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Abstract
By using the white noise theory for fractional Brownian sheet, we give new representations of the Wick
integrals of various types with respect to fractional Brownian sheet with Hurst parameters Hy, H, € (0, 1).
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1. Introduction and Notations

Recall that a real-valued fractional Brownian sheet(fBs) B” with Hurst parameter H = (H;, Hy),
Hi,H, € (0, 1), is a centered Gaussian random fields with covariance

2

E|B"(@)B"(a)] = ﬂ

i=1

(1 + P! ~la; = BiP").

N =

where a = (a;,ay), b = (b;,b;) € R®. The elementary theory of stochastic calculus for fBs has
recently been developed by several authors (see Kim, 2006, 2009; Kim and Jeon, 2006; Kim et al.,
2008, 2009; Kim and Rhee, 2008; Kim and Park, 2009; Tudor and Viens, 2003). Among them, Kim
and Jeon (2006) define the following Wick integrals with respect to fBs and derive an It6 formula for
fBs by using the white noise theory for fBs: for z = (z1,22) € R? = [0, 00) X [0, 00)

f a(a)dB"(a), f Bla, b)dB"(a)dB" (b), (1.1
R, <R,

R,

f Bla, b)dadB" (b), f Bla, b)dB" (b)db,
R, <R, R,<iR,

where R, = [0, 1] X [0, z2] and the set R, <; R, will be defined below.

In this paper, we prove that the Wick integral of the process d; B (a) o 8,B"(a) exists, where
the notation ¢ denote the Wick product. By using this integral, we give a new representation of the
second Wick integral in (1.1). On the other hand, for new representations of the third and fourth Wick
integrals in (1.1), we use stochastic line integrals with respect to fBs, being defined in this paper.

We give some notations that are used throughout the paper. Let a = (a1, a;) and b = (b, by) be
two points in R
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The notation a < b will denote the condition ¢; < by and a; < b,.

The notation a <; b will denote the condition ¢; < b; and a, = b,.

The notation a = b will denote the point {(a;, by).

For a < b, the notation R, ) will denote the rectangle [a, b] and Ryo ) = R;.
e Forx=(x,...,x) €R"and @ = (1,..., @) € R", letus set x* = [], x7 and dx” = [, dx7

¢ The notation R, <I; R, will denote the set {(a,b) € R, X R, : b <y a}.

2. Preliminaries

We recall the white noise theory for fBs, given in Hu et al. (1996) (see Biagini et al. (2004) and
Elliott and van der Hoek (2003) for fractional Brownian motion), to be necessary for our works. Let
S(R?) be the Schwartz space of rapidly decreasing smooth functions on R?, We consider the white
noise space (€, F,P) as the underlying probability space, i.e, Q := S’(R?) is the space of tempered
distributions and [P is an unique probability measure such that

f e~ dP(w) = e MW, for feS®.
"(R?)

Then we have the isometry E[< -, f >< -, g >] = ( f 8122y, and using this we can extend < -, f > to
f € LXR?). For a,b € R?, we define 1(,)(x) = [12, Liapy(x:) for x = (x1, x;), where the indicator
function 1, 4,(x;) is given by

1, for a; < x; £ by,
1oy =4 -1, for b; < x; < a;,
0, otherwise.

For f € S(R?), we define an operator Iy, f : R> — R, i = 1,2, by

fx+ue) 1
| ————du, for - <H; <1,
A R |u|(§)‘Hi “ 2
1
Infx) =1 f, for H; = > 2.1
ff(x ue;) - f(x) du, for 0<H;< l
u‘( )-H# 2

where ¢, = (1,0), & = (0, 1) and

co o sin(rH)C(2H; + 1)
™ 2T(H; - (1/2)) cos((n/2)(H; — (1/2))°

Let Iy f(x) = Iy, (In,)f(x). Then a continuous version of < -, Iylp,y > is fBs with arbitrary Hurst
parameters H = (H, Hy), H|, H, € (0,1) on (Q, F, P).

Let H,(x) and h,, n = 0,1, ..., be the n"" Hermite polynomial and the n™ Hermite function respec-
tively. For @ = (@), a7) € N? (with N = (1,2,...}), let us set e,(x;, x3) = ]_[,‘2=1 ho{x;). Denote by A
the set of all finite sequences a = (dy,d3,...,a,) Witha; € (0JUN, m = 1,2,.... Fora € A, we set
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a! = [[Z,aand Ja| = 32 a;. Leta®,i = 1,2,..., be a fixed ordering of N? such that for i < j,
la®| < |o!?|. With these notations, we define

Hy(@) = | [Ho(< 0,0 >).
i=1

We recall the following chaos expansion theorem.

Theorem 1. Let F € L? := L*(Q,F,P). Then there exist constants c, € R for a € A such that
F@) =) caHy() limitin L2, 2.2)
acA
Furthermore, we have the isometry ||F ”1%,2 = Yacaalct.
Let Z be the set of all integers. For p € Z and F given in (2.2), we define the norm |{|F Hf) =
Y acA cﬁa!(ZN)Pa, where 2N)? = [, 2D% with a = (a;,...,an,). If p € N, we define the space

(S), = {F € L? : ||F|]% < oo} and endow (S), with the norm || - ||,. Also define (S)_, = {F € L? :
IFIZ, < o).

Definition 1. (1) The projective limit of the spaces (S),, p € N, is called the space of the stochastic
test functions and denoted by (S). (2) The inductive limit of the spaces (S)-p, p € N, is called the
space of stochastic distributions and denoted by (S)*. (3) For F(w) = ¥ aea caHa(w) and G(w) =
2bea dpHp(w), define the Wick product (F o G)(w) = iabea CadpHap(w).

We first note that if f € S(R?), then Iy f € L*(R?). Furthermore, if f,g € S(R?), then (f, Ing) 2k =
(Inf, £)12&2)- Hence with the above notations, the chaos expansion of fBs is given by

B"(@,0) = ) (newn, Low)zyHa(w),
=1

where ¢ = (0,...,0,1,0,...,0), " unit vector.
The two-parameter fractional white noise W (a, w) is defined by the derivative in (S)* of B (a, w):

_ 8’B(a, w)

W (a, w) = S =Z(1Heau>)(a)H€,(w). (23)
=1

3. Wick Integrals of Various Types
First we give the definition on (S)*-valued surface integrals for multi-parameter case.

Definition 2. Ler Z : R" — (S)* be a given function satisfying
f |< Z(t), ¢ >y )| dt < o, forall ¢ e(S), (3.1
Rn

where < -,- ) (s) Is the bi-pairing (S)* and (S), and t = (t1,...,t,) € R". Then we define (S)*-
valued integral fR,, Z(t)dt to be the unique element of (S)* such that for all ¢ € (S),

< f Z(t)dt, ¢ >y (5)= f < Z(t), ¢ > s dt.
R R*
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If (3.1) holds, we then say that Z is integrable in (S)*.

For o = (a(ll), a/(zl)), we define two partial fractional white noises:
88" (2. w) = ; (1,,1 ha(lo) (@) (IHZ oo, 1(0,02))”(10 H, (), (G2)
0:8" (@) = " (In Loan) . (1ot @2 He @), (33)

=1

Then it is easily shown that the noises, defined by (3.2) and (3.3), satisfy that 3, B(a) € (S)* and
0,B%(a) € (S)* foreach a € R2.

Definition 3. Let y(0) = (y1(0), ¥2(0)) be a smooth curve on o € [0,1] and Z : R* — (S)* be a given
Sunction such that fori = 1,2 and for all ¢ € (S),

1
fo |« Z(¥(0)) 0 :BP (V). ¢ >sys) Yi(0)|do < oo. (34

Then we define (S)*-valued line integral ﬁy Z3;BY to be the unique element of (S)* such that for all
e (®),
< fzaiBH, @ >y 8= f <« Z(a) o 6iBH(a),go > 681 .S) da;, i=1,2.
Y Y

Remark 1. We may consider the Wick integrals L ZA;BH, i = 1,2, as the line integral of the

stochastic differential 1-forms Z(a) ¢ 8;B"da; in R*. Let h, and v, be the horizontal line segment con-
necting a point z € [0, T] with y-axis and the vertical line segment connecting a point z € [0, T'] with
x-axis, respectively. Then the stochastic line integrals fh Z0,BY and fv Z0,BY can be represented as

]
f ZoBY = f Z(a*z) 0 8;B(a * 2)day
h, 0

x4
f Zd,BY = f Z(z * a) ¢ 8; B (z * a)day,
v, 0

respectively. We refer to Cairoli and Walsh (1975) for standard Brownian sheet.

The following lemma is the direct extension of Lemma 2.5.6 in Holden et al. (1996) to two-
parameter processes.

Lemma 1. If Z(a) : R* — (S)* has an expansion Z(a) = Y aca Cal@Ha(w), where
Za!llcallLu(Rz)(ZN)"’“ < oo, forsome p>0. 3.5)
acA

Then Z(a) is da-integrable in (S)* and

f Z(@da =) f ca(@)daH,(w). (3.6)
R acA R?

Now we show that the Wick product of two partial fractional white noises, given in (3.2) and (3.3), is
integrable in (S)".
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Lemma 2. A process 8, B"(a) o 0,B"(a) is da-integrable in (S)* and

H H _
ﬁ 018" 0 028" @da _l; J; | (IH, ha(ln,l(o,a]))wm (Iﬂzhagk),yo,az))mm 3.7

X (1)@ ) (g ) (@2)daH s @),

Proof: Since d,B"(a) o ,B"(a) € (S)* and

H H _
01B"(a) ¢ 3,B" (a) = ; ; (IH. hagz), l(o’a‘))U(R) (Itha(zk), l(o’aZ))LZ(R)

€f+ep=a

% (I o ) (@) (I 0 ) (@) L (@Ha(@),
the result follows from Lemma 1 if we prove that for some p > 0,
> alf@EN) T < o,
acA

where
2

&a) = Z (Ithagml(O.al))Lz(R) (Itha(zk)’l(O»az))U(R) ><(Ithagb)(al)(1H2h0g>)(a2)11ez(a)

Lk
€+e=a

LY(R?)

Since [Igh w(a)l < Ck*3Hi2 < Ck¥3, i = 1,2, for some C > 0 and k > 1 (see e.g. Elliott and van
der Hoek, 2003),

Ji

The above estimate gives

da < C(zizp)* (kD)5 .

In, ® In, (ha(‘k) ® hag)) ) f In, ®1In, (ha@ ® hag)) (b)db
R, !

2

@) < Can)’| ) (D] < Can’U@P ), kb, (33)

€+ =a €+ =a

where l(a) is the number of nonzero elements of a. By (3.8), we have

2, A@ENT < Caz)? Y all@l ) ()} N)™

acA acA Lk
€1+5k:a

= Cun) ) (6 +&)lie + ) (k) QN) et
Lk

2
11
< 2574(C(712,)? (Z k@)-q] <oo, for g> .
k

We denote by Jpu(z) the Wick integral in Lemma 2.
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Theorem 2. Let ¢ : R* — (S)* be a process such that ¢(a * b) o WH(a) o WH(b) is dadb- mtegrable
in (S)*. Then ¢(a) o 8;B"(a) o 8B (a) is da-integrable in (S)* and it holds

Imuez

2 X1

#(a * bydB" (a)dB" (b) = f d@)dJgu(a), (3.9
R,

where Jgn(2) = [, 81B%(a) o 8,B"(a)da.

Proof: By the property of Wick product, we have that ¢(a) ¢ 8;B"(a) o 8,B"(a) € (S)*. For any
F € (S), it follows from the definition of the (S)*-integral and assumption that

$@)dIgi(a), F >y s = f < ¢(a) o 8B (a) 0 8,B"(a), F >y s, da. (3.10)
R, R,

Note that , 1
9:B%(a) = f WHaxb)db, and 8,B%(a) = f WH (b * a)db,.
0 0

Therefore, the right-hand side of the Equation (3.10) equals

f < ¢(a) 0 3,B"(a) 0 8,B"(a), F > s) da (3.11)

R,
= fR < ¢(a)<>( j: ' WH(a*b)dbz)o( f: 1 WH(b*a)dbl),F >y ) da
= j; < j: ] f: : #(a) o W (a « b) o WH(b * a)db,db,, F > gy s da.
By Fiibini theoremz, the last integral in (3.11) can be written as
f ! f * f 1 f " < (@0 WH(ax b) o WH(b x a), F >y, drdardardhy,  (3.12)
a1=0 Jby=0 Jb,=0 Ja,=b,

By changing the role of a, and b, in the integral of (3.12), we obtain that (3.12) equals

71 22 1 22 .
f f fﬂ f < ¢(a = b) o W(a) o WH(b), F >y (s) dadb (3.13)
a1=0 Jar=0 Jb;=0 Jby=a,

f f f f < Plaxb)o WH(a) © WH(b), F >89 dadb
a1—0 az—O b| bz =ay

= f < ¢(a* D)l pa,q © W(a) o WH(B), F >y (5) dadb.
R,XR,

From (3.11) and (3.13), the process ¢(a) © 8; B"(a) o 8B (a) is da-integrable in (S)* and the Equation
(3.9) holds. O

We consider the third and fourth integrals in (1.1).

Theorem 3. (i) Let ¢ : R? — (S)* be a process such that ¢(a + b) o WH(a) is dadb-integrable in (S)".
Then ¢(a) o 8 B"(a) is da-integrable in (S)* and it holds

f #(a * b)dad B" (b) —f f ay¢(a)d, B (a)das. (3.14)
R, <iR, Pzva
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(ii) Let ¢ : R> — (S)* be a process such that ¢(a * by o WH(b) is dadb-integrable in (S)*. Then
#(a) o 0,B"(a) is da-integrable in (S)* and it holds

f &a * bYdB" (a)db = f Z] f ar¢(a)d, B (a)da;. (3.15)
Rzﬁle 0 Varz

Proof: By the property of the Wick product, we get ¢(a)¢d,B"(a) € (S)*. Since ¢(a*b)l[bﬂ,a]oWH (@)
is dadb-integrable in (S)*, we have that for any F € (S)",

f p<a < Plaxb)o WHa), F > sy, s) dadb (3.16)
R,XR,
bz a|
= f f f < ¢(a * b) o WH(a), F 261, dazdbldaldbz
R, Jay=0 Jb =0
22 21
= f (f a1 < ¢(a) ¢ 81B"(a), F >y s) dal)daz
0 0
22
=< f f a1¢(a) < 6IBH(a)da1da2, F > (Sy (S)
0 hpa
22
=< f f a1¢(a)6lBH(a)da2, F 018 -
0 [

Since (3.16) holds for all F € (S)*, the equality (3.14) follows. By using the same arguments as for
the proof of (3.14), we can show that the Equation (3.15) holds. U

Remark 2. The new integrals defined in this paper can be used to derive Ito formula for fractional
Brownian sheet. Let f € C*(R) be a function such that f(B” (a * b)) satisfy the conditions in Theorem
2 and 3. Then Itd formula given in Kim and Jeon (2006) can be represented as follows:

fB @) = f(0) + f £ (BY)dB @) +2H | " (BH(a))aZH‘lda (3.17)
R,

R,

+ | £ (BY@)dlu(a)
R,

22

+H, f axthl f & £ (B (@) 88" (a)day.
0 [ 2
21

+H f a2t f @™ O (B" (@) 9,B" (a)day
0 Vasz

+2H f f#(B"(@)a*""da.
R,
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