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PERIODIC SOLUTIONS FOR A KIND OF p-LAPLACIAN
HAMILTONIAN SYSTEMS

L1 ZHANG AND WEIGAO GE

ABSTRACT. In this paper, the existence of periodic solutions is obtained
for a kind of p-Laplacian systems by the minimax methods in critical
point theory. Moreover, the existence of infinite periodic solutions is also
obtained.

1. Introduction

This paper is concerned with the existence of periodic solutions for the fol-
lowing system

%(qbp(u(t))) = VF(t,u(t)), ae. t €[0,T7],
u(0) — u(T) = w(0) — w(T) =0,

(1.1)

p—2
where p > 1, ¢, (u) = |ulP~2u = ( Zfil uf) (ur,u2,...,un), T >0 and

F:[0,T] x RY — R satisfies the following assumption:
(A) F(t,u) is measurable in ¢ for each u € RY and continuously differentiable
in u for a.e. t € [0,T], and there exist a € C(R*,RT), b € L1(0,T;R™) such
that
[E(t, )] < alu)b(t), [VE(tu)| < al|u])b(t)
for all w € RY and a.e. t € [0, 7).
When p = 2, problem (1.1) becomes the second order Hamiltonian systems

{ ii(t) = VF(t,u(t)), a.e. t €[0,T],

(12) w(0) — u(T) = u(0) — a(T) = 0.

Many existence results for (1.2) are obtained by using variational methods,
such as [2, 4, 5, 6, 7] and the references therein. Tang [4] gets some existence
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results of (1.2) when F(t,u) = Fi(t,u) + Fa(t,u) and fOT F(t,u)dt — 400 as
|u| — oo, F(t,-) is subadditive for a.e. t € [0,T] and there exists g € L*[0, 7]
such that |VFy(t,u)| < g(t) for all u € RY and a.e. t € [0,T]. Moreover, by
the least action principle, Wu and Tang [6] obtain some existence results of
(1.2) while Fy(t,-) is (A, p)-subconvex and VF5(t,u) < f(t)|u|* + g(t) for some
0<a<l,fgeL(0,T;R").

However, while F(t,u) — —oo as |u| — 400 uniformly for a.e. t € [0,T],
we do not know whether the question is a positive answer. Moreover, for the
general case p > 1, some papers calling it vector p-Laplacian, there are not
so many results. Differential equations with p-Laplacian have many important
applications such as non-Newtonian fluid theory and the turbulent flow of the
gas in porous medium. Motivated by the work mentioned above, in this paper,
we consider the existence of periodic solutions for problem (1.1).

2. Preliminary

The Sobolev space W%’p is defined by

(21) WP ={u:[0,T] — R | u is absolutely continuous, u(0) = u(T),
and @ € LP(0,T;RN)}

and is endowed with the norm

T T P
(2.2) IIUI=</0 IU(t)\”dtJr/O Iu(t)lpdt> :

It follows from [2] that W%’p is a reflexive Banach space. Moreover, W%’p
is a closed subspace of W%’p under (2.2). From [1, Theorem 1.21] and [1,
Theorem 3.5], we obtain W%’p is uniformly convex.

Define a functional ¢ on W%’p by

1 (T T
(2.3) p(u) = ;;/ |a(t)|Pdt +/ F(t,u(t))dt, ue W}’p.

0 0
It follows from assumption (A) that the functional ¢ is continuously differen-
. 1,p
tiable on W;*. Moreover,

24)  (P(u)v) = /O [([a®)P~2a(t), o(t) + (VE(t, u(t)), v(t)ldt

for all u,v € leip . It is well known that the solutions of problem (1.1) corre-
spond to the critical points of ¢.
The following lemmas are basic in our paper.
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Lemma 2.1 ([2]). Set ||u]loc = max |u(t)|, ||luller = (foT |u(t)|pdt)%' If

te[0,7]
ue WgP and fOT u(t)dt =0, then
1 1 1
(2.5) U] < Talli||Le, (+:1>.
[lull ]| i
Moreover, we have
(2.6) ullze < T[d]|ze

Lemma 2.2 ([5]). Suppose F(t,u) satisfies the assumption (A) and E is a
measurable subset of [0,T]. Assume

F(t,u) —» —o0, |u] — oo

for a.e. t € E. Then, for every § > 0, there exists a subset Es of E with
meas(E \ Es) < § such that

F(t,u) —» —o0, |u] — oo
uniformly for allt € Ey.

Theorem 2.1 ([2, The Saddle Point Theorem]). Let X be a Banach space and
let o € CY(X, R). Assume that X splits into a direct sum of closed subspaces
X =X"@ X" with

dim X~ <o
and

Ssu}_fw < info,
where S, = {u € X~ : ju| = R}. Let

Bp ={ue X" : |ul <R},

M={geC(Bg,X):g(s)=sifse Sy}
and

¢ = inf max s)).
o, mas plo(s)

Then if ¢ satisfies the (PS).-condition, ¢ is a critical value of ¢.
Theorem 2.2 ([3]). Assume E is a real Banach space, I € C1(E, R) is an even

functional satisfying PS-condition and I(0) = 0. If E =V & X, dimV < oo
and I satisfies

(A1) there exist constants p, a > 0 such that I |ap,nx> a;
(A2) forV Vi C E with dimVj < oo, the set {x € V; : I(x) > 0} is bounded,

then I has an unbounded critical value sequence.
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3. Main results

Suppose F(t,u) = G(u) + H(t,u) and
(B1) there exist f,g € L'(0,T; R") such that

IVH(t, u)| < f(t)[ul + g(t)
holds for all u € RY and a.e. t € [0,T]. Here « satisfies
0<ax<l,ifp>q and O§0z<£7 ifp<gq;
q

ya
B,) there exists a constant » < 1L~ such that
TP

(VG (u) — VG(v),u —v) > —rlu —vP, u,v € RY;
(Bs3) there exists a subset E of [0,7] with meas(F) > 0 such that

Ju|~madp ke Bt ) — —o00 as |u| — oo
for a.e. t € E;
(B4) there exist ¢(t) € L1(0,T;R"), d(t) € L*(0,T), v > 0 such that
F(t,u) <c(t)|u]™Y + d(t)
for u € RN, u # 6, and a.e. t € [0,T).

In the following, for u € W;?, let @ = + fOT u(t)dt and @ = u — 1.

Lemma 3.1. Suppose F(t,u) satisfy (A) and (B1)-(By). Then ¢ satisfies
the PS-condition, that is, (un)nen has a convergent subsequence whenever it
satisfies @' (un) — 0 as n — oo and (uy,) is bounded.

Proof. By (2.6), we have

(3.1) (/ |u<t>pdt> =</ |ﬁ<t>pdt> < il
, , :
:(/0 |ﬂ(t)\”dt+/0 |ﬁ(t)|pdt>

<o + |[allzr < (T + D|fal[zr-
By (B2) and (2.6), we obtain

/ (VG (u(t)), a(t))dt = / (VG(u(t)) — VG(a(t), a(t))dt
0 0

T
:/0 (VG(u(t)) = VG(u(t)), u(t) — u(t))dt
> —7“/0 |u — @|Pdt

= —rllalfy, > —rT?||a|},, Yue WP
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Suppose (u,)nen is a sequence satisfying ¢’ (u,) — 0 as n — 0o and (uy,)
is bounded. In order to prove
(3.2) lun(t)| > Colu,| — C, Vt €10,T]

holds for some positive constants Cy, C{, there are two cases.
Case 1. p > q.
From (B;) and (2.5),

(3.3)

T
/0 (VH(t,u(t)), a(t))dt

< [ oo [ Tg<t>|a<t>|dt T
s<|u|a+||a<t>||z.;>|a<t>||oo / f(t)dt+!a<t>|oo | st T

= fal* i)l [ f(t)jtJrlﬂ(t)pI?o“ / f(t)dtTJrllﬂ(t)Iloo / g(t)dtT

< o)l + fap (/ f(t)dt> HIOIE [ e+ a0l [t

< Tlfallg, + CilalP® + Collal|Z5 + Csllil|zr

holds for all v € W%’p and some positive constants C7, C5 and C5. Hence, for
large n, one has

(3.4)

\Y]

1)

T T
(' (un), tin)| = |/0 Iﬂn(t)lff’dtJr/0 (VE(t, un(t)), tn(t))dt

T T T
/0 |un<t>|pdt+/0 <ve(un<t>),an<t>>dt+/o (VH(E, un(t)). i (1))t

laallze = T TP tnll 0 = TllinllE, — il [P = Colltn |55 = Cslliun] | 2o

\%

Then, by (3.1) and (3.4)
Chlun[P™ > (1= rTP)|inl[f, = Tllinl|F, = Collnl |2 — (14T + Co)llin| -

Obviously, p > 2 and « < 1. Moreover, from (Bs) one has 1 — rT? > 0 for
p>gq,and 1 —rT? —T > 0 for p = q. Hence,

(3.5) Cultin|* > [|tn|[zr — Cs
holds for some constants Cy, Cs and large n. This implies that

(3.6) lnlloo < Co(|tn|® +1)
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for some constants Cs # 1 and large n. Then one has

[un ()] = |tn| = |Gn ()] 2 |n| = [|@n(t)]|oo
(3.7) > [tn| — Co(|tn|™ +1)

= lanl[1 = Co(lan]*™" + |an| )]

for large n and t € [0, 7. If (|@y|)nen is bounded, we can easily obtain (3.2). If
(|tn|)nen is unbounded, without loss of generality, we may suppose |4,,| — oo as
n — oo, then, for sufficiently small € > 0 and large n, |4,|*"! <e¢, |u,|7! <e.
Hence, (3.2) holds.

Case 2. p < gq.
Similarly, we have

T
/0 (VH(t,u(t)), a(t))dt

IN

T T
/ f(t)IU(t)l"lﬂ(t)\dtJr/ g(O)la(t)|dt
0 0

T q
a2, + | ( / f(t)dt>

< T ([}, + Cflal™ + Collal|FH + CalJil| o

T T
+Hﬂ(t)||§o“/0 f(lf)dl“rIIﬂ(t)Iloo/0 g(t)dt

IN

holds for all u € W%’p and some positive constant Cf. Hence, for large n, one
has

anll = (¢ (un), @)
> (1= rT? = T%)|[in] 7, — Ciltn|* = Collinl |3 = Chllitn]| -
Then,
Cllan|®™ = (1= T = T%)|itn[], — Collin||FF" = (14T + Cs)||tn | o
= [l [(1 = rT? = T%) = Co|fitn]| 75177 = (14T + C)||tn [ "],

From (Bj), (Bg), one has o +1 < % +1=pand1—¢T? —T7 > 0. Hence,
with the similar discussion above,

(3.8) Caltin|* = ||tin[7, — C5
holds for some constants Cj, Cf and large n, that is,
(3.9) llanlld%e < Cg(|an|™ +1)
for some constants C§ # 1 and large n. Then,

3 _ ., r ~ % _ 2 — |«
(3.10) un ()@ = [tin| 7 = [|in(t)]]&0 = [tn|7 — Cg(|tin|* + 1)
for large n and ¢ € [0, 7.
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Then from (3.7) and (3.10), whenever p > g or p < ¢, (3.2) holds for some
constants Cp, C)) and large n. If (|Gy|)nen is unbounded, we may assume that,
going to a subsequence if necessary,

(3.11) |tn| — 00 asn — oo.

Set § = @ It follows from Lemma 2.2 and (B3) that there exists a subset
Es of E with meas(F \ Es) < § such that

ju|~medPBOR (¢ ) — —00  as |u] — 0o

uniformly for all t € Fs, which implies that

m(Es) =m(E) —m(E\ Es) > § > 0.
Moreover, for every N > 0, there exists M > 1 such that

ju|~madp o Rt ) < —N
for all |u| > M and t € Es. By (3.2) and (3.11), one has
fun(t)] > M

for large n and every ¢ € [0,T]. Then

o) = 1/0 |un(t)|pdt+/0 Pt (1)) dt

p

I
= llin (Ol + / F(t, un(t))dt + / F(t,un (£))de

Es [0,TI\Es

IN

1 -
—ln ()7, — N/ |, (£) PP @ gy +/ c(t)[un| " dt
P Es 0,7\ Es

+ / d(t)dt
[0.T1\Es

1 max o —
(@)1, — 27 vl NSO g, raxtpale

IA

+ Nscmapate y yr— / c(t)dt + / d(t)dt
[0.71\25 [0.7\Es

L(Caln|™ + Cs)P — (2772 CFay [P* — CF*)NG
FMY iy €O+ [ gy, AL, i p > g,
%(C&Wﬂqa + Cl) — (279°CE% |, |9 — CLI*)N§

AM7Y [0 op s COdE+ [io g, AL i p < g

for large n. Hence, we have

(3.12) <

max e 1
lim sup |z, |~ P adep(y, ) < —o-maxdpaecs ratesn 4 EmaX{C’fE,CZ7 .

n—oo

By the arbitrariness of N > 0, one has
(3.13) lim sup |, |~ Pt p(y,) = —c0

n—oo
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which contradicts with the boundedness of ¢(u,). Therefore, (|tn|)nen is
bounded. Furthermore, by (3.5), (3.8), and

l[tnl| < anll + (T + 1)l[tn]|zr,

. . 1 . .

one has (up)nen is bounded in WP, Going if necessary to a subsequence, we
. 1 .

can assume that u, — u in W,* and u,, — u in C([0,T], RY). Hence,

(3.14)
(" (un), tun —u)

T
= /0 [ (8) [P~ (2), i (8) — () + (VE(t, un(8)), un () — u(t))]dt — 0
as n — oo,

and (uy)nen is bounded in C([0,T], RY). Therefore

(3.15) /T(|un|p_2un, Up —u)dt — 0 as n — oo.

By assumption (A),O

< [ 9F@ @) )~

< Crl[bl] L1 [[un = ulloo

holds for some positive constant C7. Then

T
/0 (VE (£ (£)), un(£) — u())dt

T
(3.16) /0 (VFE(t,un(t)), un(t) —u(t))dt - 0 as n — oo.
From (3.14) and (3.16), we obtain
T
(3.17) /O (o (8) [P 2010 (1), i (£) — () — 0 a5 1 — 00,

Set ¢o(u) = L|fullP = L(f |ulPdt+ [ |a7dt). By (3.15) and (3.17), we have
(3.18)

<w/(u’ﬂ)7un - u>
T T
- / (|t [P~ 2 Uy, iy — )dt +/ (|t [P~ 21y, Uy — )dt — 0 as 1 — oo0.
0 0

Using the Hoélder’s inequality, we have
(3.19)

(W' (un) =9’ (u), un —u)

T T
_ / (P22t 1y — u)dt+/ (it [Pty iy — 1)t
0 0
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T T
—/ (|u|p*2u7un—u)dt—/ (&P =24, i, — 0)dt
0 0
T T T T
/ |un|Pdt+/ |un|Pdt+/ |u|pdt+/ |é|Pdt
0 0 0 0
T % T T % T
- / |un |Pdt / lufPdt | — / |1, Pt / [P dt
0 0 0 0
T % T T % T
- / |ulPdt / lun|Pdt | — / || dt / i,y Pt
0 0 0 0
T T % T T %
/ |un|pdt+/ i Pt | - / \u|”dt+/ afPdt
0 0 0 0
T T % T T %
- / |un|pdt+/ it [Pdt| / |u|pdt+/ |a|Pdt
0 0 0 0

= (P~ = ul P~ (funl| = [ull) > 0.

From (3.18) and (3.19), one has ||u,|| — ||u||. Then, u, — u holds in W,* by
the uniform convexity of W}’p . Therefore, the PS-condition holds. O

Theorem 3.1. Assume F(t,u) satisfy (A) and (B1)-(By). Then problem (1.1)
has at least one solution in W%’p.

v

o =
S

S0
=

Y

([P + [|ul[” =

Proof. It remains to show that ¢ satisfies other conditions of the Saddle Point
Theorem. Let W,? be the subspace of W given by

WP = {u e WpP|a=0}.
Then W} = RN @ WP, By (2.5), one obtains

/ " () — H(E0)de
0

/T /1(VH(t,su(t)),u(t))dsdt
o Jo

T 1 T 1
/0 /Of(t)|su(t)| |u(t)|dsdt+/0 /Og(t)|u(t)\dsdt
T
0

/0 FOlu(t)odt + / g(t)]u(t)|dt

IN

IN

T T
()| / F(E)dt + [Ju()]1 / o(t)dt

IN

T T
< T2 ago)) o / F()dt + TH|[a(t)]| v / o(t)dt
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= Cslla(t)l|75" + Colla(t)]| s

for all u € W%’p and some positive constants Cg and Cg. Moreover,

T
jﬁ [G(u(t)) — G(0))dt =

= /OT /Ol(VG(su(t)) -

T 1 1
_ / /0 L (VG(su(t)) ~ VO(0), su(t))dsdi

for all u € W%’p . Hence

T
(3.20)  o(u) — /O F(t,0)dt =

> ,|| I54%

Z

/ ' / (Ve(sul)

u(t))dsdt

VG(0), u(t))dsdt

—r|su(t)|P)dsdt

A
. /0 /O () |Pdsdt

,
— Ml

HuH = Csllallf" = Collal| s

— Csllallg — Collal| o

Let ||u|| — oo in WP, Then ||i||» — 0o or ||ul|L» — co. From (2.6), one has
[|@]|r — oo if ||Ju||zr — oco. Moreover, from (By), o +1 < p, hence, we have
@(u) — +oo while |[u]] — oo in W;. On the other hand, for Vu € RN, we

have
(3.21)

IN

0=,
Jor

IN

(O)|u|™7 +d(t))dt —

N|U|(p+q)adt
Es

/ c(t)dt + / d(t)dt — meas(Es)N M P+o«
[0,T\Es [0,TI\E5
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<M / o(t)dt + / d(t)dt — meas(E5)N, ¥ [u] > M.
[0,T\Es [0,TN\Es

It is easy to obtain that
(3.22) o(u) — —o0, |u| — oo, u € RN,

Then, from the Saddle Point Theorem, we obtain that the problem (1.1) has
at least one solution. O

Remark 3.1. If VF(t,0) £ 0 for t € [0,T], the Hamiltonian system (1.1) has
non-trivial solutions.

Theorem 3.2. Assume F(t,u) satisfy (A) and (B1)-(Bs) and the following
conditions:

(Bs) F(t,0) =0, F(t,—u) = F(t,u);

(Bg) there exists e(t) € L' (0,T; RT) and constants 3 satisfying > p and
M’ > 0 such that F(t,u) > —e(t)|ul® holds for u € WP and ||u|| <
M,

(B7) there exists I(t) satisfying fOTl(t)dt > 0 and constants m > p and
M" > M’ such that [} F(t,u)dt < — [ I(t)dt||u]|™ holds for u € V
and ||ul| > M" , where V is an arbitrary subspace of W* and dimV <
00.

Then problem (1.1) has infinite periodic solutions in W:,{’p.

Proof. From (Bs), ¢ is an even functional satisfying ¢(6) = 0. For u € W%’p7
T

T T T
/ Pt u)dt > —/ e(t)lul’dt > —||u\|§o/ e(t)dt > —T§\|u||§p/ e(t)dt
0 0 0 0

holds. Then, by (3.1),
T

1. g 1. 8
(3:23) ()= lilly, + [ Feeude= Slalt, T8l [ e
p 0 p 0
1
>
—p(T+1)p
holds. Choose M’ > p; > 0 small enough such that py = m;ﬁ —

T4 fOT e(t)dtp? > 0. Then, one has @(u) > py > 0, that is, there exists
p1 >0, p2 >0, p(u) > pg holds for u € {u € Wi : ||u|| = p1}.

Suppose (As) is not satisfied, that is, there exists V3 C W%p which is a
subspace with finite dimension such that {u € V4 : ¢(u) > 0} is unbounded.
Then, there exist (up)neny C Vi, [lun|] — o0 as n — oo, and ¢(u,) > 0.
Moreover, we may assume ||u,|| > M”. Then,

T
HMP—T%/ e(t)dt|u]?
0

1., T 1. T
(324)  o(un) = Ellunllip +/0 F(t,u,)dt < Ellun\lip - Hunl\’”/o I(t)dt
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1 1 1 T
< - (/ |un|pdt+/ |un|pdt) - ||un||m/ 1(t)dt
p 0 0 0
T

1 m
LT /Z<t>dt.
p 0

Hence, we have lim,, o ¢(t,) = —o0, which contradicts with ¢(u,) > 0. Then
(Ap) is satisfied. Hence, ¢ has infinite critical points in W,*. Therefore, (1.1)
has infinite solutions. O

Remark 3.2. From Theorem 2.2, we have the Hamiltonian system (1.1) has
infinitely non-trivial solutions.

Similarly, we have the following theorem.

Theorem 3.3. Assume F(t,u) satisfy (A) and (B1)-(Bs) and the following
conditions:
(B§) there exists e(t) € L*(0,T;RT) satisfying 1% > T4 fOT e(t)dt and a con-
stant M’ > 0 such that F(t,u) > —e(t)|u[’ holds for v € WP and
Jull < M
(B%) there exists I(t) satisfying % < fOT I(t)dt and a constant M" > M’ such
that fOT F(t,u)dt < —fOTl(t)dtHqu holds for w € V and ||u|| > M",
where V' is an arbitrary subspace of W%’p and dimV < oo.

Then problem (1.1) has infinite periodic solutions in W".

Example 3.1. Let T' = %,’y = 12—1, and F:RxR — R as

—2|x|? + |z| — 3|x|3, |z| < 1,
F(t =
(t,2) { —2lz|2 = 9)z| +9 — 2/z| "2, |z| > 1.

Here, G(z) = —2|x|? and
x| =3[z, [a] <1,

H(t"””):{ —0lz| 49— 20z| -, |a] > 1.

It is obvious that o = 0, F'(¢,0) = 0, F (¢, —z) = F(t,z). Moreover, F(t,z) >
—4|z|? if |z] < 1 and there exists M” > 1 such that —9]z| +9 — 2|z|~2 < 0 if
|z| > M", so, fOT F(t,z)dt < —2|z|?. Hence, F(t,x) satisfies all conditions of
Theorem 3.3.
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