

Theorem 2.2 For k=0, n>1 and s > 1,

5(a) = wint) oot ) e

(n+1) n)

Proof. In the same manner as Theorem 2.1, let us consider for k =0, n > 1 and

s>1
E< 1 ): 1 /(—lnF(z))"‘lf(x) dz.
XZ(n) (n—1)! 8

From the differential equation (1.4), we have the following moment

1 1 F(z)(=InF(z))"
E<Xi(n)> ~ (n=1) / z? 4 (25)

Using integrating by parts in the right hand side of (2.5), we get the following

moment
L 1 (=InF ()" f(z)
E<X2(n)> B (TL - l)'(S — 1) / rs—1 d

B - (CInF()" /()
(n—-1l(s—1) x5l

dx.
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By the pdf (2.1), we can write the following moment

Ly fany (@ n fo (@)
E(Xi(n)>_ 3—1)/ zs—1 _(s—l) zs1

Hence we have the following negative moment

1 n 1 n 1
(o) oot ) - o e (e
5 ) (s—1) X;(nl 1) (s ~1) XL(;

This completes the proof.

3. Recurrence relations for the quotient moments

Let X1(1), X1(2), -~ be the sequence of the lower record values tfrom the
above considered GEV distribution. Then the joint pdf fim),(n)(%,y) of Xr(m)
and Xp(n) for 1 <m < n is given by (see, [2, 3])

—InF(z))™ Y(inF(z) — InF(y))"~™" 1 f(z) f(y)
fomy,my (2, y) = ( () (m(_ 1)!((73_m_(1y))!)F(x) @)1@), (3.1)

Theorem 3.1 Fork#0,1<m<n,r>lands>1
r—1

X7 X X7
E( Ls“”)) =T E( ﬁ‘m)) = E( L(;"“)>. (3.2)
XL(n) (m + kr) XL(n) (m + kr) Xi(n)
Proof. Let us consider for k#£0,1<m<n,r>1lands>1

xrt kX" P!
E(XL(m) L(m ) //( kxs ) (m),(my(@,Y) dz dy
L(n) L(n)

By the joint pdf f(m),m)(z,¥) (3.1), we obtain the following moment

E(Xli(r}t) kXE(m)) _ 1
(m — Y

X Xim n—m—1)!
2" (1 — kx)(=InF (z))™ ! (InF(z) — InF(y))" ™' f(2) /()
X // v F @) dx dy.

From the differential equation (1.3), we have the following moment
XL(n) XL m) (m-DH{n-—m-1)! (3.3)
r—1¢_ m _ n—m—1
o [ L) ([ £ CInE @) 0P )~ inF ) =iy
yS

yS
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Using integrating by parts in the right hand side of (3.3), we get the following
moinent

r—1 r
E<XL(m) kXL(m

_ >> _ m
X1 Xz(n) (m—-1ln—-—m-1r

/ / —InF(z))™ Y (InF(z) — InF(y))"~™ 1 f(z) f ()

v F(z) dx dy
(n— m—2)
/ / ~InF (@)™ (InF(@) = nF )" " @)
¥ F(z) '

By the joint pdf (3.1), we can write the following moment
1
E(Xz(m) ~ kX7 (m ) //:c fim (n) ) 2 dy
__//xfm+1),n ) )dxdy.
T ys

Hence we have the following quotient moment

—1
E<X£('m ) _ r E<X£(m)> L_m E<X£(m+1)>_

This completes the proof.

Corollary 3.2 Fork#0, m>1,r>1and s > 1

X7 ) X
m) \_ T ( L(m) ) m r—s
E( — - E + E(X72.0).  (34)
(XL(m+1) (m+kr) X3 (ma1) (m + kr) L{m+1)

Proof. Upon substituting n = m + 1 in Theorem 3.1 and simplifying, then we
obtain the quotient moment (3.4) .
This completes the proof.

Theorem 3.3 Fork=0,1<m<n,r>0and s> 1

+1 +1
E(XT( )) _.m E<X1r,(m)) _m E<X£(m+1)> (3.5)
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Proof. In the same manner as Theorem 3.1, let us consider for k =0,1 <m < n,
r>0ands>1

Xewm)\ _ 1
E(Xz(n) ) - (m — 1)!(n— m — 1)!
—InF(2))™ ' (InF(z) — InF ()" " f@)f@)
< [ V(@) o d

From the differential equation (1.4), we have the following moment
X’l"
) e
X1 (n) (m—-1n-m-1)
f(y m n—m-—1
(=InF(z))™(InF(z) — InF(y)) dx }dy.

Using integratmg by parts in the right hand side of (3.6), we get the following
moment

(3.6)

XL(m) _ m
E(X}i(n)) ~(m=-1n—-m-1)I(r+1)
<f / & (<InF(z) " (InF(z) - nF @)@ W) o

y F(z)
S m-1Dn-m—-2)(r+1)
"t (=InF(2))™(InF(z) — InF(y))" "™ 2 f(z) f(y)
// (D) dz dy.

By the joint pdf (3.1), we can write the following moment

XL 2 fm (@)
(m () )
E<XL(71,)> (7"+1 //

_ m //xr+1f(m+1),(n)(mvy) dz dy
(r+1) ye '

Hence we have the following quotient moment

X7 (m) m Xt m Xitme)
B(Hm ) - o (EeIGUR B it ),
XL(n) (r+1) XL(n) (r+1) L (n)

This completes the proof.

Corollary 3.4 Fork=0,m>1,r>0and s> 1

X7 m X m
E( L(m) ) = E( L(m) ) _ E(Xr—s+1 ) (37)
XZ(m+1) (r+1) X2<m+1) (r+1) L(m+1)
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Proof. Upon substituting n = m + 1 in Theorem 3.3 and simplifying, then we
obtain the quotient moment (3.7) .

w N

This completes the proof.

REFERENCES

. 8. Adeyemi, Some recurrence relations for single and product moments of order statistics
from generalized Pareto distrbution, J. Statist. Res., Vol. 36 (2002), No. 2, 168-177.

. M. Ahsanuallah, Record Statistics, Nova Science Publishers, Inc., NY, 1995.

. M. Ahsanuallah, Record Values-Theory and Applications, University Press of America,
Inc., NY, 2004.

. N. Balakrishnan, P. S. Chan and M. Ahsanuallah, Recurrence relations for moments of
record values from generalized extrme value distribution, Commun. Staist.- Theory Meth.,
Vol. 22 (1993), No. 5, 1471-1482.

. K. N. Chandler, The distribution and frequency of record values, J. R. Stat. Soc. B, 14
(1952), 220-228.

. 8. K. Chang, Recurrence relations for quotient moments of the Weibull distribution by
record values, J. Appl. Math. & Informatics, Vol. 23 (2007}, No. 1-2, 220-228.

. P. C. Joshi, Recurrence relations between moments of order statistics from exponential
and truncated exponential distributions, Sankhya, Ser. B, 39 (1978), 362-371.

El desoky E. Afify serves as a professor in Department of Mathematics, Girls College
of Education, Al Qassim, Al Maznab, Saudi Arabia. He received Ph. D. from Menofya
University (Egypt) and George Washington University (USA). His research interests are
distribution theory, order statistics, record statistics, characterization problems, estimation
and time series analysis.

Department of Mathematics, Girls College of Education, Al Qassim, Al Maznab, Saudi

Arabia
e-mail: eldesoky@yahoo.com

Se Kyung Chang serves as a full-time lecturer in Department of Mathematics Education,
Cheongju University. She received Ph. D. from Dankook University. Her research interests
are characterizations of various distributions by record values or order statistics.

Department of Mathematics Education, Cheongju University, Korea
e-mail: skchang@cju.ac.kr



