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LOCALLY CONFORMAL KAHLER MANIFOLDS AND
CONFORMAL SCALAR CURVATURE

JAEMAN Kim

ABSTRACT. We show that on a compact locally conformal K&hler mani-
fold M?™ (dim M?" = 2n > 4), M?" is Kihler if and only if its conformal
scalar curvature k is not smaller than the scalar curvature s of M2™ every-
where. As a consequence, if a compact locally conformal Kahler manifold
M?2" is both conformally flat and scalar flat, then M2™ is Kahler. In con-
trast with the compact case, we show that there exists a locally conformal
Kéahler manifold with k£ equal to s, which is not Kéahler.

1. Introduction

A locally conformal Kéhler (Ick) manifold M?" = (M?",J,g) (dim M?" =
2n > 4) is a Hermitian manifold (i.e., the metric g of M?" is compatible with
complex structure J) whose metric g is locally conformal to a K&hler metric,
which is equivalent to the existence of an 1-form 6 (called Lee form) of M?" such
that dQ = AQ and df = 0 [10], [11], where  is the Kéhler form of M?". From
the viewpoint of conformal geometry, we can define a conformally well-behaved
function (namely, conformal scalar curvature) k on M?" associated with Weyl
curvature tensor, which appeared in the literature of Hermitian geometry [1],
[4], [5]. It is well known that the standard Hopf surface M* is a compact
Ick manifold with positive scalar curvature s and vanishing conformal scalar
curvature k£, which is not Kahler. In this note, we investigate a condition of
the conformal scalar curvature k for a compact Ick manifold M2" to be Kihler
and show that the sign of difference between k£ and s is a crucial condition
for a compact lck manifold M?2" to be Kahler. More precisely, we prove the
following:
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Theorem 1.1. Let M?" = (M?",.J,g) be a compact Ilck manifold. Then M?*"
is Kdhler if and only if its conformal scalar curvature k is not smaller than the
scalar curvature s of M?™ everywhere.

As a consequence, we have:

Corollary 1.2. If a compact lck manifold M?™ is conformally flat, and its
scalar curvature vanishes, then M?™ is Kdhler.

Contrary to the compact case, we obtain the following;:

Theorem 1.3. Let Rﬁ_" = {(x1,29,...,%9,)|x2n > 0} and J be the natural
complex structure defined by J(ﬁ) :af? , J(ai. ) =— 81}5_71 . And a met-
4

ric g = (gi;) on Rf_” is given by g;; = x50 >6;;. Then M = (R, J,9) is a lck
manifold with k = s, which is not Kdahler.

2. Preliminaries

We shall denote by M?" = (M?", ], g) (dim M?" = 2n > 4) a Ick manifold;
by g its metric; by {U,} an open covering of M?" endowed with smooth func-
tions f, on U, such that g, = e fog are Kihler metrics; by J the complex
structure; by V the Levi-Civita connection of g; by @ the Lee form of M?",
which satisfies dQ2 = 0 A Q and df = 0, where € is the Kéahler form of M?",
ie., g(X,JY) = Q(X,Y). Note that M?" is Kihler if and only if § = 0. The
Riemannian curvature tensor R, the Ricci tensor Ric and the scalar curvature
s are given by

R(X,Y)Z = [Vx,Vy|Z -V x v Z,
Ric(X,Y) = Trace{Z — R(Z,X)Y'}, s = TraceyRic.
Furthermore, the *-Ricci tensor and -scalar curvature of (J, g) are given by
Ric*(X,Y) = Trace{Z — —JR(Z,X)JY}, s* = TraceyRic".

The Riemannian metric g induces a metric on the bundle /\2 of 2-vectors on
M2n by
(X AN Xy, Yy NYg) = det(g(X5,Y5)).
Similarly, one can define a metric on the bundle /\2 of 2-forms on M?" by
(AN B,C A D) = (A* A B, C* A DY),
Here the symbol § is the natural isomorphism from 1-forms to vector fields. We

also regard the curvature tensor as a (0,4)-tensor or an endomorphism of the
2-form bundle as follows:

R(X,Y,Z,V) = —g(R(X,Y)Z,V), (R(AA B),C A D) = R(A*, B¥,C*, D¥).

The Riemannian curvature tensor R has the following well known SO(2n)-
decomposition (2], [6], [7];

S 1
2.1 R=—"° Ric, W,
(2.1) In(zn—1)I* 9T gy g eex 9t
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where Ric, is the traceless Ricci tensor and W is the Weyl curvature tensor.
Here the symbol * is the Nomizu-Kulkarni product of symmetric (0,2)-tensors
generating a curvature type tensor. Note that Ric, = 0 if and only if M?" is
Einstein [2], [7], [8]; W = 0 if and only if M?" is conformally flat [2], [6]. Now
we define the conformal scalar curvature k of M2" by

k= 2::11 (W(9Q), Q).

In particular, if 2n = 4, then k = 3(W*(Q2), Q), which appeared in the literature
of Hermitian geometry [1], [4]. Therefore, if M?" is conformally flat, then the
conformal scalar curvature k of M?" is zero. Note that k has conformal weight
—2, that is, if we replace g by f2g for some non-vanishing function f, then k
is replaced by f2k.

3. Proof of Theorem 1.1

Let M?" = (M?",J,g) be a compact Ick manifold. From the relation (2.1)
and ((Ric, x 9)(02), Q) = 0, we obtain

(RO),9) = 1o

Therefore, from (€2, Q) = n and the definitions of s* and k, the above identity
yields

2(0, Q) + (W(Q), Q).

which implies

(3.2) s—k=

Now suppose that M?>" is Kahler and hence s and s* coincide; this is a con-
sequence of the Kéhler identity [2] R(X,Y)(JZ) = J(R(X,Y)Z), which itself
follows from the fact that VJ = 0. Therefore, the equation (3.2) implies k = s.
Conversely, let a compact lck manifold M?" satisfy k > s. And assume that
g = e /g is the Ick metric of g. Then one gets the well-known formula [3], [9)]

6f§(§(X,Y)Z, W) = g(R(X7 Y)Zv W) - %{L(Xv Z)Q(K W) - L(K Z)g(X’ W)
+ LY, W)g(X,Z) - L(X,W)g(Y,Z)}
O gy, 20905, W) — g, 23907, W),
which yields
g(R(X,Y)Z,W) — g(R(X,Y)JZ,JW)
= SLLOX, 2)g(Y, W) — L(Y, Z2)g(X, W) + L(Y, W)g(X, Z) — L(X, W)g(Y, 7))

2
+ @{g(y7 Z)g(X’ W) — g(X, Z)Q(Y7 W)}
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— SLL(X, TZ2)g(¥, TW) — L(Y, T Z)g(X, JW)
+ L(Y, JW)g(X,JZ) — L(X, JW)g(Y, JZ)}

O gy 521905, 9W) — 9(X, 32090, W),
where L(X,Y) = (Vx0)Y + 26(X)0(Y) and so L(X Y) = L(Y, X) since 6

: . ;) _ _ _ 0 )
is closed. Now if we take X = anY Da; A m W = GETE where z;

(i =1,...,2n) are real coordinates on M?", and contract with ¢"¢7%, and then
use the identity (3.2), we get the following [3], [5], [9]:

2n —1
(3.3) s— k= (2(n—1)60+ (n— 1)%]|0]),

2n —2
where 60 = —div6.

By integrating (3.3) over M?", we conclude that the condition of k > s yields
6 = 0. Summing up the above arguments, we conclude that on a compact lck
manifold, the Kéhler condition is equivalent to that of k > s. This completes
the proof of Theorem 1.1 and hence it is obvious that Corollary 1.2 holds
because of k = s.

4. A lck manifold with k equal to s which is not Kahler

Let R?" = {(z1,22,...,T2,)|T2, > 0} and J be the natural complex struc-
ture defined by J(ax2 1):%7 J(Bi»): 812 —. We define a Riemannian
4

metric g = (g;;) on R3™ by g;; = x5, >&;;. It is obvious that the metric g is
compatible with complex structure J. With respect to { 8‘21 9 9

j ) 81’2 T 8:17271 ’
we set V o 6%7 = p=1. for 1 < 4,5 < 2n. Then the Chrlstoﬁel

symbol F of metric g is obtalncd as follows:

1] az

F%(Qn) = 1_%271)1 = F3(271) = F?Qn)Q =

2 1

2n—1 2n—1

= F(;Ln 12n — FQZ(Qn D~ 9, _9 Ton
. 2 1 n n

Donon) = m(x ), TT} =T35 = -

2 1

= F(anfl)(anl) = _2n —9 Zon

and are otherwise zero. And so we have
R%m = R131 = = RQ?gnl D1 R212 = R232 = Rg?znl 1)2
= = R(2n—2)1(2n—2) = R(2n—2)2(2n—2) =
= Rzgn 12)(2n 1)(2n—2) — R(12n—1)1(2n—1) = R(22n—1)2(2n—1)
_ _ g2 4 1

(2n—1)(2n—2)(2n—1) — _(Zn —2)2 (E)’
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R%Qn)1(2n) = R%&n)l = R(22n)2(2n) = R%?Zn)Q = R?Zn)3(2n)
2 1
= R§?2n)3 == R%anfl)@n)(?nfl) = o — 92 2(

)

: P _ _pi _ o & 9\ 0
and are otherwise zero. Here Ry = "' Rijir and Ryji, = g(R(aTm Bay m), 671)'
Hence we get

2
Lon

which yields from the equation (3.2)

s=k.
On the other hand, we have
4 1
Q= —(— Q
d 2n—2(x2n)dx2n/\ ’
4

which implies that the Lee form 6 =

T (i)dxzn of M?" is closed. Summing

up the above arguments, we obtain that Rf_” allows a lck structure (J, g) with
k = s, which is not K&hler. This completes the proof of Theorem 1.3.
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