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Abstract

Based on the interval-valued intuitionistic fuzzy hybrid geometric (IIFHG) operator and the interval-valued intuitionistic
fuzzy weighted geometric (IIFWG) operator, we investigate the group decision making problems in which all the informa-
tion provided by the decision-makers is presented as interval-valued intuitionistic fuzzy decision matrices where each of
the elements is characterized by interval-valued intuitionistic fuzzy numbers, and the information about attribute weights
is partially known. A numerical example is used to illustrate the applicability of the proposed approach.

Interval-valued intuitionistic fuzzy sets, IIFHG operator, IIFWG operator, score function, multi-person
multi-attribute decision making.

1. Introduction

Interval-valued intuitionistic fuzzy sets, introduced by
Atanassov and Gargov [1], each of which is characterized
by a membership function and a non-membership function
whose values are intervals rather than exact numbers, are
a very useful means to describe the decision information
in the process of decision making. Some researcher have
applied the interval-valued intuitionistic fuzzy set theory to
the field of decision making. Xu and Chen [15] developed
some arithmetic aggregation operators, such as the interval-
valued intuitionistic fuzzy weighted averaging (IIFWA)
operator, the interval-valued intuitionistic fuzzy ordered
weighted averaging (IIFOWA) operator and the interval-
valued intuitionistic fuzzy hybrid averaging (IIFHA) op-
erator for aggregating interval-valued intuitionistic fuzzy
information, and gave an application of IIFHA operator to
multi-attribute group decision making with interval-valued
intuitionistic fuzzy information. Xu [13] developed some
geometric aggregation operator, such as the interval-valued
intuitionistic fuzzy geometric (IIFG) operator and interval-
valued intuitionistic fuzzy weighted geometric (IIFWG)
operator and applied them to multi-attribute group deci-
sion making with interval-valued intuitionistic fuzzy in-
formation. Xu and Chen [14] and Wei and Wang [11],
respectively, developed some geometric aggregation op-
erator, such as the interval-valued intuitionistic fuzzy or-

dered weighted geometric (IIFOWG) operator and interval-
valued intuitionistic fuzzy hybrid geometric (IIFHG) op-
erator and applied them to multi-attribute group decision
making with interval-valued intuitionistic fuzzy informa-
tion. However, they used the IIFWOG operator and the
IIFWG operator in the situation where the information
about attribute weights is completely known.

In this paper, we study some properties of the IIFWG
and IIFWOG operators and then investigate the group
decision making problems in which all the information
provided by the decision-makers is presented as interval-
valued intuitionistic fuzzy decision matrices where each
of the elements is characterized by interval-valued intu-
itionistic fuzzy number, and the information about attribute
weights is partially known. First, we use the IIFHG opera-
tor to aggregate all individual interval-valued intuitionistic
fuzzy decision matrices provided by the decision-makers
into the collective interval-valued intuitionistic fuzzy deci-
sion matrix, and then we use the score function to calculate
the score of each attribute value and construct the score ma-
trix of the collective interval-valued intuitionistic fuzzy de-
cision matrix. Based on the score matrix and the given at-
tribute weight information, we establish some optimization
models to determine the weights of attributes, and then we
use the obtained attribute weights and the IIFWG operator
to fuse the interval-valued intuitionistic fuzzy information
in the collective interval-valued intuitionistic fuzzy deci-
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sion matrix to get the overall interval-valued intuitionistic
fuzzy values of alternatives by which the raking of all the
given alternatives can be found. Finally, a numerical exam-
ple is given to illustrate the applicability of the proposed
method.

2. Relations and Aggregation Operators

2.1 Basic Concepts and Relations
Let a set X be fixed and D[0, 1] be the set of all closed

subintervals of the interval [0, 1]. An interval-valued intu-
itionistic fuzzy set (IVIFS) A in X is an object having the
form:

A = {〈x, µA(x), νA(x)〉 : x ∈ X}, (1)

where µA : X → D[0, 1], νA : X → D[0, 1] with the
condition supµA(x) + sup νA(x) ≤ 1 for any x ∈ X .

The intervals µA(x) and νA(x) denote, respectively,
the degree of belongingness and the degree of non-
belongingness of the element x to A. Then for each x ∈ X ,
µA(x) and νA(x) are closed intervals and their lower and
upper end points are denoted by µAL(x), µAU (x), νAL(x)
and νAU (x), respectively, and thus we can replace (1) with

A = {〈x, [µAL(x), µAU (x)], [νAL(x), νAU (x)]〉 : x ∈ X},

where 0 ≤ µAU (x) + νAU (x) ≤ 1 for any x ∈ X .
For each IVIFS A in X , we call

πA(x) = 1− µA(x)− νA(x) (2)
= [1− µAU (x)− νAU (x), 1− µAL(x)− νAL(x)]

an intuitionistic fuzzy interval of X in A.
For convenience, we call ã = 〈[a, b], [c, d]〉 an interval-

valued intuitionistic fuzzy number (IVIFN) [13], where
[a, b] ⊂ [0, 1], [c, d] ⊂ [0, 1] and b + d ≤ 1.

Xu [13] defined a score function s to measure a IVIFN
ã as follows:

s(ã) =
1
2
(a− c + b− d), (3)

where s(ã) ∈ [−1, 1]. The larger the value of s(ã), the
higher the IVIFN ã. Especially, if s(ã) = 1, then ã =
〈[1, 1], [0, 0]〉, which is the largest IVIFN; if s(ã) = −1,
then ã = 〈[0, 0], [1, 1]〉, which is the smallest IVIFN.

Wei and Wang [11] defined an accuracy function h to
evaluate the accuracy degree of a IVIFN ã as follows:

h(ã) =
1
2
(a + b + c + d), (4)

where h(ã) ∈ [0, 1]. The larger the value of h(ã), the
higher the degree of accuracy of the IVIFN ã.

From (2), we define the hesitancy degree of the IVIFN
ã = 〈[a, b], [c, d]〉 as the midpoint of intuitionistic fuzzy
interval of ã, i.e.,

π(ã) =
1
2
((1− a− c) + (1− b− d)). (5)

Then we get the relation between the hesitancy degree and
the accuracy degree of the IVIFN ã

π(ã) =
1
2
((1− a− c) + (1− b− d)) = 1− h(ã),

i.e.,

π(ã) + h(ã) = 1. (6)

From (6), we know that the higher the accuracy degree
h(ã), the lower the hesitancy degree π(ã).

Based on the score function and the accuracy function,
Xu [13] defined a method to compare two IVIFNs as fol-
lows:

Definition 1. Let ã1 = 〈[a1, b1], [c1, d1]〉 and ã2 =
〈[a2, b2], [c2, d2]〉 be two IVIFNs, s(ã1) = 1

2 (a1 − c1 +
b1− d1) and s(ã2) = 1

2 (a2− c2 + b2− d2) be the score of
ã1 and ã2, respectively, and h(ã1) = 1

2 (a1 + b1 + c1 + d1)
and h(ã2) = 1

2 (a2 + b2 + c2 + d2) be the accuracy degree
of ã1 and ã2, respectively; then:

• if s(ã1) < s(ã2), then ã1 is smaller than ã2, denoted
by ã1 < ã2;

• if s(ã1) = s(ã2), then

1) if h(ã1) = h(ã2), then ã1 and ã2 represent the
same information which denotes indifference
between ã1 and ã2, denoted by ã1 ∼ ã2;

2) if h(ã1) < h(ã2), then ã1 is smaller than ã2,
denoted by ã1 < ã2.

Theorem 1. Let ã1 = 〈[a1, b1], [c1, d1]〉 and ã2 =
〈[a2, b2], [c2, d2]〉 be two IVIFNs; then we have

a1 ≤ a2, b1 ≤ b2, c1 ≥ c2 and d1 ≥ d2 =⇒ ã1 ≤ ã2.

Proof. Since s(ã1) = 1
2 (a1 − c1 + b1 − d1), s(ã2) =

1
2 (a2 − c2 + b2 − d2), a1 ≤ a2, b1 ≤ b2, c1 ≥ c2 and
d1 ≥ d2, we have

s(ã1)− s(ã2)

=
1
2
(a1 − a2) + (b1 − b2) + (c2 − c1) + (d2 − d1).

If a1 = a2, b1 = b2, c1 = c2 and d1 = d2, then ã1 = ã2;
otherwise, we have s(ã1)− s(ã2) < 0, i.e., s(ã1) < s(ã2).
Thus from Definition 1, it follows that ã1 < ã2, which
completes the proof of Theorem 1.

Deschrijver and Kerre [4] defined a complete lattice as
a partially ordered set such that every nonempty subset of
it have a supremum and an infimum, and defined a relation
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≤L∗ on L∗ = {ã = 〈[a, b], [c, d]〉 ∈ D[0, 1] × D[0, 1] :
b + d ≤ 1} as follows:

ã1 ≤L∗ ã2 ⇐⇒ a1 ≤ a2, b1 ≤ b2, c1 ≥ c2, d1 ≥ d2, (7)

and showed that (L∗,≤L∗) is a complete lattice. How-
ever, in some situations, (7) cannot be used to compare
IVIFNs. For example, let ã1 = 〈[0.2, 0.4], [0.5, 0.6]〉 and
ã2 = 〈[0.2, 0.3], [0.4, 0.7]〉. Then it is impossible to know
which one is bigger by using (7). But in this case, we use
Definition 1 to compare them. In fact, since

s(ã1) =
1
2
(0.2− 0.5 + 0.4− 0.6) = −0.25,

s(ã2) =
1
2
(0.2− 0.4 + 0.3− 0.7) = −0.30,

then, by Definition 1, we know that ã1 > ã2.

Atanassov and Gargov [1] and Atanassov [2] intro-
duced some basic operations on interval-valued intuition-
istic fuzzy sets, which not only can ensure that the oper-
ational results are also interval-valued intuitionistic fuzzy
sets but also are useful in the calculus of variables under
interval-valued intuitionistic fuzzy environment. Motivated
by the operations in [1] and [2], Xu [13] defined two opera-
tional laws of IVIFNs, which are very useful in the remain-
der of this paper, as follows:

Definition 2. Let ã1 = 〈[a1, b1], [c1, d1]〉, ã2 =
〈[a2, b2], [c2, d2]〉 and ã = 〈[a, b], [c, d]〉 be three IVIFNs;
then

1) ã1 ⊗ ã2 = 〈[a1a2, b1b2], [c1 + c2 − c1c2, d1 + d2 −
d1d2]〉;

2) ãλ = 〈[aλ, bλ], [1− (1− c)λ, 1− (1− d)λ]〉, λ > 0,

which can ensure the operational results are also IVIFNs.
Based on Definition 2, Xu [13] further introduced the fol-
lowing relations:

1) ã1 ⊗ ã2 = ã2 ⊗ ã1.
2) (ã1 ⊗ ã2)λ = ãλ

1 ⊗ ãλ
2 , λ > 0.

3) ãλ1 ⊗ ãλ2 = ãλ1+λ2 , λ1, λ2 > 0.
Let S(x1, x2) = x1 +x2−x1x2 and T (y1, y2) = y1y2

(x = a, b; y = c, d); then the operational law 1) in Defini-
tion 2 can be rewritten as follows:

ã1 ⊗ ã2 (8)
= 〈[T (a1, a2), T (b1, b2)], [S(c1, c2), S(d1, d2)]〉,

where S(x1, x2) = x1 + x2 − x1x2 and T (y1, y2) = y1y2

are, respectively, well-known t-conorm and t-norm satisfy
boundedness, monotonicity, commutativity and associativ-
ity properties.

In the following, let us look at ãλ for some special cases
of λ and ã.

1) If ã = 〈[1, 1], [0, 0]〉, then ãλ = 〈[1, 1], [0, 0]〉.

2) If ã = 〈[0, 0], [1, 1]〉, then ãλ = 〈[0, 0], [1, 1]〉.
3) If ã = 〈[0, 0], [0, 0]〉, then ãλ = 〈[0, 0], [0, 0]〉.
4) If ã = 〈[a, b], [c, d]〉, λ → 0 and 0 < a ≤ b < 1 and

0 < c ≤ d < 1, then ãλ → 〈[1, 1], [0, 0]〉.
5) If ã = 〈[a, b], [c, d]〉, λ → +∞ and 0 < a ≤ b < 1

and 0 < c ≤ d < 1, then ãλ → 〈[0, 0], [1, 1]〉.
6) If ã = 〈[a, b], [c, d]〉 and λ = 1, then ãλ = ã.

2.2 Interval-valued Intuitionistic Fuzzy Geo-
metric Aggregation Operators

For convenience, let Ω be the set of all IVIFNs. Xu
and Yager [16] introduced various geometric aggregation
operators to deal with intuitionistic fuzzy information.
Based on these operators and Definition 2, Xu [13] de-
fined interval-valued intuitionistic fuzzy weighted geomet-
ric (IIFWG) operator:

Definition 3. [13] Let ãj = 〈[aj , bj ], [cj , dj ]〉 (j =
1, 2, . . . , n) be a collection of IVIFNs, and let IIFWG :
Ωn → Ω, if

IIFWGw(ã1, ã2, . . . , ãn) = ãw1
1 ⊗ ãw2

2 ⊗ · · · ⊗ ãwn
n , (9)

then IIFWG is called the IIFWG operator of dimension n,
where w = (w1, w2, . . . , wn)T is the weight vector of ãj

(j = 1, 2, . . . , n) with wj > 0 and
∑n

j=1 wj = 1. Espe-
cially, if w = ( 1

n , 1
n , . . . , 1

n )T , then the IIFWG operator is
reduced to the interval-valued intuitionistic fuzzy geomet-
ric (IIFG) operator, which is defined as follows:

IIFGw(ã1, ã2, . . . , ãn) = (ã1 ⊗ ã2 ⊗ · · · ⊗ ãn)
1
n .

Based on Definition 3, we have the following.

Theorem 2. (Properties of IIFWG): Let ãj =
〈[aj , bj ], [cj , dj ]〉 (j = 1, 2, . . . , n) be a collection of IV-
IFNs and w = (w1, w2, . . . , wn)T is the weight vector of
ãj (j = 1, 2, . . . , n) with wj > 0 and

∑n
j=1 wj = 1; then

we have the following.
1) (Idempotency): If all ãj = 〈[aj , bj ], [cj , dj ]〉 (j =

1, 2, . . . , n) are equal, i.e., ãj = ã for all j, then

IIFWGw(ã1, ã2, . . . , ãn) = ã. (10)

2) (Boundedness):

ã− ≤ IIFWGw(ã1, ã2, . . . , ãn) ≤ ã+, for every w (11)

where ã− = 〈[minj aj ,minj bj ], [maxj cj ,maxj dj ]〉 and
ã+ = 〈[maxj aj ,maxj bj ], [minj cj ,minj dj ]〉.

3) (Monotonicity): Let ã∗j = 〈[a∗j , b∗j ], [c∗j , d∗j ]〉 (j =
1, 2, . . . , n) be a collection of IVIFNs. If aj ≤ a∗j , bj ≤ b∗j ,
cj ≥ c∗j and dj ≥ d∗j for all j, then

IIFWGw(ã1, ã2, . . . , ãn) ≤ IIFWGw(ã∗1, ã
∗
2, . . . , ã

∗
n). (12)

Based on Definitions 1 and 2, Xu and Chen [14] defined
another geometric operator for aggregating interval-valued
intuitionistic fuzzy information.
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Definition 4. [14] Let ãj = 〈[aj , bj ], [cj , dj ]〉 (j =
1, 2, . . . , n) be a collection of IVIFNs. An interval-valued
intuitionistic fuzzy ordered weighted geometric (IIFOWG)
operator of dimension n is a mapping IIFOWG : Ωn → Ω,
that has an associated vector ω = (ω1, ω2, . . . , ωn)T such
that ωj > 0 and

∑n
j=1 ωj = 1. Furthermore,

IIFOWGω(ã1, ã2, . . . , ãn) (13)
= ãω1

σ(1) ⊗ ãω2
σ(2) ⊗ · · · ⊗ ãωn

σ(n),

where (σ(1), σ(2), . . . , σ(n)) is a permutation of
(1, 2, . . . , n) such that ãσ(j−1) ≥ ãσ(j) for all j. Espe-
cially, if ω = ( 1

n , 1
n , . . . , 1

n )T , then the IIFWG operator is
reduced to the IIFG operator.

Based on Definition 4, we have the following properties
similar to those of the IIFWG operator.

Theorem 3. (Properties of IIFOWG): Let ãj =
〈[aj , bj ], [cj , dj ]〉 (j = 1, 2, . . . , n) be a collection of IV-
IFNs and ω = (ω1, ω2, . . . , ωn)T is the weighting vector
of the IIFOWG operator, with ωj > 0 and

∑n
j=1 ωj = 1;

then we have the following.
1) (Idempotency): If all ãj = 〈[aj , bj ], [cj , dj ]〉 (j =

1, 2, . . . , n) are equal, i.e., ãj = ã for all j, then

IIFOWGω(ã1, ã2, . . . , ãn) = ã. (14)

2) (Boundedness):

ã− ≤ IIFOWGω(ã1, ã2, . . . , ãn) ≤ ã+, for every ω (15)

where ã− = 〈[minj aj ,minj bj ], [maxj cj ,maxj dj ]〉 and
ã+ = 〈[maxj aj ,maxj bj ], [minj cj ,minj dj ]〉.

3) (Monotonicity): Let ã∗j = 〈[a∗j , b∗j ], [c∗j , d∗j ]〉 (j =
1, 2, . . . , n) be a collection of IVIFNs. If aj ≤ a∗j , bj ≤ b∗j ,
cj ≥ c∗j and dj ≥ d∗j for all j, then

IIFOWGω(ã1, ã2, . . . , ãn) (16)
≤ IIFOWGω(ã∗1, ã

∗
2, . . . , ã

∗
n), for every ω.

4) (Commutativity): Let ã′j = 〈[a′j , b′j ], [c′j , d′j ]〉 (j =
1, 2, . . . , n) be a collection of IVIFNs; then

IIFOWGω(ã1, ã2, . . . , ãn) (17)
= IIFOWGω(ã′1, ã

′
2, . . . , ã

′
n), for every ω,

where (ã′1, ã
′
2, . . . , ã

′
n) is any permutation of (ã1, ã2, . . . ,

ãn).
Besides the above properties, the IIOWG operator has

the following desirable results.

Theorem 4. Let ãj = 〈[aj , bj ], [cj , dj ]〉 (j =
1, 2, . . . , n) be a collection of IVIFNs and ω =
(ω1, ω2, . . . , ωn)T is the weighting vector of the IIFOWG
operator, with ωj > 0 and

∑n
j=1 ωj = 1; then we have

1) If ω = (1, 0, . . . , 0)T , then

IIFOWGω(ã1, ã2, . . . , ãn) = max
j

(ãj).

2) If ω = (0, 0, . . . , 1)T , then

IIFOWGω(ã1, ã2, . . . , ãn) = min
j

(ãj).

3) If ωj = 1 and ωi = 0 (i 6= j), then

IIFOWGω(ã1, ã2, . . . , ãn) = ãσ(j),

where ãσ(j) is the jth largest of ãi (i = 1, 2, . . . , n).
Consider that the IIFWG operator weights only the IV-

IFNs, while the IIFOWG operator weights only the ordered
positions of IVIFNs instead of weighting the IVIFNs them-
selves. To overcome this limitation, Xu and Chen [14] de-
fined an interval-valued intuitionistic fuzzy hybrid geomet-
ric (IIFHG) operator, which weights both the given IVIFN
and its ordered position.

Definition 5. [14] An interval-valued intuitionistic
fuzzy hybrid geometric (IIFHG) operator is a mapping
IIFHG : Ωn → Ω, which has an associated vector α =
(α1, α2, . . . , αn)T with αj > 0 and

∑n
j=1 αj = 1, such

that

IIFHGα,w(ã1, ã2, . . . , ãn) (18)

= ˙̃a
α1

σ(1) ⊗ ˙̃a
α2

σ(2) ⊗ · · · ⊗ ˙̃a
αn

σ(n),

where ˙̃aσ(j) is the jth largest of the weighted IV-
IFNs ˙̃aσ(j) ( ˙̃aσ(j) = ã

nwj

j , j = 1, 2, . . . , n), w =
(w1, w2, . . . , wn)T is weight vector of ãj (j = 1, 2, . . . , n)
with wj > 0 and

∑n
j=1 wj = 1, and n is the bal-

ancing coefficient, which plays a role of balance (in this
case, if the vector w = (w1, w2, . . . , wn)T approaches
( 1

n , 1
n , . . . , 1

n )T , then the vector (ãnw1
1 , ãnw2

2 , . . . , ãnwn
n )T

approaches (ã1, ã2, . . . , ãn)T ).
Especially, w = ( 1

n , 1
n , . . . , 1

n )T , then the IIFHG
operator is reduced to the IIFWG operator; if α =
( 1

n , 1
n , . . . , 1

n )T , then the IIFHG operator is reduced to the
IIFOWG operator.

3. Multi-person Multi-attribute Decision
Making under Interval-valued Intuitionistic

Fuzzy Environment

In this section, we investigate the group decision
making problems in which all information provided by
decision-makers is expressed as interval-valued intuition-
istic fuzzy decision matrices where each of the elements
is characterized by IVIFN, and the information about at-
tribute weights is partially known.

For multi-person multi-attribute decision making prob-
lem, let O = {O1, O2, . . . , On} be the set of n alternatives,
D = {d1, d2, . . . , dl} be the set of l decision-makers, and
λ = (λ1, λ2, . . . , λl)T be the weight vector of decision-
makers, where λk ≥ 0, k = 1, 2, . . . , l, and

∑l
k=1 λk = 1.
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Let U = {u1, u2, . . . , um} be the set of m attributes. In
general, the decision-makers need to determine the impor-
tance degrees of a set U of m attributes. Thus we suppose
that the decision-makers provide the attribute weight infor-
mation may be presented in the following forms [7, 6], for
i 6= j:

1. A weak ranking: {wi ≥ wj};
2. A strict ranking: {wi − wj ≥ δi(> 0)};
3. A ranking with multiples: {wi ≥ δiwj}, 0 ≤ δi ≤ 1;
4. An interval form: {δi ≤ wi ≤ δi + εi}, 0 ≤ δi ≤

δi + εi ≤ 1;
5. A ranking of differences: {wi−wj ≥ wk−wl}, for

j 6= k 6= l.
For convenience, we denote by H the set of the known in-
formation about attribute weights provided by the decision-
makers. Let R(k) = (r̃(k)

ij )m×n be an interval-

valued intuitionistic fuzzy decision matrix, where r̃
(k)
ij =

〈[a(k)
ij , b

(k)
ij ], [c(k)

ij , d
(k)
ij ]〉 is an IVIFN, provided by the

decision-maker dk ∈ D for the alternative Oj with respect
to the attribute ui ∈ U , [a(k)

ij , b
(k)
ij ] indicates the degree that

the alternative Oj ∈ O satisfy the attribute ui, expressed
by the decision-maker dk, while [c(k)

ij , d
(k)
ij ] indicates the

degree that the alternative Oj ∈ O does not satisfy the at-
tribute ui, expressed by the decision-maker dk, and

[a(k)
ij , b

(k)
ij ] ⊂ [0, 1], [c(k)

ij , d
(k)
ij ] ⊂ [0, 1], (19)

b
(k)
ij + d

(k)
ij ≤ 1, i = 1, 2, . . . ,m, j = 1, 2, . . . , n.

To make a final decision in the process of group decision
making, we need to fuse all individual decision opinion
into group opinion. To do this, we use the IIFHG oper-
ator (see, (18)) to aggregate all individual interval-valued
intuitionistic fuzzy decision matrices R(k) = (r̃(k)

ij )m×n

(k = 1, 2, . . . , l) into the collective interval-valued intu-
itionistic fuzzy decision matrix R = (r̃ij)m×n, where

r̃ij = IIFHGα,λ(r̃(1)
ij , r̃

(2)
ij , . . . , r̃

(l)
ij ) (20)

= (˙̃r
(σ(1))

ij )α1 ⊗ ( ˙̃r
(σ(2))

ij )α2 ⊗ · · · ( ˙̃r(σ(l))

ij )αl

=

〈
[

n∏
k=1

(ȧ(σ(k))
ij )αk ,

n∏
k=1

(ḃ(σ(k))
ij )αk ],

[1−
n∏

k=1

(1− ċ
(σ(k))
ij )αk , 1−

n∏
k=1

(1− ḋ
(σ(k))
ij )αk ]

〉
,

where α = (α1, α2, . . . , αl)T is weight vector of IIFHG
operator with αk > 0 (k = 1, 2, . . . , l) and

∑l
k=1 αk = 1,

and ˙̃r
(σ(k))

ij = 〈[ȧσ((k))
ij , ḃ

σ((k))
ij ], [ċσ((k))

ij , ḋ
σ((k))
ij ]〉 is the

kth largest of the weighted IVIFNs ˙̃r
(k)

ij ( ˙̃r
(k)

ij = (r̃(k)
ij )lλk ,

i = 1, 2, . . . ,m; j = 1, 2, . . . , n). Here, we denote
by r̃ij = 〈[aij , bij ], [cij , dij ]〉, i = 1, 2, . . . ,m; j =
1, 2, . . . , n

In the cases that the information about attribute weights
is completely known, that is, the weight vector w =
(w1, w2, . . . , wm)T of the attributes uk (k = 1, 2 . . . , m)
can be completely determine in advance, then based on the
collective interval-valued intuitionistic fuzzy decision ma-
trix R = (r̃ij)m×n, we can use the IIFWG operator (see,
(9)):

r̃j = IIFWGw(r̃1j , r̃2j , . . . , r̃mj) (21)
= r̃w1

ij ⊗ r̃w2
2j ⊗ · · · ⊗ r̃wm

mj

=

〈
[

m∏
i=1

awi
ij ,

m∏
i=1

bw1
ij ], [1−

m∏
i=1

(1− cij)wi ,

1−
m∏

i=1

(1− dij)wi ]

〉
, j = 1, 2, . . . , n

to obtain the overall values of the alternative Oj . The
greater the value of r̃j , the better the alternative Oj will
be.

However, the information about attribute weights pro-
vided by the decision-makers is usually incomplete (see,
[6, 7]). So an interesting and important issue is how to
utilize the collective interval-valued intuitionistic fuzzy de-
cision matrix and the known weight information to find the
most desirable alternative(s).

In the following, we present an approach to determin-
ing the weight of attributes.

Definition 6. Let R = (r̃ij)m×n be the collective
interval-valued intuitionistic fuzzy decision matrix. Then
we call S = (sij)m×n the score matrix of R = (r̃ij)m×n,
where

sij = s(r̃ij) =
1
2
(aij − cij + bij − dij), (22)

i = 1, 2, . . . ,m; j = 1, 2, . . . , n

and s(r̃ij) is called the score of r̃ij .
Based on the score matrix , we present the overall score

values of each alternatives Oj (j = 1, 2, . . . ,m):

sj(w) =
m∑

i=1

wisij , j = 1, 2, . . . , n. (23)

Obviously, the greater the value sj(w), the better the
alternative Oj . When we only consider the alternative
Oj , then a reasonable vector of attribute weights w =
(w1, w2, . . . , wm)T should be determined. Thus, we estab-
lish the following optimization model to maximize sj(w):

(M) Maximize sj(w) =
m∑

i=1

wisij

Subject to : w = (w1, . . . , wm)T ∈ H,wi ≥ 0,

i = 1, . . . ,m,
m∑

i=1

wi = 1.
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By solving the model (M), we obtain the optimal so-
lution w(j) = (w(j)

1 , w
(j)
2 , . . . , w

(j)
m )T corresponding to

the alternative Oj . However, in the process of determin-
ing the weight vector w = (w1, w2, . . . , wm)T , we need
to consider all the alternatives Oj (j = 1, 2, . . . , n) as a
whole. Thus, we construct weight matrix W = (w(j)

i )m×n

of the optimal solutions w(j) = (w(j)
1 , w

(j)
2 , . . . , w

(j)
m )T

(j = 1, 2, . . . , n) as:

W =


w

(1)
1 w

(2)
1 · · · w

(n)
1

w
(1)
2 w

(2)
2 · · · w

(n)
2

...
...

...
...

w
(1)
m w

(2)
m · · · w

(n)
m


and we calculate the normalized eigenvector ω =
(ω1, ω2, . . . , ωn)T of the matrix (ST W )T (ST W ), and
then we construct a combined weight vector as follows:

w = Wω =


w

(1)
1 w

(2)
1 · · · w

(n)
1

w
(1)
2 w

(2)
2 · · · w

(n)
2

...
...

...
...

w
(1)
m w

(2)
m · · · w

(n)
m




ω1

ω2

...
ωn

 (24)

= ω1w
(1) + ω2w

(2) + · · ·+ ωnw(n),

and thus we derive the weight vector w = (w1,
w2, . . . , wm)T of the attributes uk (k = 1, 2 . . . , m).

Based on the analysis above, in the following
we present an approach to multi-person multi-attribute
interval-valued intuitionistic fuzzy decision making with
incomplete attribute weight information:

Step 1. Utilize the IIFHG operator (20) to aggregate
all individual interval-valued intuitionistic fuzzy decision
matrices R(k) = (r̃(k)

ij )m×n (k = 1, 2, . . . , l) into a col-
lective interval-valued intuitionistic fuzzy decision matrix
R = (r̃ij)m×n.

Step 2. Calculate the score matrix S = (sij)m×n of
the collective interval-valued intuitionistic fuzzy decision
matrix R.

Step 3. Utilize the model (M) to obtain the opti-
mal weight vectors w(j) = (w(j)

1 , w
(j)
2 , . . . , w

(j)
m )T (j =

1, 2, . . . , n) corresponding to the alternatives Oj (j =
1, 2, . . . , n), and then construct the weight matrix W .

Step 4. Calculate the normalized eigenvector ω =
(ω1, ω2, . . . , ωn)T of the matrix (ST W )T (ST W ).

Step 5. Utilize (24) to derive the weight vector w =
(w1, w2, . . . , wm)T .

Step 6. Use the IIFWG operator (21) to get the overall
values r̃j of the alternatives Oj (j = 1, 2, . . . , n).

Step 7. Use the score function to calculate the scores
s(r̃j) of the overall values r̃j of the alternatives Oj (j =
1, 2, . . . , n).

Step 8. Utilize the scores s(r̃j) to rank the alternatives
Oj (j = 1, 2, . . . , n), and then select the most desirable
one(s) (if two scores s(r̃i) and s(r̃j) are identical, then we
calculate the accuracy degrees h(r̃i) and h(r̃j) of the over-
all values r̃i and r̃j , respectively, and then rank the alter-
natives Oi and Oj according to the accuracy degrees h(r̃i)
and h(r̃j)).

4. Numerical Example

In this section, we present a numerical example to il-
lustrate how the proposed method can be used.

Let O = {O1, O2, O3} be the set of three alterna-
tives, D = {d1, d2, d3, d4} be the set of four experts
whose weight vector is λ = (0.3, 0.2, 0.3, 0.2)T . Let
U = {u1, u2, u3, u4, u5} be the set of five attributes. The
experts dk (k = 1, 2, 3, 4) represent, respectively, the char-
acteristics of the alternatives Oj (j = 1, 2, 3) by the IV-
IFNs r̃

(k)
ij (i = 1, 2, 3, 4, 5; j = 1, 2, 3) with respect to

the attributes ui (i = 1, 2, 3, 4, 5), listed in Tables 1-4
(i.e., interval-valued intuitionistic fuzzy decision matrices
R(k) = (r̃(k)

ij )5×3 (k = 1, 2, 3, 4)).

Table 1. Interval-valued intuitionistic fuzzy decision matrix R(1)

O1 O2 O3
u1 〈[0.5, 0.6], [0.2, 0.3]〉 〈[0.3, 0.4], [0.4, 0.6]〉 〈[0.4, 0.5], [0.3, 0.5]〉
u2 〈[0.3, 0.5], [0.4, 0.5]〉 〈[0.1, 0.3], [0.2, 0.4]〉 〈[0.7, 0.8], [0.1, 0.2]〉
u3 〈[0.6, 0.7], [0.2, 0.3]〉 〈[0.3, 0.4], [0.4, 0.5]〉 〈[0.5, 0.8], [0.1, 0.2]〉
u4 〈[0.5, 0.7], [0.1, 0.2]〉 〈[0.2, 0.4], [0.5, 0.6]〉 〈[0.4, 0.6], [0.2, 0.3]〉
u5 〈[0.1, 0.4], [0.3, 0.5]〉 〈[0.7, 0.8], [0.1, 0.2]〉 〈[0.5, 0.6], [0.2, 0.3]〉

Table 2. Interval-valued intuitionistic fuzzy decision matrix R(2)

O1 O2 O3
u1 〈[0.4, 0.5], [0.2, 0.4]〉 〈[0.3, 0.5], [0.4, 0.5]〉 〈[0.4, 0.6], [0.3, 0.4]〉
u2 〈[0.3, 0.4], [0.4, 0.6]〉 〈[0.1, 0.3], [0.3, 0.7]〉 〈[0.6, 0.8], [0.1, 0.2]〉
u3 〈[0.6, 0.7], [0.1, 0.2]〉 〈[0.3, 0.4], [0.4, 0.5]〉 〈[0.7, 0.8], [0.1, 0.2]〉
u4 〈[0.5, 0.6], [0.1, 0.3]〉 〈[0.2, 0.3], [0.6, 0.7]〉 〈[0.4, 0.6], [0.3, 0.4]〉
u5 〈[0.1, 0.3], [0.3, 0.5]〉 〈[0.6, 0.8], [0.1, 0.2]〉 〈[0.5, 0.6], [0.2, 0.4]〉

Table 3. Interval-valued intuitionistic fuzzy decision matrix R(3)

O1 O2 O3
u1 〈[0.4, 0.7], [0.1, 0.2]〉, 〈[0.4, 0.5], [0.2, 0.4]〉 〈[0.2, 0.4], [0.3, 0.4]〉
u2 〈[0.3, 0.5], [0.3, 0.4]〉 〈[0.2, 0.4], [0.4, 0.5]〉 〈[0.6, 0.8], [0.1, 0.2]〉
u3 〈[0.6, 0.7], [0.1, 0.2]〉 〈[0.4, 0.5], [0.3, 0.4]〉 〈[0.5, 0.7], [0.1, 0.3]〉
u4 〈[0.5, 0.6], [0.1, 0.3]〉 〈[0.1, 0.2], [0.7, 0.8]〉 〈[0.5, 0.7], [0.2, 0.3]〉
u5 〈[0.3, 0.5], [0.4, 0.5]〉 〈[0.6, 0.7], [0.2, 0.3]〉 〈[0.6, 0.8], [0.1, 0.2]〉

Table 4. Interval-valued intuitionistic fuzzy decision matrix R(4)

O1 O2 O3
u1 〈[0.6, 0.7], [0.2, 0.3]〉 〈[0.4, 0.5], [0.4, 0.5]〉 〈[0.4, 0.5], [0.3, 0.4]〉
u2 〈[0.3, 0.4], [0.3, 0.4]〉 〈[0.1, 0.2], [0.2, 0.3]〉 〈[0.6, 0.7], [0.1, 0.3]〉
u3 〈[0.7, 0.8], [0.1, 0.2]〉 〈[0.3, 0.4], [0.5, 0.6]〉 〈[0.5, 0.8], [0.1, 0.2]〉
u4 〈[0.5, 0.6], [0.1, 0.3]〉 〈[0.2, 0.3], [0.4, 0.6]〉 〈[0.4, 0.5], [0.2, 0.3]〉
u5 〈[0.1, 0.2], [0.5, 0.7]〉 〈[0.6, 0.7], [0.1, 0.2]〉 〈[0.5, 0.6], [0.3, 0.4]〉
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Assume that the information about attribute weights, given
by decision-makers, is shown as follows, respectively:

d1 : w1 ≤ 0.3, 0.2 ≤ w3 ≤ 0.5;
d2 : 0.1 ≤ w2 ≤ 0.2, w5 ≤ 0.4;
d3 : w3 − w2 ≥ w5 − w4, w4 ≥ w1;
d4 : w3 − w1 ≤ 0.1, 0.1 ≤ w4 ≤ 0.3.

Then the set H of the known information about attribute
weights provided by the decision-makers is

H = {w1 ≤ 0.3, 0.2 ≤ w3 ≤ 0.5, 0.1 ≤ w2 ≤ 0.2,

w5 ≤ 0.4, w3 − w2 ≥ w5 − w4, w4 ≥ w1,

w3 − w1 ≤ 0.1, 0.1 ≤ w4 ≤ 0.3}.

Step 1. Utilize the IIFHG operator (let α = (0.155,
0.345, 0.345, 0.155)T be its weight vector derived by the
normal distribution based method [12]) to aggregate the in-
dividual interval-valued intuitionistic fuzzy decision ma-
trices R(k) = (r̃(k)

ij )5×3 (k = 1, 2, 3, 4) into the col-
lective interval-valued intuitionistic fuzzy decision matrix
R = (r̃ij)5×3 (Table 5).

Table 5. Collective interval-valued intuitionistic fuzzy decision matrix R

O1 O2 O3
u1 〈[0.4385, 0.6199], [0.1549, 0.2848]〉 〈[0.3502, 0.4797], [0.3114, 0.4681]〉 〈[0.3516, 0.4906], [0.2940, 0.4214]〉
u2 〈[0.3000, 0.4573], [0.3404, 0.4710]〉 〈[0.1138, 0.3010], [0.2511, 0.4773]〉 〈[0.6395, 0.7711], [0.0980, 0.2263]〉
u3 〈[0.6116, 0.7117], [0.1089, 0.2083]〉 〈[0.3379, 0.4387], [0.3872, 0.4887]〉 〈[0.5213, 0.7804], [0.0980, 0.2083]〉
u4 〈[0.5000, 0.6395], [0.0980, 0.2567]〉 〈[0.1758, 0.3134], [0.5305, 0.6496]〉 〈[0.4387, 0.6252], [0.2263, 0.3262]〉
u5 〈[0.1323, 0.3623], [0.3747, 0.5482]〉 〈[0.6395, 0.7521], [0.1089, 0.2083]〉 〈[0.5452, 0.6502], [0.1770, 0.3005]〉

Step 2. Calculate the score matrix S = (sij)5×3 of
the collective interval-valued intuitionistic fuzzy decision
matrix R (Table 6):

Table 6. Collective score matrix S

O1 O2 O3

u1 0.3093 0.0252 0.0634
u2 -0.0270 -0.1568 0.5431
u3 0.5030 -0.0496 0.4977
u4 0.3924 -0.3454 0.2557
u5 -0.2141 0.5372 0.3589

Step 3. Use the method (M-1) to obtain the optimal
weight vectors w(j) = (w(j)

1 , w
(j)
2 , w

(j)
3 , w

(j)
4 , w

(j)
5 )T (j =

1, 2, 3) corresponding to the alternatives Oj (j = 1, 2, 3)

w(1) = (0.2667, 0.1, 0.3667, 0.2667, 0)T ,

w(2) = (0.16, 0.1, 0.26, 0.16, 0.32)T ,

w(3) = (0.1, 0.2, 0.2, 0.25, 0.25)T

and construct the weight matrix

W =


0.2667 0.16 0.1
0.1 0.1 0.2
0.3667 0.26 0.2
0.2667 0.16 0.25
0 0.32 0.25


then

(ST W )T (ST W ) =

 0.2539 0.1650 0.1804
0.1650 0.1602 0.1589
0.1804 0.1589 0.1648

 .

Step 4. Calculate the normalized eigenvectors ω of the
matrix (ST W )T (ST W ):

ω = (0.3814, 0.3025, 0.3162)T .

Step 5. Use (24) to derive the weight vector w:

w = Wω =


0.2667 0.16 0.1
0.1 0.1 0.2
0.3667 0.26 0.2
0.2667 0.16 0.25
0 0.32 0.25


 0.3814

0.3025
0.3162


= (0.1817, 0.1316, 0.2817, 0.2292, 0.1758)T .

Step 6. Use the IIFWG operator to obtain the overall
values r̃j (j = 1, 2, 3) of the alternatives Oj (j = 1, 2, 3):

r̃1 = 〈[0.3824, 0.5675], [0.2007, 0.3417]〉,
r̃2 = 〈[0.2838, 0.4319], [0.3542, 0.4885]〉,
r̃3 = 〈[0.4830, 0.6592], [0.1804, 0.2969]〉.

Step 7. Use the score function (3) to calculate the score
s(r̃j) (j = 1, 2, 3) of the overall values r̃j (j = 1, 2, 3) of
the alternatives Oj (j = 1, 2, 3):

s(r̃1) = 0.2037, s(r̃2) = −0.0635, s(r̃3) = 0.3324.

and thus,

s(r̃3) > s(r̃1) > s(r̃2).

Step 8. Use the scores s(r̃j) (j = 1, 2, 3) to rank the
alternatives Oj (j = 1, 2, 3):

O3 > O1 > O2

and then the most desirable alternative is O3.
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5. Conclusions

Based on the IIFHG and IIFWG operators, we have in-
vestigated the multi-person multi-attribute decision mak-
ing problems under interval-valued intuitionistic fuzzy en-
vironment, and developed an approach to handling the sit-
uations where the attribute values are characterized by IV-
IFNs, and the information about attribute weights is par-
tially known. In future, we shall continue working in the
application of the IIFHG and IIFWG operators to other do-
mains.
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