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DISCRETE MULTIPLE HILBERT TYPE INEQUALITY WITH
NON-HOMOGENEOUS KERNEL

BISERKA DRASCIC BAN, JosiP PECARIC, IVAN PERIC, AND TIBOR POGANY

ABSTRACT. Multiple discrete Hilbert type inequalities are established in
the case of non-homogeneous kernel function by means of Laplace integral
representation of associated Dirichlet series. Using newly derived integral
expressions for the Mordell-Tornheim Zeta function a set of subsequent
special cases, interesting by themselves, are obtained as corollaries of the
main inequality.

1. Introduction

Let £, be the space of all complex sequences x = (z,,)0% with the finite norm
% := (5, [ |P)"/? endowed. Let a = (a,)%; € £y, b= (by)22, € £, be
nonnegative sequences and 1/p+1/¢ =1, p > 1. Then

Ambn T
(1) > < lallp/[bllq

ey sin(m/p)

where constant 7/ sin(7/p) is the best possible [3, p. 253].

This is the famous discrete Hilbert double series theorem or Hilbert inequality,
a topic of interest of many mathematicians now-a-days too. The accustomary
approach to deriving Hilbert’s inequality is by applying the Holder inequality
to suitably transformed Hilbert type double sum expression, i.e., to the bilinear
form

(2) 9% =" K(m,n)ambn,

m,neN

where a,b are nonnegative and K(-,-) is the kernel function (of the double
series (2)).
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Forp > I,pt+¢ ! = 1;r € (3—min{p,q¢},3], 7! +s7! =1 and
n(2="/Par = (71(2_”/1’(1;)71>1 € £y, n?>~"/9b" ¢ ¢, Pogany [7] recently de-
duced -

ambn —r T T —-r ld r
B X o S Gl e e,
m,neN m n

where the constant

C)\,p = C)\,p(pv q,7, S, ,U)

1/s
_ (,us2+1> BY7(1+ (r — 3)/p.1+ (r — 3)/q)

© AT @I W] (A @) + [ )] +2) v
% ([\ / dxdy)

s (@ +y)omt?

is the best possible. The conditions

= (A @)’ < (p~ (@)’
(4) /}\1 Wdl’<0®, /p1 de<0®
secure the finiteness of Cy,, [7, Theorem 1], B(:,-) denotes the Euler Beta-
function and A, p: Ry +— R, are monotone increasing positive functions such

that
(5) lim A(z) = lim p(z) = oo,

r—00 Tr— 00
and their restrictions are /\|N =A=(M\)2,, p}N =p=(pn),.
Let us define more general Hilbert type series. Let m € Ny := {2,3,...}, a;,

7 =1, m be nonnegative sequences and let A1,..., A\, : Ry — R, be monotone
increasing positive functions such that
(6) lim \j(z) =00 (j =1,m),

Tr— 00
and their restrictions are )\j‘N = Aj = (A\j(nj))n =1 Let us denote n :=
(n1,...,nm) an m-dimensional positive integer index (running on N™). Then

the multiple Hilbert-type series reads

(1) HmlpaX) = >

neN™

H;'nzl n;

(A1(n1) + -+ A () + p)H

(p,pu>0).

Our main goal is to derive a sharp upper bound to (7).

Here, and in what follows, Z(z) = = denotes the identity function, f~!(x)
stands for the inverse of some f(z) and [X],{X} are the integer part and the
fractional part of some X. Furthermore, Dy(z) will stand for the Laplace
integral expression of the Dirichlet series [8, §5]

0o 0]
(8) Di(x) = Z ane N = x/ ext< Z an> dt
0

neN n=1
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for positive monotone increasing (A(n))52; satisfying (6). The internal sum we
find using the Euler-Maclaurin summation formula given in the form [8, §6]

) Za] /aa dr  (k(c),

j=k+1

where the differential operator o, := 1+ {x}:Z.

2. The main result

Theorem 1. Assume m € N, pl_l +etp bttt > 1L > 0,® =
(®1,...,Dm), ®;, j = 1,m positive monotone increasing functions and let
a;, j = 1,m be nonnegative sequences such that

1 0o .
(&5 (ny)an,) 0y €4, (=Tom)
while X = (A1,... A\p) and all \; satisfies (5). Then we have
(10) 9P A) < G @ N [n @y, am @,

where the constant factor equals

(11)
(@) 0 (1) (1 e
C2(a,\) = (“q“)/ / [1j=1 0, (1/25(u5)) dtdu| .
221 A(L) tl + ittt _|_p)uq+2

Aol [kfl(t ] ot ()]
Here f)\(l) fAl(l) f/\m(l), . AR stand as the
suitable abbreviations for m- tuple mtegmls, while dx :=dxq - -day,.

Proof. Assume ¢ > 1 and rewrite the m-tuple sum into the form:

®/Y(ny) - O () A, -y,
Hm(pa,X) = ) i/ /g :
neNm™ 1 (nl) Tt @m (nm)(Al(nl) et Am(nm) + p)“

Then, making use of the generalized Holder inequality with pfl +o b+
gt =1 ([4], [6]), we get

Hm(psa, A) (Za’“@pl/q )Upl (Za @pm/qnm))

n1 €N nm €N

1/q
1
X( Z ‘I)l(nl)"'q)m(nm)()‘l(nl)+‘”+/\m(nm)+p)uq> o

neN™

1/pm
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Transforming the general term of the multiple series by the Gamma function,
we conclude

m 1/q
— 1/q 1
(12) R=]lla;®; ||P.7'< > <I>1(n1)-~¢>m(nm)(p+ZT_M;—(%))“J

J=1 neNm™

m &L/a m (s 1/q
(13) _ Hj:l Paj@j ||pj /oo {L"uq_le_px H Z e j(nj)z d .
1/4(pq) 0 ®;(n;)

j=1 \njeN 7

Now, we apply the Laplace integral result (8) to all Dirichlet series

, o= Xi(ny)z © LY,
) = - = ] t.
v =2 o,(n;) /)\j(l) ‘ ®i(ny) ) 7

n;eN
and calculate the inner-most counting sum by the Euler-Maclaurin summation
formula (9). We conclude

[e'e) [)\;l(tj)]
D)\j (.13) — 33/ e—mtj / Duj (1/¢](u])) de dtj
2;(1) 0

A1)

n;=1

i
o A
= 3;‘/ / e‘“jbuj (1/(13j (u])) dt]’ d’u]‘ .
A;(1) Jo

Therefore, we easily get

1 1
12181 lp, - - |2t I,
I/4(uq)

00 A1(®)] . .
x /A@)A Oy (Fr7ay) * Qun (T

1/q
X (/ e_(tl+”'+tm+p)wm“q+ldx> dty---dt,, dug -+ - dum> .
0

Now, the right hand bound becomes

Hm(p,a, A) <

R DV +2)
- TYa(uq)

00 AT(®)] H;‘rlzl Oy (l/q)j(uj)) v
(14) X (/}\(1)/0 ( @ dU> .

1
21@1" [y, - am @],

tr ety 4 p)Hat?

Since all above involved series are convergent, the associated integral expres-
sions are convergent as well. So, all interchanges of integration order are en-
abled. Reducing the last expression, we finish the proof. O
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3. Integral representation of Mordell-Tornheim Zeta-function

In 1950 Tornheim [10] introduced the double series

(15) Ta) = Y g

W (p,q,?”>0,7”+mln{p,q}>1)
neN?

In honor to the author it is called Tornheim double series, also known in liter-
ature as Witten Zeta function or Mordell series. Later, a various continuations
of the domain for the function T'(p, q,r) are given, but here we are interested
in the case p > 1,¢ > 1,7 > 0, see, for example, [1], [2], [9], [11], [12].

Matsumoto [5] introduced the related, so-called Mordell-Tornheim m-tuple
Zeta-function in the form

(16) CMTJ”I’L(I‘; S) = Z 1

neNm 1

1

n"r‘ﬁ”"(nl++nm)5

)

where r := (r1,...,7);7;,8 € C. The series (16) is absolutely convergent for
R{r;} > 1,7 =1,m and R{s} > 0. It is obvious that taking m = 2 and real
parameters (16) one reduces to (15).

Our goal is here to obtain an integral representation for the real parameter
Mordell-Tornheim Zeta (a7 m. We give two different kind integral expressions
for this special function.

Theorem 2. Letry > 1,...,7y > 1,5 > 0. Then the series (prm(r;s) has

the following integral representation:
(17)

Tj—l

1 .Ts_l m ;
CMT,m(ra S) - 2m1—\(8) Hm F(TJ) /R:Hrl ew H - hm+tj dxdt .

i=1 j=1 51005

Proof. First, let us rewrite (a7, into

1 > s—1 . e "
CMT,m(le-wrm;S):@/o T H(Z nrj )dx

Jj=1 njEN J

Then the inner sums become

e "% 1 Oorj—l —(tj+z)n;
Il A S et
n;eN 7 J/J0 n; €N
i—1
1 oo tTJ
= / L —— dt;
L(r;) Jo et —1
w4t

1 o0 ttjfle 2
- / ;.
M(ry) Jo  gup P10
2

Since all above series are convergent, their integral expressions converge simul-
taneously. The integration order interchanges are legitimate. Thus, straight-
forward steps result in the desired relation (17). O
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Now, taking m = 2 we get the integral representation for the Tornheim-
Witten Zeta function.

Corollary 1. Letp > 1,9 > 1,7 > 0. Then the series T(p,q,r) possesses the
integral representation:

(18)
1 S cliyile Shyile 8] .’L'T_ltp_ltq_l e—x—t1;t2
T(p,qr)= ———— L2 dadt,dts,.
(P.4:7) = I T @T o) /0 /0 /0 sinh Z50 sinh 2512 1
Another kind integral expression can be given specifying ®;(n;) = nj ,

Aj(nj) =n;, j =1,m; pg = s in (12). Then, by means of (13)-(14) we deduce
the following result.

Theorem 3. Let the situation be the same as then in the previous theorem.
Then we have

s+1 Ty 0w, (uy ™)
(19) CJV[T,m(le"armys = / / t1—|— +t )g+2 dtdu

where the notations coincide with the ones in (10).

If we recall the proof of Theorem 3 and specify m = 2, we get a new integral
representation of the Tornheim series T'(p, q,r).

Corollary 2. Let p,q,r > 0, r+min{p, q} > 1. Then the series (15) possesses
the following integral expression
(20)

r+1 (ta] plt=] 5 PYou, (ug )
T = 212 7 Qtydtgdugdus .
(paq> < >/ / / / tl +t2)r+2 1dtodu1dug

4. Special cases

In this chapter we return to our multiple Hilbert-type series in which spec-
ifying step-by-step the functions ®;, \;, 7 = 1,m we get various special cases
for $,,(p,a, A) and its upper bounds

4.1. ®j(n;) =n;’,r; > 1

Following the proving procedure of Theorem 1, we conclude

S;Jm (p, aa )‘)
< (o ) (3 )
ni €N N €N

1 1/q
X ( Z TLT n%(h(m) + - +)\m(nm) +,0)“q>

neN™
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N . 1/q
o 7"J/q
]]_:[ |ayn,; ||pJ< Z ngl...nrmm(/\l(nl)+---+)\m(nm)+p)”q>

neN™
i m 1/q
_ H =1 ||a] /qu, / R —— H Z =X (ng)x b
Fl/q(uq) 0 o ny
Now, as
(A1)
© —Xj(nj)z 0 J
Nl S e I
n=1 Az (1) n;=1
7 J

by (9) we have

So, we easily deduce the subsequent result.

Corollary 3. Assume m € No, ¢ > 1, pl_l +et b+t > 1, 0> 0 and
let a; be nonnegative sequences such that

ri/q . T
(n] a"])njeN € epj (] - 1’m)
with a conveniently chosen v := (r1,...,rm). When A1,..., Ay Ry — Ry are

positive monotone increasing functions such that satisfy (5), we have

Apy v anm o
(21) Z (p+ z:lm A, (nj) )" < C;F,] (a,A)[laing’ /qul lamnyy /q”pm )
neNm j=1 "3 \Tj

where the constant factor equals

1 m . 1/q
" 1 ATHOL T 0, () 7)
22) CN"(a,\) = q )/ / J=1"%170 J gtd 7
(22) Cpg (@A) (( A(1) P+Z ty)rat? "

making use of abbreviations from Theorem 1.

4.2. ®;(n;) = n;j, r; >0, Aj(z) =Z(x)=x,p=0

In this case we get

1/q9 m
1 r;/
m07 aI < E n’ i
Hm(0,8,T) < ( n{l...nfﬁ”(n1+...+nm)MQ> 1:[||ajn] [
neN™ j=1
(23) = Jlain |y, - - llamnlr/ Yy, (Carrr (71, - s P 1))

Now, there are two possible approaches to estimate the series $,,(0,a,T). First,
we apply the integral expression (17) for the Mordell-Tornheim Zeta function
Cmvr,r achieved by Theorem 2.
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Corollary 4. Let m € Ny, g > 1, pl_ +tp gt > 1,0 >0, a; be

( TJ/Q

nonnegative sequences such that anj)nEN € Ly, j = 1,m where pq +
J

mini<j<m{r;} > 1. Then we have

>, Apy A, i T
(24)  SmOaZ)= J e < Gl (@) [T llamy |,
nenm \ L m j=1

where

2—m pha—1 mopi—l La
" (a,T) = it [ e ] e dodt
T T, T0) Jae e L e

i=1
with the use of notations from Theorem 1.

Second, we can apply the calculated integral representation (21) for arr, m
exposed in Theorem 3.

Corollary 5. Suppose m € Ny, g > 1, p1_1+~ vttt > 1, >0, a; are
nonnegative sequences such that ||ajn§j/q\\pj € ly;, j =1,m. Then we have

oo

an ...anm m ME rs
(25)  9nu(0.a,T)= > e <K (a,7) [ llaym /Il ,

n e n 1%
neNm V1 +o ot i) j=1

where the constant factor equals

CIR Y (u Pi) i
N uqg+1 u; (U
(26) K,qu (a7 ) ( ( ) / / tl + );J,q+2 dtdu

with the use of abbreviations analogous to ones in Theorem 1.

Proof. Consider the starting inequality (23). Now, we have

60.(0.2,7) < 13108 s - [2nni™ 7],
e I1/4(pq)
oo efnlx efnm:n l/q
" </ xuqil(z nit )( Z npy )dl"> .
0 n1 €N 1 Nom EN m

Summing the associated Dirichlet series, having on mind their Laplace integral
representations, by means of (9) we get

o—nsT oo o, [t5] o-at
Z 7 :x/ i Z n dt; —x/ / 0, (u )dt du; .

n; EN J nj=1

Now, obvious transformations lead to the desired inequality. O
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4.3. Two-dimensional Theorem 1

Taking m = 2 in Theorem 1 we deduce the following result.

Corollary 6. Suppose pfl —&—p;l +q¢'>1,40>0anda;,i=12 are non-
negative sequences such that

(@ (ni)an, )y _ €4y, (i=1,2).
Then

Ay Gny
(27) Z (Al(nl) +)\2(n2))# < C,f’q(aﬂ )\)”&1‘1’1 qu1||a2‘I’2/q||pz

n1,m2€N

Here the constant C,‘fq(a, A) takes the value

A (1) JAz(1) tl —|—t2 Mq+2

AT(0)] pAg  (t2)] 1/q
x / / Dul(1/¢1(u1))0u2(1/@2(ug))dU1du2 .
0 0

4.4. m = 2, i’z(nz) = n:’,)\, =7

Corollary 7. Suppose pl_l —|—pQ_1 +q ' >1, u>0,®;, i=1,2 positive mono-
tone increasing functions, a;, i = 1,2 are nonnegative sequences such that

(@;/q(m)ag/q)z}:l €Ly, (z =1, 2)

and A1, Ay are positive monotone increasing functions satisfying (5). Then

(e o)
Qp, G
(28) Y iy < Gl Dlant  ang .
’nl,nzzl

where the inequality’s constant factor Cffq(a, 7) equals

1/q
1 oo poo  plt1] plt2] " 7p1 ; —ps
<Mq+ >/ / / / : J0u, (1 5 )dtldthuldUQ )
2 1 1 0 0 tl =+ t2)N(I+
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