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C2 DIFFEOMORPHISMS WITH
THE INVERSE SHADOWING PROPERTY

Manseob Lee

Abstract. Let f be a C2-diffeomorphism on a closed surface which sat-
isfies the Axiom A. Then f is in the C2-interior of the set of all diffeomor-
phisms having the inverse shadowing property with respect to the class of
the continuous methods if and only if f satisfies the strong transversality
condition.

1. Introduction

The inverse shadowing property was introduced by Corless and Pilyugin
in [1] as a “dual” notion of the shadowing property, and later Kloeden and
Ombach defined this property using the notion of δ-method (see [2]). It is well
known that the shadowing property and the inverse shadowing property are not
equivalent. In fact, every shift homeomorphism has the shadowing property,
but it does not have the inverse shadowing property (for more detail, see [4]).
Moreover, we know that every pseudo-Anosov diffeomorphism on a compact
surface has the inverse shadowing property, but it does not have the shadowing
property.

In this paper, we characterize the C2-interior of the set of all diffeomorphisms
on a closed surface with the inverse shadowing property using the notion of
strong transversality condition.

Let X be a compact metric space with metric d0, and let Z(X) denote the
space of homeomorphisms on X with the C0-metric d0. Let f ∈ Z(X). For
δ > 0, a sequence of points {xi}b

i=a in X is called a δ-pseudo orbit of f if
d0(f(xi), xi+1) < δ for all a ≤ i ≤ b − 1. Let XZ be the space of all two sided
sequences ξ = {xn : n ∈ Z} with elements xn ∈ X, endowed with the product
topology. For a fixed δ > 0, let Φf (δ) denote the set of all δ-pseudo orbits
of f . A mapping ϕ : X → Φf (δ) ⊂ XZ is said to be a δ-method for f if
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ϕ(x)0 = x, where ϕ(x)0 denotes the 0th component of ϕ(x). Then each ϕ(x) is
a δ-pseudo orbit of f through x. For convenience, write ϕ(x) for {ϕ(x)k}k∈Z.
We say that a map ϕ is called a continuous δ-method for f if ϕ is continuous.
The set of all δ-methods for f will be denoted by T0(f, δ), and the set of all
continuous δ-methods for f will be denoted by Tc(f, δ). Every g ∈ Z(X) with
d0(f, g) < δ induces a continuous δ-method ϕg : X → XZ for f by defining
ϕg(x) = {gk(x) : k ∈ Z}, where d0 is the C0 metric. Denoted by Th(f, δ) the
set of all continuous δ-methods ϕg for f which are induced by every g ∈ Z(X)
with d0(f, g) < δ.

Let M be a C∞ closed manifold and Diffr(M)(r ≥ 1) be the space of Cr-
diffeomorphisms of M endowed with Cr-topology. Denoted by d the distance
on M induced from a Riemannian metric ‖ · ‖ on the tangent bundle TM.

Every g ∈ Diff(M) with d1(f, g) < δ induces a continuous δ-method ϕg :
M → MZ for f by defining ϕg(x) = {gk(x) : k ∈ Z}, where d1 is the C1

metric. Denote by Td(f, δ) the set of all continuous δ-methods ϕg for f which
are induced by every g ∈ Diff(M) with d1(f, g) < δ. And so, we define the class
Θ by

Θ =
⋃

δ>0

Tα(f, δ),

where α = 0, c, h, d. Then, we know that Td(f) ⊂ Th(f) ⊂ Tc(f) ⊂ T0(f), where
Tα(f) =

⋃
δ>0 Tα(f, δ), α = 0, c, h, d.

We say that f has the inverse shadowing property with respect to the class
Θ if for any ε > 0 there exists δ > 0 such that for any δ-method ϕ ∈ Θ and for
a point x ∈ M there exists a point y ∈ M such that

d(fk(x), ϕ(y)k) < ε, k ∈ Z.

Let Λ be a closed f -invariant subset of M. We say that f |Λ has the inverse
shadowing property with respect to the class Θ if for any ε > 0 there exists
δ > 0 such that for any δ-method ϕ ∈ Θ and for a point x ∈ Λ there exists a
point y ∈ M such that

d(fk(x), ϕ(y)k) < ε, k ∈ Z,

where ϕ(y) = {ϕ(y)i}i∈Z(⊂ Λ) is a δ-pseudo orbit of f.
Note that f has the inverse shadowing property with respect to the class

Tα(f) if and only if fn has the inverse shadowing property with respect to the
class Tα(f) for n ∈ N \ {0}.

Let Λ be an invariant set for f ∈ Diffr(M). We say that Λ is a hyperbolic
set for f if there is a continuous splitting of the tangent bundle of M restricted
to Λ: i.e., TΛM , which is Df -invariant splitting Es ⊕Eu and constants C > 0
and λ ∈ (0, 1) such that

‖Dxfn|Es
x
‖ ≤ Cλn and ‖Dxf−n|Eu

x
‖ ≤ Cλn

for all x ∈ Λ and n ≥ 0.
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We say that f ∈ Diffr(M) is structurally stable if there exists a Cr-neighbor-
hood U(f) of f such that for each g ∈ U(f) there is a homeomorphism h of M
satisfying hf(x) = gh(x) for all x ∈ M. We say that f ∈ Diffr(M) satisfies the
strong transversality condition when for every x ∈ M, the stable and unstable
manifolds W s(x) and Wu(x) are transverse at x. We denote by Ω(f) the set
of non-wandering points of f. Let f ∈ Diffr(M) satisfies Axiom A. Then the
non-wandering set Ω(f) = P (f), and Ω(f) is hyperbolic, where P (f) is the
periodic set of f . A hyperbolic set Λ is called a basic set if there is a compact
neighborhood U of Λ in M such that

⋂
n∈Z fn(U) = Λ and Λ is transitive

for f. Since f satisfies Axiom A, we know that the non-wandering set Ω(f)
is decomposed by finitely many closed, f -invariant and transitive subsets Λi,
1 ≤ i ≤ n; i.e.,

Ω(f) = Λ1 ∪ Λ2 ∪ · · · ∪ Λn,

where Λi is a basic set. Let Λ be a basic set for f. For ε > 0, let W s
ε (x) = {y ∈

M : d(fn(x), fn(y)) < ε for n ≥ 0}, and Wu
ε (x) = {y ∈ M : d(fn(x), fn(y)) <

ε for n ≤ 0} be the local stable set and the local unstable set of x ∈ Λ, respec-
tively. If Λ is hyperbolic, then there is ε0 > 0 such that for any 0 < ε ≤ ε0, the
above sets are C1-embedded submanifolds of M. The stable manifold W s(x)
and the unstable manifold Wu(x) of x ∈ Λ are defined as follows: W s(x) = {y ∈
M : d(f i(x), f i(y)) → 0 as i → ∞}, and Wu(x) = {y ∈ M : d(f i(x), f i(y)) →
∞ as i → −∞}, and we set Wσ(Λ) =

⋃
x∈Λ Wσ(x) (σ = s, u). A basic set Λ is

called of saddle type if 0 < dimW s(x) < dimM for x ∈ Λ.
In [6], Pilyugin proved that a structurally stable diffeomorphism has the

inverse shadowing property with respect to classes of continuous methods. Also,
he showed that any diffeomorphism belonging to the C1-interior of the set of
diffeomorphism with the inverse shadowing property with respect to classes of
the continuous methods is structurally stable.

Let f ∈ Diff2(M2) be satisfy Axiom A. In [7], Pilyugin and Sakai proved
that f satisfies the C0-transversality condition if and only if f has the inverse
shadowing property with respect to a class of continuous methods. In [9], Sakai
proved that for every diffeomorphism f on a surface satisfying Axiom A, f is in
the C2-interior of the set of all diffeomorphisms having the shadowing property
if and only if f satisfies the strong transversality condition.

In this paper, we show that for every diffeomorphism f ∈ Diff2(M) on a sur-
face satisfying Axiom A, f is in the C2-interior of the set of all diffeomorphisms
having the inverse shadowing property with respect to the class of continuous
methods if and only if f satisfies the strong transversality condition.

Theorem A. Let M be a C∞ closed on a surface, and f ∈ Diff2(M) satisfy
Axiom A. Then f is in the C2-interior of the set of all diffeomorphisms having
the inverse shadowing property with respect to the class of continuous method
if and only if f satisfying the strong transversality condition.

The “if” part of this theorem is proved in [8]. More precisely, let M be a
closed surface and let f ∈ Diff2(M) satisfies Axiom A. If f satisfies the strong
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transversality condition, then f is structurally stable. Since f has the inverse
shadowing property with respect to the class of the continuous method, choose
a C2-neighborhood U(f) of f such that for any g ∈ U(f), g has the inverse
shadowing property with respect to the class of the continuous method. The
“only if” part will proved by showing that if f is in the C2-interior of the set
of all diffeomorphisms having the inverse shadowing property with respect to
the class of the continuous method.

2. Proof of Theorem A

Let M be a closed C∞ surfaces, and let f ∈ Diff2(M) satisfies Axiom A.
Then the non-wandering set Ω(f) of f is a disjoint union of basic sets.

Proposition 1. Let Λi(i = 1, 2) be basic sets of f ∈ Diff2(M) and suppose x ∈
W s(Λ1)∩Wu(Λ2)\Λ1∪Λ2. If f is in the C2-interior of the all diffeomorphisms
having the inverse shadowing property with respect to the class of continuous
methods, then W s(x) and Wu(x) intersect transversely at x.

Let M be a C∞ closed surfaces. Then the notion of C0-transversality con-
dition between stable and unstable manifolds of basic sets Λi and Λj was in-
troduced in [10] as follows. If there exists x ∈ W s(Λi) ∩Wu(Λj) \ Λi ∪ Λj(i 6=
j), then for ε > 0 we denote by Cs

ε (x) the connected component of x in
W s(x) ∩ Bε(x). Similarly, Cu

ε (x) = Wu(x) ∩ Bε(x) and let B+
ε (x) and B−

ε (x)
be the components of Bε(x) \Cs

ε (x), where Bε(x) = {y ∈ M : d(x, y) ≤ ε}. We
say that W s(x) and Wu(x) are C0-transversely at x if B+

ε (x)∩Cu
ε (x) 6= φ and

B−
ε (x) ∩ Cs

ε (x) 6= φ for any ε > 0, where dimW s(x) = 1 and dimWu(x) = 1.
Let Λ be a basic set of f ∈ Diffr(M)(r ≥ 1). Since dimM = 2, there is a

locally f -invariant C0-foliation with C1-leaves defined in some neighborhood
of Λ (see [5]). We use this foliation in the proof of the following lemma.

Lemma 2 ([7, Lemma 3.1]). Let Λi (i = 1, 2) be basic sets of f ∈ Diff2(M),
and suppose that x ∈ W s(p) ∩ Wu(q) \ Λ1 ∪ Λ2 (p ∈ Λ1, q ∈ Λ2). If f has
the inverse shadowing property with respect to the class of continuous methods,
then W s(p) and Wu(q) intersect C0-transversely at x.

By Lemma 2, let x ∈ W s(p) ∩ Wu(q). Then W s(p) and Wu(q) intersect
C0-transversely at x. And so, they do not have a non-degenerate tangency at
x.

If f ∈ Diffr(M)(r ≥ 1) satisfies Axiom A, then every basic sets are hyper-
bolic for f . And so TpM = Es ⊕ Eu for p ∈ Λ. Thus we can choose δ > 0 and
Cr maps hs : Bs

p(δ) → Eu
p and hu : Bu

p (δ) → Es
p such that W s

δ (p) = graph(hs)
with hs(0) = 0 and Dhs(0) = 0. and Wu

δ (p) = graph(hu) with hu(0) = 0 and
Dhu(0) = 0, where Bσ

p (δ) = {v ∈ Eσ
p : ‖v‖ ≤ δ}. And so, we can take a Cr-

diffeomorphism ϕ : Bδ(p)(= Bs
p(δ)⊕Bu

p (δ)) → TpM such that ϕ(W s
δ (p)) ⊂ Es

p.
If we put ε = δ/2, then ϕ(Cs

ε (x)) ⊂ Es
p(δ). Therefore, we get the following

lemma.
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Lemma 3 ([9, Lemma 2]). Let Λi (i = 1, 2) be basic set of f ∈ Diffr(M)(r ≥ 2)
and suppose that x ∈ W s(p) ∩Wu(q) \ Λ1 ∪ Λ2 (p ∈ Λ1, q ∈ Λ2). Then there
are ε > 0 and a Cr diffeomorphism hx : Bε(x) → R2 = {(v, w)|v, w ∈ R} such
that hx(x) = (0, 0) and h(Cs

ε (x)) ⊂ v-axis.

Proof of Proposition 1. We shall prove that if there is a C2-neighborhood U(f)
of f ∈ Diff2(M) such that for any g ∈ U(f), g has the inverse shadowing
property with respect to the the class of continuous methods, then TxM =
TxW s(x, g) + TxWu(x, g), where x ∈ W s(p) ∩ Wu(q) \ Λ1 ∪ Λ2. To get a
contradiction. Let us assume that there exist points p, q ∈ Ω(f) and y ∈
W s(p) ∩Wu(q) such that y is not transversal. By Lemma 3, there are ε > 0
and a Cr-diffeomorphism hy : Bε(y) → R2 such that hy(y) = (0, 0) and
h(Cs

ε (y)) ⊂ v-axis, where Bε(y)(= Bs
ε (y) ⊕ Bu

ε (y)) is a neighborhood of y
and Bs

ε (y) ⊂ TyW s(p) and Bu
ε (y) ⊂ TyWu(q). Since y is not transversal,

there exists a segment 〈v〉 = TyW s(p) ∩ TyWu(q), where 〈v〉 = {tv : t ∈ R}.
Thus we can choose ε0 > 0 and a C2-function γ : [−ε0, ε0] → R such that
graph(γ) ⊂ hy(Cu

δ (y)) and (0, γ(0)) = hy(y) = (0, 0) for some δ > 0.
Since W s(p) and Wu(q) are C0-non-transversal at y we have γ′(0) = 0

and γ′′(0) = 0. Choose ε1 > 0 and g C2-nearby f such that g(z) = id for
z ∈ Bε1(y). Then we get g(W s(p) ∩ Bε1/4(y)) ⊂ Wu(q) and g1 = g−1 ◦ f ∈
U(f). Consequently, Wu(q, g1) ∩ Bε1(y) = W s(p, g1) ∩ Bε1(y). For g1 ∈ U(f),
Wu(q, g1) and W s(p, g1) are not transversal at y. And so by Lemma 2, this is
a contradiction. This completes the proof of Proposition 1. ¤

End of the proof of Theorem A. We show that if f is in the C2-interior of the
set of all diffeomorphisms having the inverse shadowing property with respect
to class Θ, then f satisfies the strong transversality condition. Since M is
a C∞ closed surface and f ∈ Diff2(M) satisfy Axiom A, we know that the
non-wandering set Ω(f) is decomposed by a finite union of basic sets Λi : i.e.,
Ω(f) = Λ1 ∪ · · · ∪ Λn. Thus we can consider Λi and Λj , for 0 ≤ i, ( 6=)j ≤ n.
Suppose that f is in the C2-interior of the set of all diffeomorphisms having the
inverse shadowing property with respect to the class of the continuous methods.
Then by Proposition 1, we can get that f satisfies the strong transversality
condition, This completes the proof of Theorem A. ¤

Form [9] and our result, we get the following fact. Note that if f ∈ Diffr(M)
is structurally stable, then f is in the C2-interior of the set of all diffeomor-
phisms having the shadowing property (or inverse shadowing property with
respect to the class of continuous methods).

Corollary. Let M be a C∞ closed surfaces and f ∈ Diff2(M) satisfy Axiom
A. Then f is in the C2-interior of the set of all diffeomorphisms having the
inverse shadowing property with respect to the class of continuous methods if
and only if f is in the C2-interior of the set of all diffeomorphisms having the
shadowing property.
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