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Abstract

Although LLC resonant converters have the advantages of a wide operation range and high efficiency, the lack of an analytical
solution for the peak gain makes it difficult to optimize the resonant tank design, when considering not only the normal condition
but also the holdup time requirement. In this paper, based on a mathematical analysis of a LLC resonant converter at the peak
gain point, an analytical solution for the peak gain has been developed. By using the developed analytical solution, the peak gain
with given resonant tank parameters can be obtained. To confirm the validity of the developed analytical solution, simulations
and experimental results are compared.
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I. INTRODUCTION

With the development of power conversion technology,
power density has become a major challenge for the switching
power supply [1]–[3]. To improve power density, a higher
switching frequency and efficiency are required. A higher
switching frequency results in a volume reduction in the
passive components. High efficiency can reduce the volume
for thermal management [4],[5].

In addition to a high switching frequency and efficiency,
a switching power supply requires a holdup time specifica-
tion in many electronic systems. To satisfy the holdup time
requirement, a switching power supply should keep up its
output voltage even at the minimum input voltage condition.
In other words it needs to be designed with a wide input
range. Apparently, a switching power supply operating in a
wide input range can reduce the DC link capacitance size and
improve the power density.

Among the many topologies, a LLC resonant converter
becomes the most attractive topology for medium power
applications due to its high efficiency and wide input range.
When the switching frequency equals the resonant frequency,
the LLC resonant converter operates optimally in terms of
efficiency. Under this condition, the conduction loss and the
switching loss can be minimized. According to the circuit
operation analysis in [6], because the impedance of a resonant
tank becomes zero at the resonant frequency, the input and
output voltages are virtually connected together. Hence, the
LLC resonant converter can be easily designed with the unity
gain at the resonant frequency.
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On the other hand, from a holdup time point of view, it
is important to design a resonant tank, considering not only
normal conditions but also minimum input voltage conditions.

However, until now, research on LLC resonant converters
has mostly focused on the normal condition designs in [5]–
[8] and there is no precise mathematical analysis of the peak
gain on the holdup time requirement due to its complexity.
Apparently, the only way to design a resonant tank considering
the holdup time requirement is the trial and error method,
which takes more time and design resources.

Meanwhile, to simplify the analysis, the peak gains at
different Ln and Q combinations are simulated based on the
simulation tool “Simplis” in [9], which can get peak gain
curves for different Ln and Q values with a short simulation
time. In a set of curves, each line shows the combination of
different Ln and Q values that can achieve the same peak
gain. Thus, the computer-based method provides a simple
design guideline and can reduce the number of trial and error
attempts. However, this method does not take sets of series Ln
and Q combinations into consideration. Therefore, it is less
accurate than an analytical solution.

In this paper, to overcome the above mentioned limitations
when the LLC resonant converter is operating at the peak gain
point, a mathematical analysis of the peak gain is presented
with given set of parameters such as the resonant capacitor,
the resonant inductor, the magnetizing inductor, and the turn
ratio of the transformer obtained by the methods presented
in the literature mentioned above. By using the presented
mathematical analysis method for the peak gain, it is possible
to optimize the resonant tank of a LLC resonant converter,
which can satisfy the holdup time requirement with less design
resource in a relatively short time.

To confirm the validity of the developed analytical solution,
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Fig. 1. Key waveforms of LLC resonant converter at peak gain point.

experimental results and simulations are compared.

II. THEORETICAL ANALYSIS OF THE PEAK GAIN FOR LLC
RESONANT CONVERTERS

The peak gain happens when a circuit is operating at the
boundary of zero current switching (ZCS) and zero voltage
switching (ZVS) modes. A resonant tank current under this
condition is shown in Figure 1. In each half switching cycle,
the magnetizing inductor is increased by the output voltage.
After the magnetizing inductor current equals the resonant
inductor current, the magnetizing inductor participates in the
resonance and the magnetizing energy is transferred to the
resonant capacitor. When the resonant current is reset to zero
at the end of each half of a switching cycle, the entire energy
stored in both the resonant inductor and the magnetizing
inductor will be transferred to the resonant capacitor, and
hence the voltage conversion ratio reaches its peak value.

In this paper, based on the operation principle mentioned
above, a mathematical analysis of the peak gain has been
presented.

A. Mathematical analysis for LLC resonant converters

Mode 1[T0 ∼ T1]: When M2 is turned off and M1 is turned
on at To, Mode 1 begins as shown in Figure 1. Initially, the
resonant tank current is zero. During this period, the difference
between the resonant tank current and the magnetizing current
is transferred to the secondary side as shown in Figure 2(a).
When the resonant inductor current iLr becomes equal to the
magnetizing current iLm at T1, Mode 1 ends. The equivalent
circuit in Mode 1 can then be shown as in Figure 2(b). The
voltage vcr across Cr, the current iLr through Lr, and the current
iLm through Lm at the end of this mode can be expressed at
T1 as a function of the time duration t1 of Mode 1 as:

vcr(t1) = (Vin−nVo){1− cos(ωot1)}+Vcro cos(ωot1) (1)

iLr(t1) =

√
Cr

Lr
(Vin−nVo−Vcro)sin(ωot1) (2)

(a) Topological stage of mode analysis at Mode 1.

(b) The equivalent circuit for working at Mode 1.

Fig. 2. Operation mode analysis at Mode 1.

(a) Topological stage of mode analysis at Mode 2.

(b) The equivalent circuit for working at Mode 2.

Fig. 3. Operation mode analysis at Mode 2.

iLm(t1) =
nVo

Lm
t1. (3)

where Vcro is the initial value of vcr at T0, as shown in Figure
1 and the resonant frequency ωo becomes:

ω0 =
1√

LrCr
. (4)

Mode 2[T1 ∼ T2]: For the convenience of analysis, the time
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from T1 to T2 is newly defined as t2. When the current iLr be-
comes equal to the current iLm and the secondary side current
reaches zero, the secondary rectifier diode is blocked and then
Mode 2 begins as shown in Figure 3(a). The equivalent circuit
for Mode 2 can then be shown as in Figure 3(b). The voltage
vcr and current iLr during this period can be expressed as a
function of the time duration t2 of this mode as:

vCr(t2) =Vin(1− cos(ω1t2))+ vCr(t1)cos(ω1t2)

+ iLr(t1)

√
Leq

Cr
sin(ω1t2)

(5)

iLr(t2) =

√
Cr

Leq
(Vin−Vcr(t1))sin(ω1t2)+ iLr(t1)cos(ω1t2) (6)

where Leq is the sum of Lr and Lm, and the resonant frequency
including the magnetizing inductance ω1 becomes:

ω1 =
1√

(Lr +Lm)Cr
(7)

Meanwhile, the current iLr through Lr is equal to zero at t2.
Therefore, equation (6) can be expressed as follows:
√

Cr

Leq
(Vin− vcr(t1))sin(ω1t2)+ iLr(t1)cos(ω1t2) = 0 (8)

Since the resonant capacitor acts as a DC blocking capacitor,
the DC offset of the resonating capacitor voltage is half of the
input voltage. Then, the resonant capacitor voltage at the end
of Mode 2 can be obtained as:

vcr(t2) =Vin−Vcro (9)

From equations (5) and (9), the initial voltage Vcro can be
obtained as follows:

Vcro =Vin cos(ω1t2)−vcr(t1)cos(ω1t2)−iLr(t1)

√
Leq

Cr
sin(ω1t2).

(10)

B. Peak gain of LLC resonant converters

Until now, five equations, as shown in equations (1), (2),
(3), (8), and (10), have been derived from the equivalent
circuit with the given parameters, Vin, RL, Lm, Lr, Cr, and n,
when the LLC converter is operating at the peak gain point.
Since the resonant inductor current iLr(t1) becomes equal to
the magnetizing current iLm(t1) at t1, these equations have the
following six unknown values: t1, t2, iLr(t1), vcr(t1), Vcro, and
vo. Thus, to solve for the six unknown values, an additional
equation is required.

The difference between the resonant inductor current and the
magnetizing current during the Mode 1 interval is transferred
to the load. Therefore, the following equation holds:

2
T

∫ t1

0
{iLr(t)− iLm(t)}dt =

Vo

nRL
(11)

From equations (2), (3), and (11), the output voltage Vo
leads to:

Vo =
Cr(Vcro−Vin){cos(ωot1)−1}

(t1+t2)
2nRL

−n
{

Cr(cos(ωot1)−1)− nt2
1

2Lm

} . (12)

To eliminate iLr(t1) and vcr(t1), substituting equations (1)
and (2) into equation (8) results in:

Vo =
(Vin−Vcro)

{√
Cr
Leq

cos(ωot1)sin(ω1t2)+
√

Cr
Lr

sin(ωot1)cos(ω1t2)
}

n
{√

Cr
Lr

sin(ωot1)cos(ω1t2)−
√

Cr
Leq

(1− cos(ωot1))sin(ω1t2)
} .

(13)

In the same manner, substituting equations (1) and (2) into
equation (10) yields:

Vo =

(Vin−Vcro)

{
cos(ωot1)cos(ω1t2)+

√
Leq
Lr

sin(ωot1)cos(ω1t2)
}
−Vcro

n
{

cos(ωot1)cos(ω1t2)− cos(ω1t2)−
√

Leq
Lr

sin(ωot1)sin(ω1t2)
} .

(14)

Meanwhile, the current iLr(t1) is equal to the current iLm(t1)
at t1. Therefore, from equations (2) and (3), the output voltage
vo can be obtained as follows:

Vo =
Vin−Vcro

n
{

1
Lm

√
Lr
Cr

t1
sin(ωot1)

+1
} . (15)

From equation (15), the peak gain Gpeak leads to:

Gpeak =
Vo

Vin
=

1−Vcro/Vin

n
{

1
Lm

√
Lr
Cr

t1
sin(ωot1)

+1
} . (16)

Equation (15) shows that the output voltage Vo can be
calculated by determining Vcro and t1. The voltage Vcro can
be obtained from equations (14) and (15) as follows:

Vcro =

(
cos(ωot1)cos(ω1t2)−

√
Leq
Lr

sin(ωot1)cos(ω1t2)
)

×
(

1−
(

1
Lm

√
Lr
Cr

t1
sin(ωot1)

)−1
)
+ Lm sin(ωot1)cos(ω1t2)√

Lr
Cr t1+Lm sin(ωot1)

(17)
From equation (17), Vcro can be calculated by determining

t1 and t2.
Meanwhile, by eliminating Vo and Vcro from the equations

(12), (13), and (15), t1 and t2 can be solved. In order to get
t1, it is required that t2 is expressed as a function of t1. From
equations (12) and (15), equation (18) can be derived as:

t2 = n2RL

{
Cr(1− cos(ωot1)

(
1

Lm

√
Lr

Cr

t1
sin(ωot1)

)
− t2

1
2Lm

}
−t1.

(18)
Similarly, from equations (13) and (15), equation (19) can

be derived as:

t2 =
1√

LeqCr


tan−1





− 1
Lm
√

Cr
t1

1√
Leq

(
1

Lm

√
Lr
Cr

t1
sin(ωot1)

cos(ωot1)+1
)






 .

(19)
Eliminating t2 from equations (18) and (19) gives:

n2RL

{
Cr(1− cos(ωot1)

(
1

Lm

√
Lr
Cr

t1
sin(ωot1)

)
− t2

1
2Lm

}
− t1

= 1√
LeqCr

[
tan−1

{
− 1

Lm
√

Cr
t1

1√
Leq

(
1

Lm

√
Lr
Cr

t1
sin(ωot1)

cos(ωot1)+1
)

}]
.

(20)
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As shown in equation (20), this equation contains only one
unknown value t1 while all of the other parameters are given
values. Unfortunately, it is difficult to derive a solution of t1
as a closed form from equation (20). However, the time t1
can be easily calculated numerically and iteratively by using a
computer-based tool. Then, time t2 can be calculated by either
equation (18) or (19).

Once t1 and t2 are found, then the switching frequency at
the peak gain point can be expressed as follows:

fpeakgain =
1

2(t1 + t2)
. (21)

To sum up, there are four steps to getting the peak gain of
the LLC resonant converter. With known parameters, the first
step is to calculate the time t1 from equation (20). The next
step is to calculate the time t2 by substitution of the t1 value
into either equation (18) or (19). The third step is to calculate
Vcro by substitution of the t1 and t2 values into equation (17).
The last step is to obtain the peak gain by substitution of the
t1 and Vcro values into equation (16).

C. Optimal design considerations

The peak gain equations (16) and (17) are so complex and
messy that it is hard to predict the peak gain characteristic
under the parameter variation conditions. Therefore, in this
section, graphical simulations are presented to easily design
the resonant tank parameters, which can get a large voltage
gain. Moreover, some optimal design considerations are ex-
plained in this section.

i) As shown in equation (16), in order to get a large voltage
gain, a small initial value of the resonant capacitor voltage,
Vcro is required. Therefore, a larger resonant capacitance Cr
can get a higher voltage gain as shown in Figure 4(a).

With a larger Cr, the voltage stress on Cr will be smaller.
However, the problem is that the impedance of the resonant
tank will be small too, which will affect the short circuit
performance. With a smaller tank impedance, there will be a
higher short circuit current, and a higher switching frequency
is needed to limit the short circuit current [10].

ii) At the end of each half switching cycle, the entire energy
stored in both the resonant inductor and the magnetizing
inductor, (Lm +Lr)i2Lm/2, will be transferred to the resonant
capacitance Cr. Therefore, a large voltage gain can be achieved
under the small magnetizing inductance Lm condition due to
the large magnetizing inductor current as shown in Figure 4(b).
Similarly, a large voltage gain can be obtained under a large
resonant inductance Lr under an identical magnetizing inductor
current condition as shown in Figure 4(c). Even though a
narrow switching frequency range can be achieved due to the
small magnetizing inductance, the switching and conduction
losses are increased due to the high magnetizing current, which
results in poor efficiency.

A large resonant inductance will decrease the switching
frequency range of a LLC resonant converter. However, a large
resonant inductance makes it difficult to use the transformer
leakage inductance, which results in low power density and
heat generation.

(a) Cr variation.

(b) Lm variation. (c) Lr variation.

Fig. 4. DC gain characteristic under the parameter variation conditions.

TABLE I
DESIGN PARAMETERS FOR SIMULATION

Input voltage, Vin 250[V]
Output voltage, vo 55[V]
Load resistance, RL 6.7[Ω]
Turn ratio, n 3.6
Magnetizing inductance, Lm 210[uH]
Resonant inductance, Lr 40[uH]
Resonant capacitance, Cr 33[nF]

III. MEASUREMENT RESULTS

To confirm the validity of the developed analytical solution,
a 450W prototype was built with parameters in Table I.

With the given parameters, we can obtain t1=3.218[us], and
t2=3.472[us] by solving the equation using a computer-based
program, which results in fsw = 74.738 kHz at the peak gain
point.

A simulation was done with PSIM as shown in Figure
5. Figure 6 shows the key waveforms such as the resonant
tank current and the output voltage. As shown in Figure 6(a),
the LLC resonant converter gain can be kept constant at the
resonant frequency, which results in a LLC resonant converter
that can achieve maximum efficiency under normal operation
conditions.

During the hold up time, to maintain a regulated output
voltage, the switching frequency of the LLC resonant converter
needs to be reduced so that the converter gain can be boosted
up. As shown in Figure 6(b), the switching frequency of the
LLC resonant converter is reduced from about 136kHz to
74kHz, the resonant tank current becomes zero at the end of
Mode 2, and the intervals of Mode 1 and 2 agree well with the
mathematical results presented in this paper. Also, the output
voltage is accurately regulated at 55[V] as expected.

Figure 7 shows the experimental set up of a LLC resonant
converter. The experimental waveforms under normal opera-
tion and at the peak gain point are shown in Figure 8. As
shown in Figure 8(a), during normal operation conditions, the
LLC resonant converter is operating at its resonant frequency
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Fig. 5. Simulation circuit.

(a) Normal operation.

(b) Hold-up time operation.

Fig. 6. Simulation results for proposed mathematical analysis.

to regulate the output voltage. As shown in Figure 8(b),
the switching frequency at the peak gain point becomes
74.63[kHz] and the input voltage is equal to 260[V] for an
output voltage of 55[V]. The input voltage and the switching
frequency of the simulation results are a little different from
those of the experimental results while yielding the same
output voltage. This is because circuit parasitics are not con-
sidered in the simulation. However, overall the experimental
and simulation data have a good agreement.

IV. CONCLUSIONS

Smaller switching losses and wide input range operation
makes LLC resonant converters attractive as front-end AC/DC

Fig. 7. The experimental set up of the LLC resonant converter.

(a) Normal operation.

(b) Hold-up time operation.

Fig. 8. Experimental results for proposed mathematical analysis.

converters. However, the lack of an analytical solution for the
peak gain makes the design of an optimal resonant tank which
can satisfy the holdup time requirement difficult for engineers.

In this paper, based on a theoretical analysis of circuit
operation at the peak gain point, a precise analytical solution
for the peak gain has been presented. By using the developed
precise analytical solution for the peak gain, it is possible
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to accurately optimize the resonant tank of a LLC resonant
converter, which can regulate output voltage during hold up
time.

The simulations and experimental results of the derived
equations for the peak gain of a LLC resonant converter show
a good agreement. This means that a LLC resonant converter
can be more easily designed with the mathematical equations
presented in this paper.
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