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FULL QUADRATURE SUMS FOR GENERALIZED
POLYNOMIALS WITH FREUD WEIGHTS

HAEWON JOUNG

ABSTRACT. Generalized nonnegative polynomials are defined as products
of nonnegative polynomials raised to positive real powers. The general-
ized degree can be defined in a natural way. In this paper we extend
quadrature sums involving pth powers of polynomials to those for gener-
alized polynomials.

1. Introduction

In 1969, Askey [1] proposed the following problem: Let P € P,, where P,
denotes the set of all polynomials of degree at most n. Let {z,, ;} be the zeros
of the orthogonal polynomials with respect to da, a positive measure on [—1, 1],
and {\, ;} be the Cotes numbers for da. When is it true that

(1.1) > uilPlany)l <€ [ |Pa)Pdate),

where C' is independent of P and n? Such inequalities are essential in various
problems in approximation theory, and in particular, in investigating mean
convergence of Lagrange interpolation and orthogonal expansions.

Of course when p = 2, the Gauss quadrature formula asserts equality in (1.1)
with C' = 1. Askey proved (1.1) for certain Jacobi weights for p > 1. Nevai
[15] proved (1.1) for generalized Jacobi weights and P € Py, with [ > 2 fixed.
A further generalization, valid for 0 < p < oo, and P € Pj, with [ > 1 fixed,
was proved in [10]. A converse inequality has been proven in [16].

For the Freud weights, Lubinsky, Maté, and Nevai [10, Corollary 9, p. 536]
proved (1.1) with the range of summation suitably restricted, and subsequently,
Lubinsky and Matjila [13] provided a solution for the Freud weights as follows:
Let r > 0, and b € (—00,2]. Then we have for 1 < p < co

(1.2) i)m

=1

PW P (2 )W (2, 5) < c/w |PW|(t)W?2~°(t)dt
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for every polynomial P of degree at most n-+rn'/3, where W?(z) = exp(—|z|*),
(> 1), {\n ;} are the Cotes numbers, and {z,, ;} are the zeros of the orthonor-
mal polynomials for W?2.

The aim of this paper is to extend inequalities such as (1.2) to generalized
polynomials.

A generalized nonnegative algebraic polynomial is a function of the type

fR =W [[lz-=" 0#weC)
j=1

with r; € RT, z; € C, and the number

m
def
n = ’I"j
j=1
is called the generalized degree of f. Note that n > 0 is not necessarily an
integer. Thus throughout this paper we assume that n € R unless stated
otherwise.
We denote by GANP,, the set of all generalized nonnegative algebraic poly-
nomials of degree at most n € RT.
Using
2=zl = ((z = 2)(z = z))"/?, z€R,

we can easily check that when f € GANP,, is restricted to the real line, then
it can be written as

f::l—[f);fj/Q7 OSPJ’E]P)Q, Tj€R+, er <mn,
j=1 j=1

which is the product of nonnegative polynomials raised to positive real powers.
This explains the name generalized nonnegative polynomials. Many properties
of generalized nonnegative polynomials were investigated in a series of papers
(12, 3, 4, 5)).

Associated with the Freud weight W, () = exp(—|z|*), a > 0, there are
Mhaskar-Rahmanov-Saff numbers a,, = a,,(«), which is the positive solution of
the equation

1
n= 7/ antQ'(ant)(1 — t2)"2dt, ne€RT,
T™Jo

where Q(z) = |z|*, a > 0. Explicitly,

n 1/«
an = ap(a) = () , neR,

where
2277 (a)
Ao = Ta/2))2
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Its importance lies partly in the identity
(1.3) [PWallLe®) = 1PWallL>~(-an,an))s P € P
Now we state our result.
Theorem 1.1. Let W, (z) = exp(—|z|*), @« > 1, and 0 < p < 0o. Let K > 0,
{>1, and let
—Kan <ym <ym-1 <--- <y < Kay

and

0 =min{y;_1 —y; : j=2,3,...,M} >0.
Let U be convezx, nonnegative, and nondecreasing in [0,00). Then for all f €
GANPy,, 225 <neR¥,

M
n 1 e
S w2 <G (2 3) [ wcaraowz)
j=1 " e
The constants C1 and Cy are independent of M, ¢, {y,;}, n, and f.
Theorem 1.2. Let W, (z) = exp(—|z|*), a > 1. Let 0 < p < oo, £ > 1, and

% <neN. Let {x, ;} be the zeros of orthogonal polynomial P,,(W2;z) and

{An;} be the Cotes numbers for W2. Then, there exists a positive constant C
such that

> A an W) (e {d.1 - 2231 )
= n

<c /_ T )W (w)du

for f € GANPy,.

(1.4)

In proving (1.2), refined Markov type inequalities [13] were used. We have
to insert the square root factor on the left hand side of (1.4) because we do not
have refined Markov type inequalities for generalized polynomials.

Throughout this paper we write g,(x) ~ h,(z) if for every n and for every
x in consideration
gn ()
hn(2)
and g(x) ~ h(z), n ~ N have similar meanings.

0<cg < < co < 00,

2. Proof of theorems

In order to prove Theorems 1.1 and 1.2, we need lemmas on Infinite-Finite
range inequalities and estimates of Christoffel functions for generalized poly-
nomials.

In the analysis of extremal polynomials on R, the estimation of the norm of
a weighted polynomial [|[PW||.» ) in terms of the norm |[PW||1s(_c, c,) OVer
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an finite interval (—c,,c,) is important because such estimations or inequali-
ties reduce problems over an infinite interval to problems on a finite interval.
Mhaskar and Saff [14] established sharper inequalities that led to nth root
asymptotics for extremal polynomials, for p = oo they showed that

| PWallpoe®) = IPWallLo(=an,an)), P € Pn.

For generalized nonnegative polynomials we have the following lemma, which
is the restatement of Theorem 2.1 in [7. p. 124].

Lemma 2.1. Let W, (z) = exp(—|z|*), a > 0. Then

(2.1) [fWallzoe @ = 1/ WallL>((~a,.an))

for all f € GANP,, n € RT.
If0 < p < 00, then there exist positive constants Cy and Cs so that, whenever

n

2.2 — = >K,>C;, 2<necR"

(22) (logn)? — = ="

and

K1 2/3

(2.3) 5, = ("nogn) , 2<neR",

then

(2.4) 1 Wallzr@) < 141075 fWall Lo ((—an (1460 ).an (148.)])
for all f € GANP,, n > 2.

Proof. See the proof of Theorem 2.1 in [7. p. 124]. O

Next we define generalized Christoffel functions. Let 0 < p < oco. Then the
generalized Christoffel function for ordinary polynomials is defined by

e e [ IPOW@)P
)\"’p(Wa’x)iPIe%lnn,l/ Pl dt, ze€R, neN.

The generalized Christoffel function for generalized nonnegative polynomials
is defined by

N < (fOWa(t)?
Wip(Weos ) = feéfg\rpn/_ Wdt, zeR, neRT.

For the estimates of wy, ,(Wa;x), we need the following lemma, which is the
restatement of Theorem 2.3 in [7, p. 125].

—0o0

Lemma 2.2. Let W, (z) = exp(—|z|*), a > 1. Let 0 < p < oo. Then
Wnp(Wos ) > C%Wc’j(m), zeR, neRT,

and
Wnp(Was2) < Apjg1p(Was ), z€R, ne RT,

where [n] denotes the integer part of n.
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Proof. See the proof of Theorem 2.3 in [7, p. 125]. O

Remark. Tt is well known (see, for example, [8]) that if & > 1, then there exist
positive constants C and Cy depending on p and «, such that

Anjs1p(Wai ) < ol%”wg(x), |z < Caan.
Consequently
Wnp(Was ) ~ %Wg’(m), |z| < Caay,.
Now we prove our results.

Proof of Theorem 1.1. Let W, (z) = exp(—|z]|¥), @« > 1, 0 < p < oco. Fix
K >0and £ > 1. Let ¥ be convex, nonnegative, and nondecreasing in [0, 00).
By Lemma 2.1, there exists a positive constant B* such that

(2.5) HfWa”LP(]R) < 2||fWaHLP([fB*a,,L,B*an])’ (0<p<o0)
forn > 2, f € GANP,,. Let k =4/p and B > B*({+ k). Then
(2.6) B*a(ngk)n < Ba,,.

Now let p;(v,z), j = 0,1,2,..., be the orthonormal Chebyshev polynomials
associated with the Chebyshev weight

Cfa=e)7v2 te(-1,1),
olt) = { 0, t&(—1,1).
and let

m—1
Ky (v, 2,t) = Z pj(v,x)pj(v,t), meN.
3=0
Let f € GANPy,, ({ + k)n > 2, and let N = [n] + 1. Then for each fixed z,
T t ¥
Kn (U’ Ba,,’ Ban>

is a generalized polynomial in ¢ of degree less than (¢ + k)n. By Lemma 2.2,
(2.5), and (2.6), we have for all t € R,

FPOWE@) KN (v,2/(Ban), t/(Bay))”

f(t)

<ol [ W R e/ (Ban)u/(Ban)du
Ba,
SCQ% - FP)WP (W) K (v, 2/(Bay), u/(Bay))du.

Set t = 2. Then for all x € R,

fPa)WE(z) Ky (v, 2/(Bay), z/(Bay))
Ba,
< eyt FPWP (W) K (v, 2/(Bay), u/(Bay))du.

an J-Ba,
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Since
Ky (v,z/(Bay),z/(Bay)) ~ N* ~n* for |z| < Ba,,
(see, [15, p. 108]), we have

1 Ban,
1) P@WI) < e [ WK/ (Ban). u/ (Ba)du

—Ba,

for |z| < Ba,. By Theorem 2.2 in [10, p. 537], we have for |z < Z2=

Ban,
K% (v,z/(Bay),u/(Bay,))du

—ban,
1
= Ban/ K% (v,z/(Bay),w)du ~ ap, N3 ~ a,n®.
—1

Using Jensen’s inequality and (2.7), we obtain for |z| < Bg",

(fP(2)WE(x))
§ @< P caf?(u)WE (u M(v,m/(Ban>,u/<Ban>>du>
- JP5n K (v.x/(Bayn),u/(Bay))du
Do W(ea fP ()W) Kk (v, 2/(Ban),u/(Bay))du
[P K (v,2/(Bay), u/(Bay))du

IN

1 Banp
s / U(ea fP ()W) K (0, 2/ (Bay), u/ (Ban))du.

ann® J_pa,
Since
Ky (U, Bian’ BZﬂ) < cen’K% (v, Bian’ BZﬂ) , |z| < Ban, |u| < Bay,
we have
O(fP(x)WE(x))
B L e )W) K (0, 2/(Ban), u/ (Ba)

ann —Ba,

for |z < o=
Now, let

—Kan <ym <ym-1<--<y1 < Kap,
and

d=min{y; 1 —y :j=2,3,...,M}>0.

We can assume that K < B/2 so that |y;/(Bay)| < 1/2 for j = 1,2,..., M.
As

d
%arccos(x) ~ =1 for |z|]<1/2,
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we have
arccos(y;/(Bay)) — arccos(y;—1/(Ban)) > cs

Then by Lemma 2.3 in [10, p. 539], we obtain

M
2 Yj u 8 Coty,
;KN (U, Ba,,’ Ban> < ﬁN (N+ ; ) for |u| < Bay,.

Using (2.8) and the above inequality, we have for all f € GANPy,, n > Hik =
2p

p+a’
M n 1 e8]
S W) <en (24 5) [ var@wzw.
=1 " e
which yields Theorem 1.1. O

Lemma 2.3. Let z,,, < Tpp—1 < -+ < Tp,1 be the zeros of orthogonal poly-
nomial P,,(W2;x), a > 1. Then there exists a positive constant C' such that

Tpj—1— Tpj = Oal for j=2.....n
n
Proof. By Theorem 5.1 in [6, p. 36], there exists n € (0,1) such that
(2'9) Tp,j—1 — Tn,j ~ an for |17n,j| < nanp.
n

By Theorem 7.6 in [8, p. 168]

& 3 ap\ 3
(2.10) (/ |P(t)Wa(t)|2dt> > ¢ (7) |PWallp~@®y, PEPn 1.

oo n

Let

By Theorem 1.9 in [9, p. 470],

An
(2.11) 1PWallz @) = 2~ (2)|(PWa)' ()]
for || > nay, P € P,_1. By (2.10) and (2.11), we have

JZo [P Wa (1) dt an\? _
(AL (5 at@)

n

for || > nay, and for all P € P,,_;, hence

S APOWaPdt _ ranys
. o A .
Pebuy  |(PWa)? > e () g2%(@) for fa] 2 na,
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Since
I a(t)Pdt 1
m - ne 2
Peb |<PW E Sio (PWE ) Wala)
(see, [6, Lemma 2.1, p. 24]), we have

e X (Ermzeowaw) <o (L) e, @z

Now let
(W2t x) ZPZ W2 2).

Then by the Christofell-Darboux formula we have

Yn1(Wa) Pao1(WE; 2 3) Pu (W5 )
M (W3) T = Tn, ’

Ko (Wi an o) =

which implies that
(2.13) Kn(Wiiap,j, 2 j41) = 0.
By Theorem 1.1 in [9, p. 465] and Corollary 1.2 in [9, p. 466], we have

n —
(214) Z P2 l‘n j ~ ;Wa 2<xn,j)gn(-rn,j)

foralln=1,2,...,and for j=1,2,...,n

)

Now suppose that =, ; > = > x, j+1 > na,. Then

(2.15) 9n(@n5) < gn (@) < gn(Tnj41)-
By (2.12), (2.14), and (2.15), we have

\ W2 5, 2)Wa(2)

di(P-(Wz,mWa(x»‘

1/2
(2.16)

A
/\
ML
“%

Z20s) Z (;‘;wi(wz;x)wa(x»f)

IA
o
o
N
7 N
S
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)
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From (2.13), (2.14), and (2.16), we have
n _
CGCTgn(xn,j)Wa 1<xn7j)
S Kn(Ws;mn,ﬁmn,j)Wa(xn,j)

= Kn(Wi@nj, tn ) Waltn,;) — Kn(W2i T g, T jr1) Wa(n,jt1)

Thi
:/x da:< (W3 Ty, ) Wa(z))dz

n,j+1

(2.17)

2

n _ 3

<c¢ <a ) W (#n,5) 97 (T j+1) (T — T jg1)-
n

Since gn(@n,j) ~ gn(Tn,j+1), (see, [9, (11.10), p. 521]), from (2.17), we have
for xp; > Ty j41 > Nan,

a -1 a
(2.18) Tnj = Tnj+1 = Csfgn *(@nj41) = Cgf.

The proof of (2.18) for x,, j41 < Tpn,; < —Nay, is similar, hence by (2.8) and
(2.18), Lemma 2.3 follows. O

Proof of Theorem 1.2. Let 0 < p < oo and let n € N. Let {z,_ ;} be the zeros
of orthogonal polynomial P,(W2;z) and {)\, ;} be the Cotes numbers for W?2.
By Theorem 1.1 in [9, p. 465] and Corollary 1.2 in [9, p. 466], we have for all
neN and j=1,2,...,n,

~1/2
2.19 Ay < e 3 1 lonl : W2 (20 ;
(2.19) n.j _cn maxqn_ 3, o (@nj).

an
Let f € GANPy,. Then by (2.19), we have for all j =1,2,...,n,

Ty 1/2
R N )

an
< Cgf(xn,j)Wﬁ(wn,j)v

hence

. 1/2
Z)\ (@ WP (2, ) (max{n_g,l—laj:ﬂ})

(2.20) =t
< c— Zf T, ) WE(zp )

Using Theorem 1.1 w1th U(z) = x, we have

Zf T )WE(20) < <;+(15> /0; F)WP (w)du

where
§d =min{z, ; —xn ;-1 :j=2,3,...,n} > 0.
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By Lemma 2.3,

thus

(2.

2 S )W) < [ W,
j=1 mTee

Then Theorem 1.2 follows from (2.20) and (2.21). O
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