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THE ALMOST SURE CONVERGENCE FOR THE
IDENTICALLY DISTRIBUTED NEGATIVELY ASSOCIATED
RANDOM VARIABLES WITH INFINITE MEANS

HYUN-CHULL KIM

ABSTRACT. In this paper we prove the almost sure convergence of par-
tial sums of identically distributed and negatively associated random vari-
ables with infinite expectations. Some results in Kruglov[Kruglov, V., 2008
Statist. Probab. Lett. 78(7) 890-895] are considered in the case of nega-
tively associated random variables.
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1. Introduction

For a sequence {X,, n > 1} of independent and identically distributed ran-
dom variables with E|X;| = co and a sequence {a,,n > 1} of positive numbers
o)

satisfying the condition a,/n 1, Feller(1946) proved that if Z P(X,| > an)
n=1

diverges then S, /a, converges to zero almost surely, where S, = X; +---+ X,
and Feller(1946) proved strong law of large numbers partial sums of independent
identically distributed random variables with infinite means and Kruglov(2008)
reinforced and generalized Feller’s results to the case of pairwise independent
random variables.

A finite family {X;,---,X,} is said to be negatively associated(NA) if for
any disjoint subsets A, B C {1,---,n} and any real coordinatewise nondecreas-

ing functions f on R* ¢ on R®, cov(f(Xk,k € A),g( Xy, k € B)) < 0. Infi-

nite family is negatively associated if every finite subfamily is negatively associ-
ated. {X,, n > 1} is said to be pairwise negative quadrant dependent(NQD)
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if P(X; > 20, X; > 3;) < P(X; > 2)P(X; > ;) (P(Xi <, X; <) <

P(X; < z)P(X; < xJ)) for all z;,z; € R and ¢ # j. The concept of negative
quadrant dependence was introduced by Lehman(1966), and the concept of neg-
ative association was introduced by Joag-Dev and Proschan(1983). Note that
NA implies NQD.

In this note we cKruglov’s(2008) result to the identically distributed NA ran-
dom variables.

2. Preliminaries

In this section we introduce some familar results which will be used to prove
the main results:

Theorem 2.1(Chung, 1974, p42). For every nonnegative random variable £

S Pe>np<BE<1+Y Plezn) 21)

n=1 n=1

Note that the following Theorem means that E|¢] < co < Z P{l¢|=n} <

n=1
0.

Theorem 2.2(Matula, 1992). Let {X,, n > 1} be a sequence of negatively
o0

associated random variables with finite second moments. If Z Var(X,) < oo,

n=1

then Z(Xz — EX,) converges a.s.

n=1

Theorem 2.3(Matula, 1992). Let {X,,, n > 1} be a sequence of pairwise NQD
random variables with the same distribution function. Then

S
Zn— — EX1 <o0if and only if E|X1| < oc.

Note that Theorem 2.3 still holds under the NA case.

Theorem 2.4(Petrov, 2002). Let A;, Az, -+ be a sequence of events satisfying
conditions

> P(A,) = oo (2.2)
n=1
and
P(Ar N A;) < P(Ax)P(4;), k #j. (23)
Then,

P (lim supAn> =1. (2.4)
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n

where limsup A, = N2, UX, Ay and P (lim sup An> = P(A, i.0).
n
3. Main results
Theorem 3.1. Let {X,, n > 1} be a sequence of identically distributed NA

random variables such that EX™ < 0o and EXT = oo and {an, n > 1} be a
sequence of positive numbers satisfying a,/n 1. If

> P(X, > an) = o0, (3.1)
n=1
then
S — 0 a.s. (3.2)
an

Proof. Let ¢ = sup a, /n.
n>1

Case 1: If ¢ < o0, then, ZP(X: > bay) = oo for any b > 0. Indeed, if

n=1
)

Z P(X}} > bay,) < oo for some b > 0, then by Theorem 2.1 we have

n=1

oo = E(X{/2bc) <1+ Y P(X{ > 2ben) <1+ P(X{ > bay) < o0,

n=1 n=1
which yields a contradiction. Let

b> max(l, EX{ /e) and A, = {X;7 > 2ba,}, n> 1. (3.3)
Clearly, (2.2) holds by assumption (3.1) and {4, } satisfies (2.3) since { X}, n >
1} is a sequence of NA random variables. So

P(Xf' 4o +X’I’T > 2ba, i.o) =1. (3.4)

Since {X,;, n > 1} is a sequence of pairwise negative quadrant dependent iden-
tically distributed random variables, X7 > 0 and EX,, < oo, it follows from
Theorem 2.3 that

> X7 /n— EXT as. (3.5)
i=1
By (3.3), (3.4) and (3.5) we have

1 & 1
1imsup§1:nmsup—ZX;r- lim — Y X7 >2-b=b>1as

n
n—oo Qn n—oo Qn nN—00 Gy P

i=1

and hence P(S, > a, i.0.) = 1. Thus (3.2) holds.
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Case 2: ¢ =supayn/n = 0o. By (3.5) we have

n>1
Z X —0a.s. (3.6)
‘ An
=1
Note that
00 =Y P(Xn>a,) <Y P(XF > an) (3.7)
i=1 i=1

and that the events {X;} > a,} satisfy conditions (2,2) and (2.3).
Then by Theorem 2.4 P(X; > a, i.0.) = 1 and hence

P(Xf +o+ X > an zo) ~1. (3.8)

Thus P(S, > an i.0.) = 1 by (3.6) and (3.8), i.e., (3.2) holds. The proof is
complete.

Corollary 3.2. Let {X,, n > 1} be a sequence of identically distributed NA
random variables satisfying EX;H = oo and EX]T < oo . Let {a,, n>1} be a
sequence of positive numbers satisfying a,/n 1. If

> P(IXal > an) = o0, (3.9)

n=1

then (8.2) holds.

oo o0 .
Proof. Note that ZP(IXQn_]_| > dgn-1) + ZP([XgnI > agn) = 00. One of
n=1 n=1
these series diverges.

(i) The case that the first one diverges, i.e., ZP(|X2n 1l > agn—1) = o0.

Because of an/n 1, asn—1 > 2a,_; holds for all n > 2. From the fact that the
random variables X, are identically distributed we have

00 = Z P(|X2n-1] > agn_1) < Z P(|X2n—1] > 2a,-1)
n=2 n=2

o0
=Y P(IXn-1] > 2an_1).

n=2



The almost sure convergence for the identically distributed 367

o0
Since ZP(|Xn_1| > 2ap_1) = 00, we have

n=2

x = ZP(XZ'_1 + X, >2an_1)
n=2

o0 [ee)
< D PXF >an-)+ Y P(X, > an)
n=2 =2
Since EX;" = oo and EX; < oo, we have
Y P(X} > an1) =00 (3.10)
n=2

It is clear that {X;f, n > 1} are NA and events {X;_ |, > an_1} satisfy
condition (2.3). Hence, by Theorem 2.4 and (3.10), P(er_l > ap_1 i.o.) =1
which yields P(|X,,—1| > an_1 i.0.) = 1 and hence

P(|Sn| > an zo) —1 (3.11)

S
since | Xp_1| = [Sn_1 — Sn_a| < |Sn_1| + [Sn_2|, n > 3. Thus = — 0 a.s..

an

(ii)) The case that Z P(|X2n| > a2n) = oo. By the similar method as in (i)
n=1

we obtain (3.11).

Corollary 3.3. Let {X,, n > 1} be a sequence of identically distributed non-
negative NA random variables with EX, = oo and {an, n > 1} be a sequence of
positive numbers satisfying a,/n 1. Then (3.1) implies (3.2).

Theorem 3.4. Assume that {X,,, n > 1} be a sequence of identically distributed
NA random variables satisfying EX] < oo and EX{" = oo. Let {an, n > 1} be
a sequence of positive numbers such that a,/n 1. Then
X X s
P(lim| et ”|:0>:1ifandonlyif ZP(Xn>an)<oo.
n—oo an,

n=1

(3.12)

o0
Proof. Note that EX; < oo and EX;" = 0o Assume Z P(X, > a,) < co. The

n=1

conditions an/n T, EX; < oo and Z P(X, > a,) < oo imply
n=1
o0 o> oC
Y P(XT >2a,) <> P(Xy>an)+ Y P(XT > ap) < oo (3.13)
n=1

n=1 n=1
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Note that a,,/n T co as n — co. Indeed, if sup a,/n = ¢ < oo, then we have the
n>1
following contradiction, i.e.,

00 = E(X{/3¢) <14 Y P(X{ > 3cn)

n=1

<1+ > P(X{ > 2a,) < 0.

n=1

By Theorem 2.3 lim (X7 +---+ X, )/n= EX{ a.s. and hence,
lim (X7 +---+ X )/an =0 a.s.

Considering the equality | X3| + -+ | X,| = (XfL+- . -+X,T)+(Xf +-- -+X;)
we need only to prove that lim (X; +---+ X;)/a, =0 a.s.. Since a,/n 1 we
have n/k < a,/ax for all k, n(k <n) and

oo x>
1 k2 1 2k
— <L — < = 3.14
DETL g @1
Put
Y, = na;IX;jI[X,f < 2an] +onl [Xf{ > 2%].
Then Y,,:’s are negatively associated random variables and hence {Y,/n} is a

sequence of negatively associated random variables. To show that {Y,/n, n > 1}
satisfies the conditions of Theorem 2.2 it suffices to prove that

ni::lVar (%) < 00 (3.15)

and

E (£>2 < oo. (3.16)

n

Let ap = 0. The validity of (3.15) can be proved as follows. We have

> Y, = E(Y,, — EY,)?
ZV‘"<F> = Z ( n2 )

n=1 n=1

=\ EY?
> 3

n=1

|
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< 1 n
= Z_ZZ < 1 ak_1<X1+/2§ak])
nm1 % 1
o0

+4) " P(X,} > 2a,)
n=1

= [+ II(say).

1

—E ((X+) Iak—1 < X7 /2 < ak])

e
I
—

by
IA I
8 T [)e
¥ 107

|

=B (X Ilox-1 < X[ /2 < au]) by (3.13)

B

(2 Iz -

IN
o0

kP(ak_l < Xf_/2 < ak)

P(X] > 2az).

a
Il

0

Hence, I < 0o and II < oo by (3.13), which yields (3.15).
We also have

Y,
E(=5)" = - ZE X ) Iaroy < Xi/2 < ag]) + 4P(X] > 2an)
k=1

IA

Z Ellax—1 < X} /2 < ax] + 4P(X] > 2a,,)
k=1

= > Plar—1 < X{ /2 < ax) + AP(X] > 2a,)
k=1

= P(X} <2a,) +4P(X] > 2a,) < oo.

Hence, by Theorem 2.2 it follows from (3.15) and (3.16) that

o0
— EY,
Z %—") converges a.s. (3.17)

n=1 n

From the facts that
2
E(I[X: > 2an] — EI[XF > 2an]) < BIXT > 2a.]
= P(X;} > 2a,)
< o0

and
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i E(I[X: > 2a,] — EI[X} > 2an])2 = i P(X} > 2a,)
n=1 n=1
< 00,

we obtain, by Theorem 2.2

Z (I[X,Jlr > 2a,] — EI[X;" > 2an]> converges a.s. (3.18)

n=1

Hence, by (3.16) and (3.17) Z %X,TI[X,T < 2a,] — E(X;} I[X;} < 2a,] con-

n=1 "

verges and by Kronecker’s lemma

1 n
— SOXFIX < 2a] - E(XTIX}E < 2ax]) > 0 as. (3.19)
™ k=1
By (3.13), for any € > 0 there exists an r > 1 such that

o}

Z mP(am_l < X1+/2 < am) < e. (3.20)

m=r+1

For n > r we have
n

1
= 3" B IIX] < 20)
Gn k=1
1 n k
I + + <
- 3N EX{ [am-1 < X{/2 < am))
k=1m=1
1 n
=— 2 (v —m+ DEX{ Ilam-1 < X{/2 < an)) (3.21)
™ m=1
< aﬁ E(X; Iam_1 < XF/2 < am])
" m=1
2 n
+a—" 3 anPam-1 < X{/2 < am)
" m=r41

< ZB(XFIXY /2 < a])

n

+2 Z mP(am-_1 < Xfr/2 < am)

m=r4+1

=IIT+1V.
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The last inequality holds by the fact that a,,/m < an/n for m < n. It remains
to show that IIT — 0 and IV — 0 asn — oco. By lim n/a, =0 IIT = 0 as
n—o0

n — oo and by (3.20)

IV =2 Z mP(am,l <T1 Sam> < 2e.
m=r+1
Hence
1 n
lim — E(XI[X' <2a]) =0. 3.22
SR 200 =
By (3.19) and (3.22) we also have
R R
lim - kZ::lX,jI[X,j < 2ax]) =0 a.s. (3.23)
By (3.13) and the Borel-Cantelli lemma{Loeve, 1977, p240) for almost every
w € Q there exists an ng(w) such that X7 (w) = X;I[X,J{ < 2an] (w) for all
n > n(w). Therefore it follows from (3.23) that

X;L+...X+

lim =0 a.s.

n—0 a,n
Thus ’if’ part of (3.12) is proved.
To prove ’only if’ part of (3.13): By assumption,

P (JLH;O(]X1| +o ot | Xl an = o) =1

and hence,
P ( lim |X,|/an = 0) ~1.
nee X
In particular, the latter implies that P(|X,| > ay i.0.) = 0. If ¥ P(X, >
n=1

x

an) = 00, then ZP(|X,L\ > a,) = oo and hence P(|X,| > a, 1.0.) = 1 by
n=1

Theorem 3.1. This contradiction proves the theorem.

Corollary 3.5. Let {X,, n > 1} be a sequence of identically distributed NA
random variables with E|X1| = oc and {an, n > 1} be a sequence of positive
numbers satisfying an/n 1. Then

(3.24)

P<lim (X4 4 [ X)) :0) =11if and only if iP(]Xﬂ > ay) < 00.

n—oo Qp

n=1
Proof. To prove (3.24) it suffices to replace X, by |X,| in (3.12).

From Theorem 2.1 we obtain the following corollary :
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Corollary 3.6. Let {X,, n > 1} be a sequence of identically distributed NA
random variables such that EX] = co and EX; < 0o. Then

> —05,
Z P(X, > n) = oo implies lim — = 0o a.s.

where P(S, > n i.0) = 1 means lim, S,,/n = 00 a.s.
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