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Abstract

This paper considers fuzzifying topologies, a special case of I-fuzzy topologies (bifuzzy topologies) introduced by Ying
[16, (I)]. It investigates topological notions defined by means of regular open sets when these are planted into the frame-
work of Ying’s fuzzifying topological spaces (in Łukasiewwicz fuzzy logic). The concept of fuzzifying nearly compact
spaces is introduced and some of its properties are obtained. We use the finite intersection property to give a characteri-
zation of fuzzifying nearly compact spaces. Furthermore, we study the image of fuzzifying nearly compact spaces under
fuzzifying completely continuous functions, fuzzifying almost continuity and fuzzifying R-map.

: Łukasiewicz logic; Fuzzifying topology; Fuzzifying regular open set; fuzzifying compact spaces; nearly
compact spaces.

1. Introduction completely different direction. Briefly speaking, a fuzzify-
ing topology on a set X assigns each crisp subset of X to

Fuzzy topology, as an important research field a certain degree of being open, other than being definitely
in fuzzy set theory, has been developed into a quite ma- open or not. In fact, fuzzifying topologies are a special case
ture discipline [4-5, 7, 9-10, 15]. In contrast to classical of the L-fuzzy topologies in [6, 11] since all t-norm on I
topology, fuzzy topology is endowed with richer structure, are included as a special class of tensor products in these
which is manifested with different ways to generalize cer- papers. Ying uses one particular tensor product, namely
tain classical concepts. So far, according to [5], the kind of Łukasiewicz conjunction. Thus his fuzzifying topologies
topologies defined by Chang [1] and Goguen [2] is called are a special class of all the I-fuzzy topologies consid-
the topologies of fuzzy subsets, and further is naturally ered in the categorical frameworks [6, 11]. Particularly, as
called L-topological spaces if a lattice L of membership the author [16] indicated, by investigating fuzzifying topol-
values has been chosen. Loosely speaking, a topology of ogy we may partially answer an important question pro-
fuzzy subsets (resp. an L-topological space) is a family posed by Rosser and Turquette [12] in 1952, which asked
of fuzzy subsets (resp. L-fuzzy subsets) of nonempty set whether there are many valued theories beyond the level of
X , and satisfies the basic conditions of classical topologies predicates calculus. Roughly speaking, the semantically
[8]. On the other hand, the authors of [6, 11] proposed the analysis approach transforms formal statements of inter-
terminologies I-fuzzy topologies (if the set of membership est, which are usually expressed as implication formulas in
values is chosen to be the unit interval [0, 1]) and L-fuzzy logical language, into some inequalities in the truth value
topologies (if the corresponding set of membership values set by truth valuation rules, and then these inequalities are
is chosen to be lattice L). In [3], an L-fuzzy topology is demonstrated in an algebraic way and the semantic valid-
an L-valued mapping on the traditional power set P (X) of ity of conclusions is established. In 1993, Ying [17] intro-
X . In [6, 9-11] an L-fuzzy topology is an L-valued map- duced the concepts of compactness and established a gener-
ping on the L-valued mapping on the L-power set of X. alization of Tychonoff’s theorem in the framework of fuzzi-
In 1980, Hohle¨ [3] introduced the concept of fuzzy mea- fying topology. In [13–14] Singal and Mathur introduced
surable spaces with the idea of giving degrees in [0, 1] the concept of nearly compact spaces in general topology.
to some topological terms rather than 0 and 1. In 1991, In this paper, we give the definitions and basic properties
by Łukasiewicz logic on [0, 1], Ying [16] used the seman- of fuzzifying open covering and fuzzifying nearly com-
tic method to propose so-called fuzzifying topology, whose pact spaces. Also, we use the finite intersection property to
definition is the same with Hohle’¨ s. He gave an elementally give a characterization of fuzzifying nearly compact space.
development of topology in the theory of fuzzy sets from a

Manuscript received Feb. 4, 2010; revised Jul. 8, 2010; 
Accepted Oct. 21, 2010. 

Key Words

296

On Fuzzifying Nearly Compact Spaces 

International Journal of Fuzzy Logic and Intelligent Systems, vol. 10, no. 4, December 2010, pp. 296-302
DOI : 10.5391/IJFIS.2010.10.4.296



Moreover, we study the image of fuzzifying nearly com-
pact spaces under fuzzifying completely continuous func-
tions, fuzzifying almost continuity and fuzzifying R-map.
We use the terminologies and notations in [16–19] with-
out any explanation. We will use the symbol ⊗ instead of
the second ”AND” operation ∧. as the dot is hardly visible.
This means that [α] ≤ [φ → ψ] ⇔ [α] ⊗ [φ] ≤ [ψ]. Also,
we need the fact that (α→ γ) ∧ (β → γ) = (α ∨ β)→ γ.
A fuzzifying topology on a set X [3, 16] is a function
τ ∈ ℑ(P (X)) such that:

(1) τ(X) = τ(∅) = 1;
(2) for any A,B ∈ P (X), τ(A ∩B) ≥ τ(A) ∧ τ(B);
(3) for any {Aλ ∈ P (X) : λ ∈ Λ}, τ(

∪
λ∈Λ

Aλ) ≥∧
λ∈Λ

τ(Aλ).

The family of all fuzzifying regular open sets [18], denoted
by
τR ∈ ℑ(P (X)), is defined as follows:

[A ∈ τR] = min(
∧
x∈A

(Int(Cl(A)(x)),∧
x∈X−A

(1− Int(Cl(A))(x))).

If (X, τ) and (Y, σ) are two fuzzifying topological spaces
and f ∈ Y X . Then, the unary fuzzy predicates AC,CC

and CR ∈ ℑ(Y X) called fuzzifying almost continuity
[18], fuzzifying completely continuous function [19] and
fuzzifying R-map [19], are given respectively, as follows:
AC(f) := ∀U(U ∈ σR −→ f−1(U) ∈ τ),
CC(f) := (∀U)(U ∈ σ −→ f−1(U) ∈ τR), and
CR(f) := (∀U)(U ∈ σR −→ f−1(U) ∈ τR).
If Ω is the class of all fuzzifying topological spaces, then
a unary fuzzy predicate Γ ∈ ℑ(Ω), called fuzzifying com-
pactness [17], is given as follows:

(1) Γ(X, τ) := (∀ℜ)(K◦(ℜ, X) −→ (∃℘)((℘ ≤
ℜ) ∧K(℘,X) ⊗ FF (℘))).
(for K and K◦ see [16,(II)], Definition 4.4 , for ≤ see
[16,(II)],Theorem 4.3 and for FF see [17], Definition 1.1)

(2) If A ⊆ X, then Γ(A) := Γ(A, τ/A)

2. Fuzzifying nearly compact space

Definition 2.1
(1) A binary fuzzy predicate KR ∈ ℑ(ℑ(P (X)) ×

P (X)), called fuzzifying regular open covering, is given
as follows:

KR(ℜ, A) := K(ℜ, A) ⊗ (ℜ ⊆ τR).

(2) Let Ω be the class of all fuzzifying topological
spaces. A unary fuzzy predicates ΓR ∈ ℑ(Ω), called fuzzi-
fying near compactness, is given as follows:

(i) ΓR(X, τ) := (∀ℜ)(KR(ℜ, X) −→ (∃℘)((℘ ≤

ℜ) ∧K(℘,X) ⊗ FF (℘)))
(ii) If A ⊆ X, then ΓR(A) := ΓR(A, τ/A);

(3) Let (X, τ) be a fuzzifying topological space and
A ⊆ X, then the family of all fuzzifying regular open sets
in (A, τ/A) denoted by τR/A ∈ ℑ(P (A)) is defined as

V ∈ τR/A := (∃U)((U ∈ τR) ∧ (V = U ∩A)).

The following theorem states that ”the degree to which
a subset A is fuzzifying nearly compact is equal to the de-
gree in the statement ”every fuzzifying regular open cover
from τ of A has a finite subcover”.
Theorem 2.2. For any fuzzifying topological space (X, τ)
and A ⊆ X,

� ΓR(A) ←→ (∀ℜ)(KR(ℜ, A) −→ (∃℘)((℘ ≤
ℜ) ∧K(℘,A) ⊗ FF (℘))),
where KR is related to τ.
Proof. For any ℜ ∈ ℑ(P (X)), we set ℜ̄ ∈ ℑ(P (A)) de-
fined as

ℜ̄(C) =
∨

C=A∩B, B⊆X

ℜ(B).

Then

[K(ℜ̄, A)] =
∧
x∈A

∨
x∈C

ℜ̄(C)

≥
∧
x∈A

∨
x∈C=A∩B

ℜ(B)

≥
∧
x∈A

∨
x∈B

ℜ(B) = [K(ℜ, A)],

Therefore

[ℜ̄ ⊆ τR/A]
=

∧
C⊆A

min(1, 1− ℜ̄(C) + τR/A(C))

=
∧

C⊆A

min(1, 1−
∨

C=A∩B, B⊆X

ℜ(B) +
∨

C=A∩B, B⊆X

τR(B))

≥
∧

C⊆A, C=A∩B, B⊆X

min(1, 1−ℜ(B) + τR(B))

≥
∧

B⊆X

min(1, 1−ℜ(B) + τR(B)) = [ℜ ⊆ τR].

Now, we define [KR(ℜ, A)] = [K(ℜ, A) ⊗ (ℜ ⊆ τR)]
and [K

′

R(ℜ̄, A)] = [K(ℜ̄, A) ⊗ (ℜ̄ ⊆ τR/A)]. Then
[KR(ℜ, A)] ≤ [K

′

R(ℜ̄, A)].
So, for any ℘ ≤ ℜ̄, we define ℘

′ ∈ ℑ(P (X)) as

℘
′
(B) =

{
℘(B), if B ⊆ A
0, otherwise.

Then ℘
′ ≤ ℜ, [FF (℘

′
)] = [FF (℘)] and [K(℘

′
, A)] =
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[K(℘,A)]. Furthermore, we have

[ΓR(A) ⊗ KR(ℜ, A)]
≤ [ΓR(A) ⊗ K

′

R(ℜ̄, A)]
= [(∀ℜ̄)(K

′

R(ℜ̄, A) −→ (∃℘)((℘ ≤ ℜ̄) ∧K(℘,A)

⊗ FF (℘))) ⊗ K
′

R(ℜ̄, A)]
≤ [K

′

R(ℜ̄, A) −→ (∃℘)((℘ ≤ ℜ̄) ∧K(℘,A)

⊗ FF (℘)) ⊗ K
′

R(ℜ̄, A)]
≤ [(∃℘)((℘ ≤ ℜ̄) ∧K(℘,A) ⊗ FF (℘))]

≤ [(∃℘
′
)((℘

′
≤ ℜ) ∧K(℘

′
, A) ⊗ FF (℘

′
))]

≤ [(∃ß)((ß ≤ ℜ) ∧K(ß, A) ⊗ FF (ß))].

Then [ΓR(A)] ≤ [KR(ℜ, A)] −→ [(∃ß)((ß ≤ ℜ) ∧
K(ß, A) ⊗ FF (ß))]. Therefore

[ΓR(A)] ≤
∧

ℜ∈ℑ(P (X))

[KR(ℜ, A) −→ (∃ß)((ß ≤ ℜ)

∧K(ß, A) ⊗ FF (ß))]

= [(∀ℜ)(KR(ℜ, A) −→ (∃ß)((ß ≤ ℜ)
∧K(ß, A) ⊗ FF (ß)))].

Conversely, for any ℜ ∈ ℑ(P (A)), if [ℜ ⊆ τR/A] =∧
B⊆A

min(1, 1 − ℜ(B) + τR/A(B)) = λ, then for any

n ∈ N and B ⊆ A,
∨

B=A∩C, C⊆X

τR(C) = τR/A(B) >

λ + ℜ(B) − 1 − 1
n , and there exists CB ⊆ X such that

CB∩A = B and τR(CB) > λ+ℜ(B)−1− 1
n .Now, we de-

fine ℜ̄ ∈ ℑ(P (X)) as ℜ̄(C) = max
B⊆A

(0, λ+ℜ(B)−1− 1
n ).

Then [ℜ̄ ⊆ τR] = 1 and

[K(ℜ̄, A)] =
∧
x∈A

∨
x∈C⊆X

ℜ̄(C)

=
∧
x∈A

∨
x∈B

ℜ̄(CB)

≥
∧
x∈A

∨
x∈B

(λ+ ℜ(B)− 1− 1

n
)

=
∧
x∈A

∨
x∈B

ℜ(B) + λ− 1− 1

n

= K(ℜ, A) + λ− 1− 1

n
,

[KR(ℜ̄, A)]
= [K(ℜ̄, A) ⊗ (ℜ̄ ⊆ τR)]

= [K(ℜ̄, A)] ≥ max(0,K(ℜ, A) + λ− 1− 1

n
)

≥ max(0,K(ℜ, A) + λ− 1)− 1

n
= K

′

R(ℜ, A)−
1

n
.

For any ℘ ≤ ℜ̄, we set ℘
′ ∈ ℑ(P (A)) as ℘

′
(B) =

℘(CB), B ⊆ A.

Then ℘
′ ≤ ℜ, [FF (℘

′
)] = [FF (℘)] and [K(℘

′
, A)] =

[K(℘,A)]. Therefore

[(∀ℜ)(KR(ℜ, A) −→ (∃℘)((℘ ≤ ℜ) ∧K(℘,A)

⊗ FF (℘)))] ⊗ [K
′

R(ℜ, A)]−
1

n
≤ [(∀ℜ)(KR(ℜ, A) −→ (∃℘)((℘ ≤ ℜ) ∧K(℘,A)

⊗ FF (℘)))] ⊗ ([K
′

R(ℜ, A)]−
1

n
)

≤ [KR(ℜ̄, A) −→ (∃℘)((℘ ≤ ℜ̄) ∧K(℘,A)

⊗ FF (℘))] ⊗ [KR(ℜ̄, A)]
≤ [(∃℘)((℘ ≤ ℜ̄) ∧K(℘,A) ⊗ FF (℘))]

≤ [(∃℘
′
)((℘

′
≤ ℜ) ∧K(℘

′
, A) ⊗ FF (℘

′
))]

≤ [(∃ß)((ß ≤ ℜ) ∧K(ß, A) ⊗ FF (ß))].

Let n −→∞. We obtain

[(∀ℜ)(KR(ℜ, A) −→ (∃℘)((℘ ≤ ℜ) ∧K(℘,A)

⊗ FF (℘)))] ⊗ [K
′

R(ℜ, A)]
≤ [(∃ß)((ß ≤ ℜ) ∧K(ß, A) ⊗ FF (ß))]. Then
[(∀ℜ)(KR(ℜ, A) −→ (∃℘)((℘ ≤ ℜ) ∧K(℘,A) ⊗ FF (℘)))]

≤ [K
′

R(ℜ, A) −→ (∃ß)((ß ≤ ℜ) ∧K(ß, A) ⊗ FF (ß))]

≤
∧

ℜ∈ℑ(P (X))

[K
′

R(ℜ, A) −→ (∃ß)((ß ≤ ℜ) ∧K(ß, A)

⊗ FF (ß))] = [ΓR(A)]. 2

In the following theorem we give a characterization of
fuzzifying nearly compact space by using the finite inter-
section property.
Theorem 2.3.
Let (X, τ) be a fuzzifying topological space and let

π1 := (∀ℜ)((ℜ ∈ ℑ(P (X)))∧(ℜ ⊆ FR) ⊗ fI(ℜ) −→
(∃x)(∀A)(A ∈ ℜ −→ x ∈ A));

π2 := (∀ℜ)(∃B)(((ℜ ⊆ FR) ∧ (B ∈ τR)) ⊗
(∀℘)((℘ ≤ ℜ) ⊗ FF (℘) −→ ¬(

∩
℘ ⊆ B)) −→

¬(
∩
ℜ ⊆ B)).

Then |= ΓR(X, τ) ←→ πi, i = 1, 2. (for fI see [17], Defi-
nition 2.2)
Proof. (a) First, we prove [ΓR(X, τ)] = [π1].
For any ℜ ∈ ℑ(P (X)), we set ℜc(X −A) = ℜ(A). Then

[ℜ ⊆ τR]
=

∧
A∈P (X)

min(1, 1−ℜ(A) + τR(A))

=
∧

X−A∈P (X)

min(1, 1−ℜc(X −A) + FR(X −A))

= [ℜc ⊆ FR],

[FF (ℜ)] = 1 −
∧
{α ∈ [0, 1] : F (ℜα)} = 1 −

∧
{α ∈

[0, 1] : F (ℜc
α)} = [FF (ℜc)] and

ß ≤ ℜc ←→ ß(A) ≤ ℜc(A)←→ ßc(X −A)
≤ ℜ(X −A)←→ ßc ≤ ℜ.
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Therefore

[ΓR(X, τ)]

= [(∀ℜ)(KR(ℜ, X) −→ (∃℘)((℘ ≤ ℜ)
∧K(℘,X) ⊗ FF (℘)))]

= [(∀ℜ)((ℜ ⊆ τR) ⊗ K(ℜ, X) −→
(∃℘)((℘ ≤ ℜ) ∧K(℘,X) ⊗ FF (℘)))]

= [(∀ℜ)((ℜ ⊆ τR) −→ (K(ℜ, X) −→
(∃℘)((℘ ≤ ℜ) ∧K(℘,X) ⊗ FF (℘))))]

= [(∀ℜ)((ℜc ⊆ FR) −→ ((∀x)(∃A)(A ∈ ℜ ∧ x ∈ A)
−→ (∃℘)((℘ ≤ ℜ) ∧K(℘,X) ⊗ FF (℘)))]

= [(∀ℜ)((ℜc ⊆ FR) −→ ((∀x)(∃A)(A ∈ ℜ ∧ x ∈ A)
−→ (∃ßc)((ßc ≤ ℜ) ∧K(ßc, X) ⊗ FF (ßc)))]

= [(∀ℜ)((ℜc ⊆ FR) −→ ((∀x)(∃A)(A ∈ ℜ ∧ x ∈ A)
−→ (∃ß)((ß ≤ ℜc) ∧ FF (ß) ⊗ K(ßc, X)))]

= [(∀ℜ)((ℜc ⊆ FR) −→ ((∀x)(∃A)(A ∈ ℜ ∧ x ∈ A)
−→ (∃ß)((ß ≤ ℜc) ∧ FF (ß)

⊗ (∀x)(∃B)(B ∈ ßc ∧ x ∈ B)))]

= [(∀ℜ)((ℜc ⊆ FR) −→ (¬((∃ß)((ß ≤ ℜc) ∧ FF (ß)
⊗ (∀x)(∃B)(B ∈ ßc ∧ x ∈ B)))

−→ ¬((∀x)(∃A)(A ∈ ℜ ∧ x ∈ A))))]
= [(∀ℜ)((ℜc ⊆ FR) −→ (fI(ℜc) −→
¬((∀x)(∃A)(A ∈ ℜ ∧ x ∈ A))))]

= [(∀ℜ)((ℜc ⊆ FR) ⊗ fI(ℜc) −→
(∃x)(∀A)(A ∈ ℜc ∧ x ∈ A))] = [π1].

(b) We prove [π1] = [π2]. Let X−B ∈ P (X). For any
ℜ ∈ ℑ(P (X)), we have

[(ℜ ⊆ FR) ∧ (B ∈ τR)]
= [(ℜ ⊆ FR) ∧ (X −B ∈ FR)]

=
∧

A∈P (X)

min(1, 1−ℜ(A) + FR(A)) ∧ FR(X −B)

=
∧

A∈P (X)

min(1, 1−ℜ(A) + FR(A)) ∧∧
A∈P (X)

min(1, 1− [A ∈ {X −B}] + FR(A))

=
∧

A∈P (X)

min(1, 1− [(ℜ ∪ {X −B})(A)] + FR(A))

= [(ℜ ∪ {X −B}) ⊆ FR].

Therefore, for any ß ∈ ℑ(P (X)),
let ℘ = ß|{X −B} ∈ ℑ(P (X)).

℘(A) =

{
ß(A), if A ̸= X −B
0, if A = X −B.

Then ℘ ≤ ß, ℘ ∪ {X − B} ≥ ß, [FF (℘)] =

[FF (ß)], [℘ ≤ ℜ] = [ß ≤ (ℜ ∪ {X −B})] and

[(∀℘)((℘ ≤ ℜ) ⊗ FF (℘) −→
(∃x)(∀A)(A ∈ (℘ ∪ {X −B}) −→ x ∈ A))]

=
∧
℘≤ℜ

min(1, 1− [FF (℘)] +

∨
x∈X

∧
A∈P (X)

((℘ ∪ {X −B})(A) −→ A(x)))

≤
∧

ß≤(ℜ∪{X−B})

min(1, 1− [FF (ß)] +

∨
x∈X

∧
A∈P (X)

(ß(A) −→ A(x)))

= fI(ℜ ∪ {X −B}).

Furthermore, we have

[π1] ⊗ [((ℜ ⊆ FR) ∧ (B ∈ τR)) ⊗ (∀℘)((℘ ≤ ℜ)
⊗ FF (℘) −→ ¬(

∩
℘ ⊆ B))]

= [π1] ⊗ [(ℜ ∪ {X −B} ⊆ FR) ⊗ (∀℘)((℘ ≤ ℜ) ⊗
FF (℘) −→ (∃x)(∀A)(A ∈ (℘ ∪ {X −B}) −→ x ∈ A))]
= [π1] ⊗ [(ℜ ∪ {X −B} ⊆ FR) ⊗ fI(ℜ ∪ {X −B})]
≤ [(∃x)(∀A)(A ∈ (ℜ ∪ {X −B}) −→ x ∈ A)]
= [¬(

∩
ℜ ⊆ B)].

Therefore

[π1] ≤
∧

ℜ∈ℑ(P (X))

∨
B⊆X

(((ℜ ⊆ FR) ∧ (B ∈ τR)) ⊗

(∀℘)((℘ ≤ ℜ) ⊗ FF (℘) −→
¬(

∩
℘ ⊆ B)) −→ ¬(

∩
ℜ ⊆ B)) = [π2].

Conversely,

[π2] ⊗ [(ℜ ⊆ FR) ⊗ fI(ℜ)]
= [π2] ⊗ [((ℜ|{B}) ∪ {B}) ⊆ FR)

⊗ fI((ℜ|{B}) ∪ {B})]
= [π2] ⊗ [(ℜ

′
⊆ FR) ∧ (X −B ∈ τR)

⊗ (∀℘)(℘ ≤ ℜ
′
⊗ FF (℘) −→

(∃x)(∀A)(A ∈ (℘ ∪ {B}) −→ x ∈ A))]
= [π2] ⊗ [(ℜ

′
⊆ FR) ∧ (X −B ∈ τR)

⊗ (∀℘)(℘ ≤ ℜ
′
⊗ FF (℘) −→

¬(
∩
℘ ⊆ X −B))]

≤ [¬(
∩
ℜ

′
⊆ X −B)]

= [(∃x)(∀A)(A ∈ (ℜ
′
∪ {B}) −→ x ∈ A)]

= [(∃x)(∀A)(A ∈ ℜ −→ x ∈ A)].
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Therefore

[π2] ≤
∧

ℜ∈ℑ(P (X))

[(ℜ ⊆ FR) ⊗ fI(ℜ) −→

(∃x)(∀A)(A ∈ ℜ −→ x ∈ A)] = [π1]. 2

3. Some properties of fuzzifying nearly compact spaces

The following theorem gives the image of fuzzifying
nearly compact space under fuzzifying completely contin-
uous function.
Theorem 3.1. Let (X, τ) and (Y, σ) be any two fuzzify-
ing topological spaces and f ∈ Y X be surjection. Then
|= ΓR(X, τ) ⊗ CC(f) −→ Γ(f(X)).
Proof. For any ℜ̄ ∈ ℑ(P (Y )), we define ℜ ∈ ℑ(P (X))
as ℜ(A) = f−1(ℜ̄)(A) = ℜ̄(f(A)). Then

[K(ℜ, X)] =
∧
x∈X

∨
x∈A

ℜ(A) =
∧
x∈X

∨
x∈A

ℜ̄(f(A))

=
∧
x∈X

∨
f(x)∈B

ℜ̄(B)

=
∧

y∈f(X)

∨
y∈B

ℜ̄(B) = [K(ℜ̄, f(X))],

[ℜ̄ ⊆ σ] ⊗ [CC(f)]

=
∧

B⊆Y

min(1, 1− ℜ̄(B) + σ(B))

⊗
∧

B⊆Y

min(1, 1− σ(B) + τR(f
−1(B)))

= max(0,
∧

B⊆Y

min(1, 1− ℜ̄(B) + σ(B))

+
∧

B⊆Y

min(1, 1− σ(B) + τR(f
−1(B)))− 1)

≤
∧

B⊆Y

max(0,min(1, 1− ℜ̄(B) + σ(B))

+min(1, 1− σ(B) + τR(f
−1(B)))− 1)

≤
∧

B⊆Y

min(1, 1− ℜ̄(B) + τR(f
−1(B)))

=
∧

A⊆X

∧
f−1(B)=A

min(1, 1− ℜ̄(B) + τR(f
−1(B)))

=
∧

A⊆X

∧
f−1(B)=A

min(1, 1− ℜ̄(B) + τR(A))

=
∧

A⊆X

min(1, 1−
∨

f−1(B)=A

ℜ̄(B) + τR(A))

=
∧

A⊆X

min(1, 1−ℜ(A) + τR(A)) = [ℜ ⊆ τR].

For any ℘ ≤ ℜ, we set ℘̄ ∈ ℑ(P (Y )) defined as
℘̄(f(A)) = f(℘)(f(A)) = ℘(A), A ⊆ X.

Then ℘̄(f(A)) = f(℘)(f(A))

≤ f(ℜ)(f(A))
= f(f−1(ℜ̄)(f(A))) ≤ ℜ̄(f(A)),

[FF (℘)] = 1 −
∧
{α ∈ [0, 1] : F (℘[α])} ≤ 1 −

∧
{α ∈

[0, 1] : F (f(℘)[α])} = [FF (f(℘))] = [FF (℘̄)] and

[K(℘̄, f(X))] =
∧

y∈f(X)

∨
y∈B

℘̄(B)

=
∧

y∈f(X)

∨
y∈B=f(A)

℘(A)

≥
∧

y∈f(X)

∨
f−1(y)∈A

℘(A)

=
∧
x∈X

∨
x∈A

℘(A) = [K(℘,X)].

Furthermore

[ΓR(X, τ)] ⊗ [CC(f)] ⊗ [K
′

◦(ℜ̄, f(X))]

= [ΓR(X, τ)] ⊗ [CC(f)] ⊗ [K(ℜ̄, f(X))] ⊗ [ℜ̄ ⊆ σ]
≤ [ΓR(X, τ)] ⊗ [ℜ ⊆ τR] ⊗ [K(ℜ, X)]

= [ΓR(X, τ)] ⊗ [KR(ℜ, X)]

≤ [(∃℘)((℘ ≤ ℜ) ∧K(℘,X) ⊗ FF (℘))]

≤ [(∃℘)((℘ ≤ ℜ) ∧K(℘̄, f(X)) ⊗ FF (℘̄))]

≤ [(∃℘
′
)((℘

′
≤ ℜ̄) ∧K(℘

′
, f(X)) ⊗ FF (℘

′
))],

where K
′

◦ is related to σ. Therefore

[ΓR(X, τ)] ⊗ [CC(f)]

≤ K
′

◦(ℜ̄, f(X)) −→ (∃℘
′
)((℘

′
≤ ℜ̄)

∧ K(℘
′
, f(X)) ⊗ FF (℘

′
))

≤
∧

ℜ̄∈ℑ(P (Y ))

(K
′

◦(ℜ̄, f(X)) −→ (∃℘
′
)((℘

′
≤ ℜ̄)

∧ K(℘
′
, f(X)) ⊗ FF (℘

′
)))

= [Γ(f(X))]. 2

The following theorem gives the preservation of fuzzi-
fying nearly compact space under fuzzifying R-map.
Theorem 3.2. Let (X, τ) and (Y, σ) be any two fuzzify-
ing topological spaces and f ∈ Y X be surjection. Then
|= ΓR(X, τ) ⊗ CR(f) −→ ΓR(f(X)).
Proof. From the proof of Theorem 3.1 we have for any
ℜ̄ ∈ ℑ(P (Y )), we define ℜ ∈ ℑ(P (X)) as ℜ(A) =
f−1(ℜ̄)(A) = ℜ̄(f(A)).
Then [K(ℜ, X)] = [K(ℜ̄, f(X))] and [ℜ̄ ⊆ σR] ⊗
[CR(f)] ≤ [ℜ ⊆ τR]. For any ℘ ≤ ℜ, we set
℘̄ ∈ ℑ(P (Y )) defined as ℘̄(f(A)) = f(℘)(f(A)) =
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℘(A), A ⊆ X, and we have [FF (℘)] ≤
[FF (℘̄)], [K(℘̄, f(X))] ≥ [K(℘,X)]. Therefore

[ΓR(X, τ)] ⊗ [CR(f)] ⊗ [K
′

R(ℜ̄, f(X))]

= [ΓR(X, τ)] ⊗ [CR(f)] ⊗ [K(ℜ̄, f(X))]

⊗ [ℜ̄ ⊆ σR]
≤ [ΓR(X, τ)] ⊗ [ℜ ⊆ τR] ⊗ [K(ℜ, X)]

= [ΓR(X, τ)] ⊗ [KR(ℜ, X)]

≤ [(∃℘)((℘ ≤ ℜ) ∧K(℘,X) ⊗ FF (℘))]

≤ [(∃℘)((℘ ≤ ℜ) ∧K(℘̄, f(X)) ⊗ FF (℘̄))]

≤ [(∃℘
′
)((℘

′
≤ ℜ̄) ∧K(℘

′
, f(X)) ⊗ FF (℘

′
))],

where K
′

R is related to σ. Therefore

[ΓR(X, τ)] ⊗ [CR(f)]

≤ K
′

R(ℜ̄, f(X)) −→ (∃℘
′
)((℘

′
≤ ℜ̄)

∧ K(℘
′
, f(X)) ⊗ FF (℘

′
))

≤
∧

ℜ̄∈ℑ(P (Y ))

(K
′

R(ℜ̄, f(X)) −→ (∃℘
′
)((℘

′
≤ ℜ̄)

∧ K(℘
′
, f(X)) ⊗ FF (℘

′
)))

= [ΓR(f(X))]. 2

The following theorem gives the image of fuzzifying
compact space under fuzzifying almost continuous func-
tion.
Theorem 3.3. Let (X, τ) and (Y, σ) be any two fuzzify-
ing topological space and f ∈ Y X be surjection. Then
|= Γ(X, τ) ⊗ AC(f) −→ ΓR(f(X)).
Proof. From the proof of Theorem 3.1 we have for any
ℜ̄ ∈ ℑ(P (Y )), we define ℜ ∈ ℑ(P (X)) as ℜ(A) =
f−1(ℜ̄)(A) = ℜ̄(f(A)).
Then [K(ℜ, X)] = [K(ℜ̄, f(X))] and [ℜ̄ ⊆ σR] ⊗
[AC(f)] ≤ [ℜ ⊆ τ ]. For any ℘ ≤ ℜ, we set ℘̄ ∈ ℑ(P (Y ))
defined as ℘̄(f(A)) = f(℘)(f(A)) = ℘(A), A ⊆ X.
and we have [FF (℘)] ≤ [FF (℘̄)], [K(℘̄, f(X))] ≥
[K(℘,X)]. Therefore

[Γ(X, τ)] ⊗ [AC(f)] ⊗ [K
′

R(ℜ̄, f(X))]

= [Γ(X, τ)] ⊗ [AC(f)] ⊗ [K(ℜ̄, f(X))] ⊗ [ℜ̄ ⊆ σR]
≤ [Γ(X, τ)] ⊗ [ℜ ⊆ τ ] ⊗ [K(ℜ, X)]

= [Γ(X, τ)] ⊗ [K◦(ℜ, X)]

≤ [(∃℘)((℘ ≤ ℜ) ∧K(℘,X) ⊗ FF (℘))]

≤ [(∃℘)((℘ ≤ ℜ) ∧K(℘̄, f(X)) ⊗ FF (℘̄))]

≤ [(∃℘
′
)((℘

′
≤ ℜ̄) ∧K(℘

′
, f(X)) ⊗ FF (℘

′
))],

where K
′

R is related to σ. Therefore

[Γ(X, τ)] ⊗ [AC(f)]

≤ K
′

R(ℜ̄, f(X)) −→ (∃℘
′
)((℘

′
≤ ℜ̄)

∧ K(℘
′
, f(X)) ⊗ FF (℘

′
))

≤
∧

ℜ̄∈ℑ(P (Y ))

(K
′

R(ℜ̄, f(X)) −→ (∃℘
′
)((℘

′
≤ ℜ̄)

∧ K(℘
′
, f(X)) ⊗ FF (℘

′
)))

= [ΓR(f(X))]. 2

4. Conclusion

The present paper investigates topological notions
when these are planted into the framework of Ying’s fuzzi-
fying topological spaces (in Lukasiewicz fuzzy logic). It
continue various investigations into fuzzy topology in a le-
gitimate way and extend some fundamental results in gen-
eral topology to fuzzifying topology. An important virtue
of our approach (in which we follow Ying) is that we de-
fine topological notions as fuzzy predicates (by formulae
of Łukasiewicz fuzzy logic) and prove the validity of fuzzy
implications (or equivalences). Unlike the (more wide-
spread) style of defining notions in fuzzy mathematics as
crisp predicates of fuzzy sets, fuzzy predicates of fuzzy sets
provide a more genuine fuzzification; furthermore the theo-
rems in the form of valid fuzzy implications are more gen-
eral than the corresponding theorems on crisp predicates
of fuzzy sets. The main contributions of the paper are to
study nearly compact space in fuzzifying topology and the
behavior of (nearly) compact spaces under various types of
mappings. There are some problems for further study:
(1) What is the justification for fuzzifying near compact-
ness in the setting of (2, L) topologies.
(2) Obviously, fuzzifying topological spaces in [16] form a
fuzzy category. Perhaps, this will become a motivation for
further study of the fuzzy category.
(3) It would be interesting to find results on productivity.
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