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INTUITIONISTIC FUZZY 6-CLOSURE AND 6-INTERIOR

SEOK JONG LEE AND YOUN SUK Eoum

ABSTRACT. The concept of intuitionistic fuzzy 6-interior operator is in-
troduced and discussed in intuitionistic fuzzy topological spaces. As ap-
plications of this concept, intuitionistic fuzzy strongly #-continuous, intu-
itionistic fuzzy 6-continuous, and intuitionistic fuzzy weakly continuous
functions are characterized in terms of intuitionistic fuzzy #-interior op-
erator.

1. Introduction

As a generalization of fuzzy sets, the concept of intuitionistic fuzzy set was
introduced by Atanassov [1]. Recently, Coker and his colleagues [2, 3, 4] in-
troduced intuitionistic fuzzy topological space using intuitionistic fuzzy sets.
Mukherjee introduced the concepts of fuzzy #-closure operator in [9] and the
notions of fuzzy #-continuous and fuzzy weakly continuous functions in [8].
Hanafy et al. introduced and investigated intuitionistic fuzzy #-closure opera-
tor, intuitionistic fuzzy strongly #-continuous, intuitionistic fuzzy 6-continuous
and intuitionistic fuzzy weakly continuous functions in [6]. In this paper, we
define intuitionistic fuzzy 6-interior operator and study the properties of in-
tuitionistic fuzzy 6-interior operator in intuitionistic fuzzy topological spaces.
As applications of this concept, intuitionistic fuzzy strongly 6-continuous, intu-
itionistic fuzzy #-continuous, and intuitionistic fuzzy weakly continuous func-
tions are characterized in terms of intuitionistic fuzzy #-interior operator.

2. Preliminaries

Let X be a nonempty set and I the unit interval [0,1]. An intuitionistic
fuzzy set (IFS for short) A is an object having the form

A={(z,pa(@),7a(@)) : 2 € X},

where the functions gy : X — I and 74 : X — I denote the degree of
membership and the degree of nonmembership, respectively, and g4 +v4 < 1.

Received June 24, 2009.

2000 Mathematics Subject Classification. 54A40.

Key words and phrases. intuitionistic fuzzy 6-interior, intuitionistic fuzzy strongly 6-
continuous, intuitionistic fuzzy 6-continuous, intuitionistic fuzzy weakly continuous.

(©2010 The Korean Mathematical Society

273



274 SEOK JONG LEE AND YOUN SUK EOUM

Sometimes we denote A = (pua,v4) for simplicity. Let 7(X) denote the set of
all intuitionistic fuzzy sets in X.

Obviously, every fuzzy set 4 in X is an intuitionistic fuzzy set of the form
{(z,pa(2),1 = pa(z)) : x € X}.
Definition 2.1 ([1]). Let X be a nonempty set and the IFSs A and B be of
the form A = {{(z,pa(x),va(x)) : z € X}, B = {{(z,up(x),y5(x)) : x € X}.
Then
A < B if and only if pa(z) < pp(z) and ya(x) > vp(x) for all z € X,
A=Bifand onlyif A < B and B < A,
A® = {{z,ya(x), pa(z)) 2 € X},
ANB = {(z,na A pp(z), 74 Vyp(2)) 1 0 € X},
AUB = {(z,puaV pp(r), 74 ANyp(2)) : * € X},
) 00 ={(z,0,1) : 2z € X} and 1. = {{2,1,0) : x € X }.

Definition 2.2 ([2]). Let X and Y be two nonempty sets, and let f : X — Y
be a function.

(D) If B={(y,pus(v),vs(y)) :y € Y}is an IFS in Y, then the preimage of
B under f, denoted by f~!(B), is the IFS in X defined by

F7UB) = {2, [ (up) (@), T (B)(2)) 2 € X}
(2) If A= {(z, a(x),04(x)) : x € X} is an IFS in X, then the image of A
under f, denoted by f(A), is the IFS in Y defined by

FA) ={{y, fAa)(y), A = (L= 64))(y)) sy €Y},
where
sup  Aa(z) if fTl(y) #¢
fQAa)(y) = § =/t
0 otherwise,
inf A if ft
(L= f(1—0a))(y) = { 2€f 7 W) Ao g @ me
1 otherwise.
Theorem 2.3 ([2]). Let A and A; (j € J) be IFSs in X, B and B; (j € K)
IFSs in'Y. Let f: X — Y be a function. Then
(1) A1 < A2 = f(A1) < f(Aq),
2) Bi < By = f~1(B1) < fH(B2),
f(A)) (If f is injective, then A = f~1(f(A)),
If f is surjective, then B = f(f~Y(B)),
~H(By),
(Bj),

;). (If f is injective, then (N A;) = N F(4,)),

=1, if [ is surjective,
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(12) f71(B°) = f~H(B)".
Definition 2.4 ([2]). An intuitionistic fuzzy topology (IFT for short) on a
nonempty set X is a family 7 of IFSs in X which satisfies the following axioms:
(1) 00,1 €T.
(2) GiNGy e 7T for any G1,G2 cT.
(3) UG; € T for any arbitrary {G; :ie€ J} <7T.
In this case the pair (X,7) is called an intuitionistic fuzzy topological space

(IFTS for short) and any IFS in 7 is known as an intuitionistic fuzzy open set
(IFOS for short) in X.

Definition 2.5 ([2]). Let (X,7) bean IFTS and A = (z, s, Aa) an IFS in X.
Then the intuitionistic fuzzy interior of A and the intuitionistic fuzzy closure
of A are defined by

cd(A)=({K|A<K,KceT}
and

int(A)=U{G|G<AGeT}.
Theorem 2.6 ([2]). For any IFS A in (X, T), we have

cl(A°) = (int(A))¢ and int(A°) = (cl(A))°.

Definition 2.7 ([3, 4]). Let o, 8 € [0,1] and o+ 5 < 1. An intuitionistic fuzzy
point (IFP for short) z(, ) of X is an IFS in X defined by

_ (Ot, 6) if y=ux,
) = { 0,1) if y#u.
In this case, x is called the support of z(, ), @ the value of x(, gy and (3 the

nonvalue of x4 ). An IFP x4 gy is said to belong to an IFS A = (p4,74) in
X, denoted by z(q,5) € A4, if @ < pa(x) and B > ya(x).

Remark 2.8. 1f we consider an IFP z(,,5) as an IFS, then we have the relation
T(a,3) € A if and only if x(, g) < A.

Definition 2.9 ([3, 4]). Let x(, 3 be an IFP in X and U = (uy,yy) an IFS
in X. Suppose further that « and § are real numbers between 0 and 1. The
IFP (4,p) is said to be properly contained in U if and only if o < py(x) and
8> vyu(x).

Definition 2.10 ([4]). (1) An IFP x(, g is said to be quasi-coincident with
the IFS U = (z,puv,vv), denoted by (4 )qU, if and only if a > yy(x) or
B < pu ().

(2) Let U = (uy,yw) and V = (uy,yv) be two IFSs in X. Then U and V
are said to be quasi-coincident, denoted by UqV/, if and only if there exists an
element z € X such that uy(z) > vy () or yu(x) < py ().

The word ‘not quasi-coincident’ will be abbreviated as q.

Proposition 2.11 ([4]). Let U,V be IFSs and x(4,3y an IFP in X. Then
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)y UqVe <= U<V,
) UqV <= U L Ve,
) Ta,p) SU = Z(a,pU°

Definition 2.12 ([4]). Let (X,7) be an IFTS and x(,,5) an IFP in X. An
IFS A is called a neighborhood (g-neighborhood, respectively) of x4 gy, if there
exists an IFOS U in X such that x4, 5) € U < A (2(4,3qU < A, respectively).
The family of all neighborhoods (g-neighborhoods, respectively) of x(, gy will
be denoted by N(z(q,3))(N(x(q,3)), respectively).

3. Intuitionistic fuzzy 6-closure and 6#-interior
In this section, we study some properties of intuitionistic fuzzy 6-interior.

Definition 3.1 ([6]). An IFP z(, g) is said to be intuitionistic fuzzy 0-cluster
point of an IFS U if and only if cI(4)qU for each g-neighborhood A of z(, g).
The set of all intuitionistic fuzzy 8-cluster points of U is called the intuitionistic
fuzzy 0-closure of U and denoted by clp(U). An IFS U will be called intuitionis-
tic fuzzy 0-closed (IFOCS for short) if and only if U = clg(U). The complement
of an IFOCS is called an intuitionistic fuzzy #-open set (IFGOS for short).

Remark 3.2. Usually, the complement of a fuzzy set A is defined by 1 — A,
but the complement of an intuitionistic fuzzy set A = (x, pa,v4) is defined by

A® = (x,ya,p4). So

1—A=(x,1-pa,1—7a) # (2,74, 14) = A".
Moreover, although A is an intuitionistic fuzzy set, the set 1 — A is not nec-
essarily an IFS. In [6], Hanafy defined the intuitionistic fuzzy 6-interior of U
by

intg(U) =1- Clg(l — U)

This definition could be misunderstood because of the expression 1 —U. So we
rephrase the definition of intuitionistic fuzzy f-interior as follows.

Definition 3.3. Let (X,7) be an IFTS and U an IFS in X. The intuitionistic
fuzzy O-interior of U is denoted and defined by

into(U) = (clo(U))".
From the above definition, we have the following relations:

(1) clp(U) = (intg(U))",
(2) (clg(U))¢ = intg(U).

Lemma 3.4. Let U,V and A be IFSs in an IFTS (X,T). If Aq(U UYV), then
AqU or AqV.

Proof. Suppose that AqU and AqV. Then A < U® and A < V¢ Thus A <
Uenve=(UUV)° Hence AGUUV). O
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Theorem 3.5. Let U and V be two IFSs in an IFTS (X,T). Then we have
the following:

(1) clg(0~) = On,

(2) U < clp(U),

(3) U<V =clp(U) <clp(V),
(4) clg(U)uclp(V) =clp(U U V),
(5) clp(UNV) <clp(U)Nelp(V).

Proof. (1) Obvious.

(2) Suppose that there is an IFP x(, ) in X such that z(, g) & clp(U) and
T(a,3) € U. Then there is a g-neighborhood A of 7(4, ) such that cl(A)qU. Thus
A < U¢. Since A is a g-neighborhood of z(, gy, there is an IFOS V' such that
T(a,3)qV < A. Since A < U¢, we have x(,,)qU¢, and hence z(, 3y £ U. On
the other hand we have (4 ) < U, because x(, 5y € U. It is a contradiction.

(3) Let x(q,5) be an IFP in X such that z( ) ¢ clg(V). Then there is a
g-neighborhood A of (4 g) such that cl(A)gV. Since U <V, we have cl(A)qU.
Therefore (4 5) ¢ clg(U).

(4) Since U U UV, clp(U) < clp(U U V). Similarly, clp(V) < clp(U U V).
Hence clg(U) Uclp(V) < clg(U U V). On the other hand, take any (4 ) €
clg(U U V). Then for any g-neighborhood A of x4 gy, cl(A)g(U UV). By
Lemma 3.4, cl(A)qU or cl(A)qV. Therefore 2, gy € clo(U) or z(4,5) € clp(V).
Hence clg(UUV) < clp(U) Ucly(V).

(5) Since UNV < U, clp(UNV) < clp(U). Similarly, clg(UNV) < clp(V).
Therefore clg(UNV) < clp(U) Nclp(V). O

Remark 3.6. For an IFS A in an IFTS (X,7), intuitionistic fuzzy 6-closure
clp(A) is not necessarily an IFOCS, and hence clp(clg(A)) # clp(A), which
is shown in the following example. Thus cly operator does not satisfies the
Kuratowski closure axioms.

Example 3.7. Let X = {a,b,c} and U = ((¢%, 5% 02): (%> o550 09)), V =
(& o 03) (% o0 09)- Then the family 7 = {0,1,U, V} of IFSs of X is
an IFT on X. Let A = (({%. o5 05)» (&%, 5%+ o)) be an IFS in X. Then
a.801) & clo(A) and ae0.4) € clo(A). But apso1) € clo(ap.e,0.4)) <
clp(clp(A)). Hence clp(clg(A )) # clp(A).

Remark 3.8 ([6]). For any IFS U in IFTS (X,7T), cl(U) < clp(U). Moreover
cl(U) = clp(U) for an IFOS. Thus for any IFS U in IFTS (X, T),

clg(U) = (clo(A) | A€ T,U < A}
= ({cl(4) | A€ T,U < A}.

So, in an intuitionistic fuzzy regular space (X, 7 ), every IFCS is an IFICS and
hence for any IFS U in X, cly(U) is an IFOCS.

Clearly, U is an IFOOS if and only if inte(U) = U. Also we have following
properties for the interior operator.
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Theorem 3.9. Let U and V be two IFSs in an IFTS (X,7T). Then we have
the following:
(1) intp(1.) =1,
(2) inty(U) < U,
(3) U <V =intp(U) < inty(V),
(4) intg(UNV) =inte(U) Ninte(V),
(5) intg(U) Uintg(V) < intg(U U V).

Proof. (1) Obvious.

(2) Let 2(q,5) € intg(U). From the fact that inte(U) = (clp(U))° =
<x”yclg(Uc)’/‘clg(Uc)>7 we have a < VCIQ(UC)("E) and 3 > fic], ey (x). Since
Uc < clg(U¢), we have pye < fel, ey and Yue = Vel (ey- Thus a < yye (z) =

pu(z) and B > pye(z) = yu(r). Hence x4 5 € U.

(3) Let U < V. Then U°¢ > V°. By Theorem 3.5, clg(U®) > clp(V°). Thus
(clg(U9))e < (clp(V©))e. Hence intg(U) = (clg(U®))¢ < (clg(V))¢ = inte (V).

(4) intg(UNV) = (clp((UNV)9))¢ = (clg(UUV®))¢ = (clg(U)Uclg(VE))¢ =
(clg(U)) N (clg(V9))e = intg(U) Nintg(V).

(5) Since U < U UV, we have intyg(U) < intg(UU V). Since V<U UV, we
have intg(V') < inte(U U V). Therefore inty(U) Uintg(V) <intp(UUV). O

Corollary 3.10. For an IFS U, intg(U) < int(U).

Proof. Let U be an IFS. Then U° is an IFS. Thus cl(U°) < clp(U°) by [6,
Theorem 3.3 (ii)]. Hence intg(U) = (clp(U*))¢ < (cl(U®))¢ = int(U). O

Theorem 3.11. If U is an IFCS in an IFTS (X,T), then inte(U) = int(U).

Proof. Let U be an IFCS. Then U¢ is an IFOS. Thus cl(U¢) = clp(U€) by [6,
Theorem 3.6]. Hence intg(U) = (clg(U*))¢ = (cl(U*))¢ = int(U). O

Theorem 3.12. Let U be an IFS in an IFTS (X,T). Then
inte (U \/{mtg )| A°e T, A< U}
= \/{mt( YA e T, A< U}
Proof. Using [6, Theorem 3.15], we have
intg(U) = (clg(U))* = (/\{clo(B) | B € T,U° < B})°
:\/{ (cly(B)) | Be T,U° < B}

= \/{mtg )| BeT,U¢< B}.
Let A = B¢. Then
intg (U \/{mtg )| A°e T, A<U}.
The second equality holds from Theorem 3.11. (]

Corollary 3.13. For an IFS U in an IFTS (X,T), intg(U) is an IFOS.
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Remark 3.14. For an IFS U in an IFTS (X,7), intg(U) is not necessarily
IF0OS.

4. Characterizations for some types of functions

Hanafy et al. already characterized some types of functions by intuitionistic
fuzzy 6-closure. Here, we will characterize an intuitionistic fuzzy strongly 6-
continuous, intuitionistic fuzzy 6-continuous, and intuitionistic fuzzy weakly
continuous functions in terms of intuitionistic fuzzy 6-interior.

Lemma 4.1. Let f : (X,7) — (Y,T') be a function and U,V be an IFSs. If
UqV, then f(U)qf(V).

Proof. Suppose that f(U)qf(V). Then f(U) < (f(V))¢. Since U < f=1(f(U)),
we have U < f~1(f(U )1) < f7H(f(V))¢). Thus we have Uq(f~ (( (V))e)e =

I
FHWV)))e) = f7Hf(V)). Since V< f7H(f(V) and UGS~ (f(V)), w
have UqV'. D

Recall that a function f : (X,7) — (Y,7') is said to be intuitionistic
fuzzy strongly 6-continuous if and only if for each IFP z(, ) in X and V' €
N(f(x(q,p)), there exists U € N9(x(4,5)) such that f(cl(U)) <V (See [6]).

Theorem 4.2. Let f : (X,7) — (Y,7') be a function. Then the following
statements are equivalent:

( ) f is an intuitionistic fuzzy strongly 0-continuous function.
f(clp(U))) < cl(f( )) for each IFS U in X.

clg(f=1(V)) < f=Hcl(V)) for each IFSV in Y.

f~Y(V) is an IFOCS in X for each IFCSV inY.

f~Y(V) is an IFOOS in X for each IFOSV inY.

7 (int(V)) <inte(f~H(V)) for each IFSV of Y.

Proof. (1) & (2) & (3) & (4) & (5). See [6].

(3) = (6). Let V be an IFS in Y. Then V¢ is an IFS in Y. Since f
is an intuitionistic fuzzy strongly #-continuous function, by the hypothesis,
clg(f~H(Ve)) < f~1(cl(V®)). Thus

FHint(V)) = f7H(el(V)) = (FH el (V)
< (lg(fHV))) = (clo((fH(V)9) = inta(f (V).

6) = (3). Let VbeanIFSin Y. Then V¢isan IFSin Y. By the hypothesis,
(int(V¢)) < inte(f~1(V¢)). Thus

clo(f7H(V)) = (into((f~H(V))%) = (inte(f~(V)))*
< (f7H(int(V)))T = (b (V))) = fFHA(V)). O

Theorem 4.3. Let f : (X,T) — (Y,7') be a bijection. Then the following
statements are equivalent:

(
f 1

(1) f is an intuitionistic fuzzy strongly 0-continuous function.
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(2) f~1(int(V)) <inte(f~1(V)) for each IFSV of Y.
(3) int(f(U)) < f(inte(U)) for each IFS U in X.

Proof. By Theorem 4.2, it suffices to show that (2) is equivalent to (3).
(2) = (3). Let U be an IFS in X. Then f(U) is an IFS in Y. By the
hypothesis, f~1(int(f(U))) < inte(f~*(f(U))). Since f is one-to-one,
FH(nt(F(U))) < into(f71(f(U))) = inte(U).
Since f is onto,
int(f(U)) = f(f~(int(f(U)))) < f(inte(V)).
(3) = (2). Let V be an IFS in Y. Then f~1(V) is an IFS in X. By the
hypothesis, int(f(f~1(V))) < f(intg(f~1(V))). Since f is onto,
int(V) < f(intg(f~1(V))).
Since f is one-to-one,
FH(int(V)) < f7H(f(inte(fH(V))) = inte(f (V). O
Recall that function f : (X,7) — (Y, 7") is said to be an intuitionistic fuzzy

0-continuous if and only if for each IFP 2, 6y in X and V € N9(f(x(a,3)),
there exists U € N%(z(q,3)) such that f(cl(U)) < cl(V) (See [6]).

Theorem 4.4 ([6]). Let f : (X,T) — (Y,7T') be a function. Then the following
statements are equivalent:

(1) f is an intuitionistic fuzzy 0-continuous function.

(2) f(clp(U))) < Clg(f(U)) for each IFS U in X.

(3) clp(f~1(V)) < f~(clp(V)) for each IFSV inY .
(4) Clg( V) < F Y el(V )) for each IFOSV inY.
(5) f~Y(inte(V)) < 1nt9( Y(V)) for each IFSV of Y.

Proof. (1) & (2) < (3) < (4). See [6].

(3) = (5). Let V be an IFS in Y. Then V¢ is an IFS in Y. Since f is an
intuitionistic fuzzy #-continuous function, by the hypothesis, cly(f~1(V¢)) <
f~1(cly(V¢)). Thus

FH (mto (V) = f7H((clp(VE)©) = (£ (clo(V))))°
< (elp(F7HV)))" = (clo((f71(V))))" = into (f ' (V).

(3). Let Vbean IFSin Y. Then V¢is an IFS in Y. By the hypothesis,
) <inte(f~1(V¢)). Thus
1

(V) = (inte((f~(V))9))* = (inte(f~1 (V)"
< (f M (int (V) = fH ((inte (VE))*) = f T (clo(V)). O

Theorem 4.5. Let f : (X,T) — (Y,7') be a bijection. Then the following
statements are equivalent:

(5) =
FH

intg(V

clo(f~

(1) f is an intuitionistic fuzzy 0-continuous function.
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(2) f~(inte(V)) < inty(f~1(V)) for each IFS'V of Y.
(3) inte(f(U)) < f(inty(U)) for each IFS U in X.

Proof. By Theorem 4.4, it suffices to show that (2) is equivalent to (3).
(2) = (3). Let U be an IFS in X. Then f(U) is an IFS in Y. By the
hypothesis, f~!(intg(f(U))) < inte(f~1(f(U))). Since f is one-to-one,
f (inte (f(U))) < into(f~'(f(U))) = int(U).

Since f is onto,
inte (f(U)) = f(f " (int(f(U)))) < f(int(V)).
(3) = (2). Let V be an IFS in Y. Then f~1(V) is an IFS in X. By the
hypothesis, intg(f(f~1(V))) < f(intg(f~1(V))). Since f is onto,
inty (V') = into(f(f (V) < f(inte(f~'(V)))-

Since f is one-to-one,
FHinte(V)) < f7H(f(inte(fH(V)))) = int(f~H (V). 0

Recall that function f : (X,7) — (Y,7') is said to be an intuitionis-
tic fuzzy weakly continuous if and only if for each IFOS V in Y, f~1(V) <

int(f~*(cl(V))) (See [6]).
Theorem 4.6 ([6]). Let f : (X,T) — (Y,T') be a function. Then the following
statements are equivalent:
(1) f is an intuitionistic fuzzy weakly continuous function.
f(cl(U))) < clo(f(U)) for each IFS U in X.
(F71(V)) < f1(clp(V)) for each IFSV inY.
(f71(V)) < fY(cl(V)) for each IFOSV of Y.
f~Y(inte(V)) < int(f=1(V)) for each IFSV of Y.
Proof. (1) & (2) < (3) & (4). See [6].
(3) = (5). Let V be an IFS in Y. Then V¢ is an IFS in Y. Since
f is an intuitionistic fuzzy weakly continuous function, by the hypothesis,
c(f~1(Ve)) < f~1(clg(V®)). Thus
FH (g (V) = FH((clo(V))©) = (f 7 (cla(V))))*
< (A(fHV))E = (CA(fH(V)9))e = int(f~H(V)).
(5) = (3). Let VbeanIFSin Y. Then V¢isan IFSin Y. By the hypothesis,
“L(inte(V)) < int(f~1(V°)). Thus
cl(f7H(V)) = (int((f1(V))9))¢ = (int(f (V<))
< (f7H(mtg(V)))" = f~H (it (V))) = f(clo(V)). O

Theorem 4.7. Let f : (X,T) — (Y,7') be a bijection. Then the following
statements are equivalent:

f

(1) f is an intuitionistic fuzzy weakly continuous function.
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(2) f~(inte(V)) < int(f~1(V)) for each IFSV of Y.
(3) inte(f(U)) < f(int(U)) for each IFS U in X.

Proof. By Theorem 4.6, it suffices to show that (2) is equivalent to (3).
(2) = (3). Let U be an IFS in X. Then f(U) is an IFS in Y. By the
hypothesis, f~!(into(f(U))) < int(f~1(f(U))). Since f is one-to-one,

fHnte(f(U))) < int(f~H(f(V))) = int(U).
Since f is onto,
it (f(U)) = f(f " (imt(f(V)))) < f(int(0)).

(3) = (2). Let V be an IFS in Y. Then f~!(V) is an IFS in X. By the
hypothesis, inte(f(f~1(V))) < f(int(f~1(V))). Since f is onto,

intg(V) < f(intf~1(V)).
Since f is one-to-one,

F~H (into(V)) < fH(f(int(f71(V)))) = int(f (V). O
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