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ON RELATIONSHIPS AMONG INTUITIONISTIC FUZZY
APPROXIMATION OPERATORS, INTUITIONISTIC FUZZY
TOPOLOGY AND INTUITIONISTIC FUZZY AUTOMATA*
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ABSTRACT. This paper is a study about the relationships among topologies
and intuitionistic fuzzy topology induced, respectively, by approximation
operators and an intuitionistic fuzzy approximation operator associated
with an approximation space (X, R), when the relation R on X is precisely
reflexive and transitive. In particular, we consider an intuitionistic fuzzy
approximation operator on an approximation space X (i.e., a set X with
a reflexive and transitive relation on it), which turns out to be an intu-
itionistic fuzzy closure operator. This intuitionistic fuzzy closure operator
gives rise to two saturated fuzzy topologies on X and it turns out that
all the level topologies of one of the fuzzy topology coincide and equal to
the topology analogously induced on X by a crisp approximation operator.
These observations are then applied to intuitionistic fuzzy automata.
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1. Introduction

In [7], the concepts of fuzzy subsystems and strong fuzzy subsystems of a
fuzzy finite state machine (ffsm) were introduced and studied. In [4], a fuzzy
topology on the state-set of a fuzzy automaton (a concept almost identical to
that of a flsm) was introduced and showed that fuzzy subsystems were precisely
the closed fuzzy sets with respect to this fuzzy topology, while in [10], another
fuzzy topology on the state-set of a fuzzy automaton was introduced and showed
that strong fuzzy subsystems were precisely the closed fuzzy sets with respect

Received July 11, 2009. Revised September 23, 2009. Accepted October 8, 2009.
*The author acknowledge with thanks the support received through a research grant No.
MRP(AM)/Acad/06/2008, provided by Indian School of Mines, Dhanbad.

© 2010 Korean SIGCAM and KSCAM .

99



100 S. P. Tiwari

to this fuzzy topology. Also in [10], the relationship among the ‘level topologies’
of this fuzzy topology and a (crisp) topology (introduced in [9]) on the state-set
of a fuzzy automaton was discussed.

Jun [5], introduced and studied the concept of intuitionistic fuzzy finite state
machine by using the notion of intuitionistic fuzzy sets (cf. [1]). In [11], two
intuitionistic fuzzy topologies on the state-set of an intuitionistic fuzzy automa-
ton were introduced and it was shown that the intuitionistic fuzzy subsystems
and strong intuitionistic fuzzy subsystems of an intuitionistic fuzzy automaton
can be characterize in terms of these intuitionistic fuzzy topologies (cf. [3]). In
this paper, we introduce an intuitionistic fuzzy topology by using the concept
of an intuitionistic fuzzy approximation operator (similar to as in [8, 13]), on
the state-sets of intuitionistic fuzzy automata and establish its relationship with
strong intuitionistic fuzzy subsystems. Interestingly, it turns out that all the
level topologies of one of the fuzzy topologies, induced by the above mentioned
intuitionistic fuzzy topology coincide with a (crisp) topology on the state-set of
an intuitionistic fuzzy automaton.

2. Preliminaries

Throughout, [0,1]% and 14 : X — [0, 1] shall, respectively, denote the set of
all fuzzy sets in X and the characteristic function of a subset A of X.

In this section, we recall some basic definitions related to intuitionistic fuzzy
sets and intuitionistic fuzzy topology from [1, 3, 11].

Definition 2.1. ([1]) Let X be a nonempty set. An intuitionistic fuzzy set (ifs,
in short) u is a pair (uy, uz) of fuzzy sets in X, i.e., functions uy,us : X — [0, 1],
such that ui(z) + uz(z) < 1,Vz € X,

Remark 2.1. An ifs u = (uj,u2) in X will frequently be also viewed as a
function v : X — [0,1] x [0, 1], given by u(z) = (u1(z), ua(z)), z € X, such that
u1(z) +u2(x) < 1.The ifs’s 0 and 1 are given by 0 = (0,1) and 1 = (1, 0), where
0 and 1 are respectively the 0-valued and the 1-valued constant fuzzy sets in X.
We shall denote by IFS(X), the family of all intuitionistic fuzzy subsets of X.
Definition 2.2. (1) Fortwo ifs’s u = (u3,us),v = (vy,v2) in X, we write u < v
if u1(z) < ug(z) and vy (z) > vao(z).
(2) The supremum and infimum of ifs’s u; = (uj1,u,2) in X,j € J, are
respectively defined as
(i) Vjus = (Vjuj1, Ajusa) and
(i) Ajuj = (Ajusi, Vitge).
(3) The complement u® of an ifs u = (u1, uz) is defined as u® = (uz, u1).

Definition 2.3. ([3]) An intuitionistic fuzzy topology (ift, in short) on a nonempty
set X is a family 7 of ifs’s in X, such that

G) 0,1er,
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(i) uj e, jeJ = Vjequ; €7,

(i) yveT=>uAveT.
The pair (X, 7) is called an intuitionistic fuzzy topological space (ifts, in short)
and the ifs’s in 7 are called intuitionistic fuzzy open (ifo, in short). The com-

plement u¢ of an ifo set u in an ifts (X, 7) is called intuitionistic fuzzy closed in
X.

Let (X, 7) be an ifts. Clearly, 7 induces the following two topologies on X (in
the sense of Chang [2]): 7 ={u1:ue€r}andm ={l—uy:ue})

Definition 2.4. ([11]) Let X be a nonempty set. An intuitionistic fuzzy closure
operator on X is a map c: IFS(X) — IFS(X), such that Vu,v € IFS(X), the
following conditions hold:
(i) ¢(0) =0,
(ii) u < e(u),
(iii) c{u Vo) = c(u) Vv e(v),

(iv) e(e(u)) = cfu).

It is easy to check that an intuitionistic fuzzy closure operator ¢ on X, as
defined above, induces an ift on X viz., {(u1,u2) : c(uz, u1) = (u2,u1)}

Remark 2.1. In [11], it is also discussed that an intuitionistic fuzzy closure
operator ¢ can be seen to lead to a pair of maps c1, ¢z : [0,1]% — [0,1]%, such
that e1(u1)(z) + cou2)(z) < 1,Vu = (u1,u2) € IFS(X), which are respectively
a fuzzy closure operator and a fuzzy interior operator on X and vice-versa.
Accordingly, an intuitionistic fuzzy closure operator ¢ can be denoted as (cy, ¢3).

3. Approximation operators and the associated topologies

In this section, we indicate that study of an intuitionistic fuzzy topology can
be carried out much on the same lines as done in [10].
We shall begin with the following definition introduced in [10].

Definition 3.1. (i) A pair (X, R) is called an approzimation space if X is a set
and R is a binary relation on X.
(i1) For an approximation space (X, R),
(a) ¢ : [0,1]% — [0,1]%, defined as, c(A\)(z) = V{A(y) : y € R(z)},\ €
[0,1]%,z € X, is called the fuzzy approzimation operator on X (induced
by R).
(b) 5: 2% — 2% defined as 5(A) = (¢(14))"1(1), 4 € 2%, is called the
approzimation operator on X.

(Here R(x) = {y € X : zRy}.) We note that 5(A) can be alternatively
expressed as 5(A) = {x € X : R(z)N A # ¢}. This is easy to see from Definition
3.1 (ii) (b) and the fact that (c(14)) ' (1) ={z € X :e(la)(x) =1} ={z € X :
V{lay):y€ R(x)} =1} ={z € X : forsome y € R(z) withy € A} = {z ¢
X :R(z)NA# ¢}
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Remark 3.1. Note that, what we have named above as a (fuzzy) approximation
operator on X, has been named in ([8, 12]) as an upper (fuzzy) approximation
operator, since in [8], a lower (fuzzy) approximation operator is also defined.
However, since both the upper and lower approximation operators induce the
same topology on X, the name approximation operator rather than an upper
approximation operator has chosen. We will follow the same nomenclature in
the case of an intuitionistic fuzzy upper approximation operator defined below.

Definition 3.2. ([14]) For an approximation space (X, R),c : IFS(X) —
IFS(X), defined as, ¢(u)(z) = V{u(y) : y € R(z)},u € IFS(X),z € X, is
called the intuitionistic fuzzy approzimation operator on X (induced by R).

Remark 3.2. If the intuitionistic fuzzy approximation operator ¢ : IFS(X) —
IFS(X), is expressed as &(u) = (€1(u1), 2(u2)), Yu = (u1, uz) € IFS(X), then
we are clearly led to two maps &1, : [0,1]% — [0, 1]%, which, Vu = (u1,u2) €
IFS(X),z € X, satisfy ¢1(u1)(z) = V{ui(y) : y € R(z)}, e2(uz)(z) = AMua(y) :
y € R(z)}. Thus an intuitionistic fuzzy approximation operator & can be seen to
lead to a pair of maps €1, : [0, 1]% — [0, 1]%, such that & (u1)(z)+&2(uz)(z) <
L,Yu = (u1,u2) € IFS(X) and vice-versa. Accordingly, we shall denote an
intuitionistic fuzzy approximation operator ¢ as (¢1, ¢2).

Proposition 3.1. ([12]) A relation R on a set X is reflexive and transitive if
and only if the (associated) approzimation operator 5 is a Kuratowski saturated
closure operator on X.

As a consequence of the above proposition, the approximation operator § on
X associated with an approximation space (X, R), induces a saturated? topology
on X, which we shall denote as T(X).

Remark 3.3. Let R* be another relation on X such that y € B*(z) if and only
if x € R(y). Then it is obvious to see that R* is also reflexive and transitive
if R is reflexive and transitive. Thus, by Proposition 3.1, R* also induces a
saturated topology on X, which we shall denote by 7*(X), and the corresponding
approximation operator by §*.

The relationship between the topologies T(X) and T*(X) is given by the
following proposition.

Proposition 3.2. The topologies T(X) and T*(X) on X are dual, i.e., AC X
is T(X)-open iff A is T*(X)-closed.

Proof. Let A be T(X)-open. Then 5(X — A) = X — A. Now z € 5*(4) =
R*(z)N A # ¢ = Jy € X such that y € R*(x) and y € A, or that z € R(y) and
Yy€A ButyeAd=sygdX -A=ydeX —A)=>RyYynNX-—A) =¢ =

1A Kuratowski closure operator k : 2% — 2% on X is being called here saturated if
the (usual) requirement k(A U B) = k(A) U k(B) is replaced by k(UA;) = Uk(A;), where
A,B,Aje2X je

2in the sense that arbitrary intersection of open sets is also open.
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R(y) € A=z € A. Thus ¢*(4) C A, whereby ¢*(A) = A, implying that A is
T*(X)—closed. Conversely, let A C X be T*(X)—closed. Then &*(4) = A. Now
r€EX —A)= R(z)N(X —A) # ¢ = Jy € X such that y € R(z) and y € A,
orthat 7 € R*(y) andy ¢ A. Bty ¢ A=y ¢ c*(4) = Ry NA=9¢=
R(y) CX-A=r€X~-A Thuse(X~A) C X—Aandso (X —A) = XA,
implying that A is T(X)-open.

Proposition 3.3. ([10]) A relation R on a set X is reflezive and transitive if and
only if the (associated) fuzzy approzimation operator is a Kuratowski saturated
fuzzy closure operator on X.

We now observe that an analogue of above proposition for intuitionistic fuzzy
approximation operator exists and is the following.

Proposition 3.4. A relation R on a set X is reflezive and transitive if and only
if the (associated) intuitionistic fuzzy approzimation operator ¢ is a Kuratowski
saturated intuitionistic fuzzy closure operator on X.

Proof. Let R be a reflexive and transitive relation on X. Then, first we need
to show that ¢, is a fuzzy closure operator, i.e., Vu = (u1, u2), u; = (u1;, u25) €
IFS(X), j € J,¢; satisfies

(i) &(0)=0,

(11) Ul S El(ul),

(iti) ei(ei(w)) = erfur),

(iV) 51(\/{U1j 1 j € J}) = \/{c_l(ulj) 1 j € J}
(i) is obvious. (ii} and (iii) follow by using the reflexivity and the transitivity
of R respectively. Finally, given z € X and u; = (u1;,u;) € IFS(X), j € J,
a(V{ur; 1§ € JH() = Viviu 5 € JHy) : y € Rla)} = V{viuy) :j €
J} iy € R@)} = V{V{u,(y) i y € R@)}: j € T} = Viai(uy) : j € JHa).
Thus & (V{ui; : j € J}) = V{a(uy): j € J}.
Further, to show that &, is a fuzzy interior operator on X, we need to verify the
following conditions, u = (uy, us), u; = (u1;, u2;) € IFS(X), j € J:

(i) 22(0)= 0,

(11) U9 Z EQ(’UQ),
(ili) e2(c2(u2)) = e2(u2),
(iv) &2(Mug;:j € J}) =N {é(u) 1 j€ T}
Again, (i) is obvious. (ii) and (iii) follow by using the reflexivity and the tran-
sitivity of R respectively. Finally, given € X and u; = (uyy, uz;) € TFS(X),
jeJ, a(Mugs:j e () = MA{ug; 1 j € Jh(y) 1y € R(@)} = AMA{uz;(y) :
jeJy:y€R@)} =AM {ug(y) : y € R(a)}: j € J} = NMéa(uz;) 5 € JH=).
Thus & (V{ug; : j € J}) = AM{é&(ug;) : j € J}.
Lastly, we need to show that & (uy)(z) + & (u2)(z) < 1,Vu = (u1,u2) € IFS(X),
Vx € X, which is satisfied as shown follows.
&1 (u1)(z) + ca(u2)(z)
—{w(y) : y € R@)} + AMua(y) s y € R(x))
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SV{u(y) 1y € R@)}+AM1-ui(y) 1 y € R(z)}, (as w1 (y) +ua(y) < 1,Vy € X)
=V{u(y) :y € R(z)} +1~V{w(y) :y € R(z)} =1

Thus &1 (u1)(z) + E2(uz)(z) < 1,Vu = (ur,us) € IFS(X),Vz € X. Hence
¢ = (€1,C2) is an intuitionistic fuzzy closure operator on X.

Conversely, let ¢ be an intuitionistic fuzzy closure operator and z € X. Then

1=(1,0) = (1is}(2), 1x—(2}(2)) < &Lz} (2), 1x_ (23 (@)).

Thus €(1(;)(x), 1x—(z3(x)) = 1, whence V{l{z3(y) - v € R(z)} = 1 and
M1x_(z3(y) 1y € R(z)} = 0 = z € R(x). Hence R is reflexive. Also, let y €
R(z)and z € R(y). Theny € R(x) = &1z, Ix—(3)(Y) < E(E(1isy, Ix—g23)(@) =
&(1{z}, 1x—(23)(®), while 2 € R(y) = 1 = (14}, Lx—(23)(2) < &1}, Lx—(2))(®)-
Hencel < &(1{z3, Lx - (z})(z), whereby (1,3, 1x_:})(z) = I, or that ci(lzy)(z)
=land &(1x—{z})(2) = 0. Thus 3w € R(z) with (1(,})(w) = 1 and (1x— (-} )(w)
=0, implying that z = w and so z € R(z). Hence R is transitive also.

We shall denote the ift induced by ¢ = (¢1,&2) on X as 7(X) and the two
fuzzy topologies induced on X by &, and ¢, as 7 (X) and 7»(X).

4. Relationship between topologies 7,(X) and T*(X) as well as
T2(X) and T(X)

From [6], recall that for a given fuzzy topology A on a set X, and any a €
[0,1), ta(A) = {A7! (e, 1] : A € A} is well-known to be a topology on X, referred
to as the a-level topology of A. Tt is customary to denote by t(A), the supremum
of the topologies ¢4 (A), o € [0,1), and call it the topological modification of the
fuzzy topology A.

In the remaining part of this section, X is a set with a reflexive and transitive
relation R, 7;(X),72(X) are the fuzzy topologies, and T(X),T*(X) are the
topologies on X, as defined in the previous section.

Proposition 4.1. 1, (71(X)) = T*(X) and 1o(72(X)) C T(X),Ya € [0, 1).

Proof. Fix any a € [0,1). Then «o(71(X)) = {ui'(a,1] : w; € [0,1]%, (1 —
w)=1-wu}={1-w)0,1-0):u €[0,]¥ a1 -u)=1-u} Also,
T"(X)={A€2X : X -A) = X-A} Let A= (1-u) '[0,1—a) ¢
ta(71(X)). Then Gi(1 —uy) =1 — uy.

To show that §*(X ~A) = X - A, it is enough to show that (X -A4) C X —A.
Let 2 € 5" (X — A). Then R*(x)NX — A # ¢. So, let y € R*(z)N (X — A). Also,
yeX-A=yZA=(1-w)(y) >1-a. Now, (1 —ui)(z) =1 —u)(z) =
V{l-u)(y):yeR* @)} >1-a=zd (1-u) 10, l-a)=A=>z € X—A.
Hence 3"(X — A) C X — A. Thus 1o (7 (X)) C T*(X).

Conversely, let A € T*(X), so that (X — A) = X — A. To prove that
A € 1o(71(X)), it is enough to show that

(i) A=13'4[0,1—a) and
(i) e1(lx_a) =1x_a4.
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(i) is obviously true. To show (ii), let z € X. If & (1x_a){x) = 0, (ii) follows
obviously. If &1(1x_4)(z) > 0, then 3y € R*(z) such that 1x_4(y) > 0. But
then 1x_4(y) = 1, whereby y € X — A. Thus y € R*(z) N (X — A4) and so
R*(z) N (X — A) # ¢. Hence x € (X — A) = X — A, whereby 1x_4(z) =
1, implying that ¢ (1x_a)(x) < 1x_a(z). Hence T*(X) C to(71(X)). Thus
ta(F1(X)) = T*(X),Va € [0,1).

We now show that 1o (7(X)) C T(X),Va € [0,1). Fix any a € [0,1). By
definition, ¢ (72(X)) = {u3 (e, 1] : up € [0,1]%, & (u2) = uz} and T(X) = {A €
2% .5 (A) = A}. Let A =u; Y, 1] € ta(72(X)). Then &(u2) = ua.

We show that §*(A4) = A, for which it suffices to show that 5*(A) C A. Let
z € §°(A). Then R*(z)N A # ¢. So, let y € R*(z) N A. Then y € R*(x) and
y € A. Also, ua(y) > a, as y € A. Thus ua(z) = &(u)(x) = NMuly) 1 y €
R*(z)} > a. Hence z € u;'(a, 1], or that 2 € A, whereby 3*(A) C A. Hence
ta(72(X)) € T(X),Va € [0, 1).

From the above proposition, following is obvious.

Proposition 4.2. T(X) is the topological modification of 7(X).

5. An intuitionistic fuzzy topology for intuitionistic fuzzy automata

In this section, we introduce two {crisp) topologies and an intuitionistic fuzzy
topology on the state-sets of intuitionistic fuzzy automata (by using the concept
of approximation operators), which are precisely the same, what have introduced
in [11]. Lastly, we indicate the relationship between intuitionistic fuzzy automata
and intuitionistic fuzzy topology, as done in [11].

Definition 5.1. ([11]) An intuitionistic fuzzy automaton (ifa, in short) is a
triple M = (Q, X, ), where @ is a set (of states of M), X is a monoid (the
input monoid of M with identity e), and § is an ifs in @ x X x @, such that
Vg,p€ Q,Vz,y€ X,

61(q,e,p)={ (1) ?fcg;; 62(q,e,p)={ é Zgig,
61(‘17-,1:'!/-,1)) = V{61(q,ac,r) A 51(Ta yap) T e Q}) a'nd
02(q, xy,p) = N{b2(g, z,7) V Sa2(r,y,p) : 7 € Q}.

In what follows, Q will throughout denote the state-set of an intuitionistic
fuzzy automaton (@, X, J).

Definition 5.2. ([5]) Let A C Q. The intuitionistic source and the intuitionistic
successor of A, are respectively the following sets:

og(A) ={q€ Q:d(g,z,p) >0 and 82(q, z,p) < 1, for some (z,p) € X x A}
sg(A) ={pe€Q:d0(q,z,p) >0 and d2(q, z,p) < 1, for some (z,q) € X x A}.

Note that the intuitionistic source operator o (respectively the intuitionistic
successor operator s), defined in Definition 5.2, induces a reflexive and transitive
relation R (respectively R*) on @Q, given by pRq (respectively pR*q) if p € o(q)



106 S. P. Tiwari

(respectively p € s(q)), which must give rise to a topology (and also, its dual
topology) on @ (cf. Proposition 3.1, 3.2). We shall denote the topologies so
given by R and R* by IT(Q) and IT*(Q) respectively (which are precisely the
same as introduced in [11]).

Definition 5.3. ([11]) Let M = (Q, X, 6) be an ifa and u be an ifs in Q. Then
u is called a strong intuitionistic fuzzy subsystem of M if Vp,q € Q,

p € o(q) = ui1(p) < ui(q) and uz(p) > ua(q).

We next show that there is an intuitionistic fuzzy topology on @ such that the
strong intuitionistic fuzzy subsystems of an ifa (Q, X, é) turn out to be precisely
the 7(Q)-closed ifs’s of Q. Let (@, X, d) be an ifa. Consider the reflexive and
transitive relation R on @), defined as

PRqiff p € 0(q),Vp,q € Q
Obviously, o(gq) = R{q),Vq € Q. So as in Definition 3.2, there is an intuition-
istic fuzzy approximation operator on Q given by

&u)(q) = V{u(p) : p € o(q)},Vu € IFS(Q),Vq € Q.

This operator ¢ must be a saturated intuitionistic fuzzy closure operator on
Q (Proposition 3.4). Thus & induces an intuitionistic fuzzy topology (which is
precisely the same as introduced in [11]) on Q. We shall denote the ift induced
by ¢ = (é1,&2) on Q as 7(Q) and the two fuzzy topologies induced on Q by &
and &, as 71(Q) and 72(Q).

Proposition 5.1. u € IFS(Q) is a strong intuitionistic fuzzy subsystem of an
ifa (Q, X, 96) if and only if u is intuitionistic fuzzy 7(Q)-closed.

Proof. Similar to as done in [11]. The relationship between the fuzzy
topologies 71 (@) and #»(Q), induced by the intuitionistic fuzzy topology #(Q),
and the topologies IT(Q) and IT*(Q) is given by the following Proposition,
which is evident from Proposition 4.1.

Proposition 5.2. 1o(71(Q)) = IT*(Q) and 1o(m2(Q)) C IT(Q),Va € [0,1).
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