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THE CONVERGENCE THEOREMS FOR COMMON FIXED
POINTS OF UNIFORMLY L-LIPSCHITZIAN

ASYMPTOTICALLY Φ-PSEUDOCONTRACTIVE MAPPINGS

Zhiqun Xue

Abstract. In this paper, we show that the modified Mann iteration
with errors converges strongly to fixed point for uniformly L-Lipschitzian
asymptotically Φ-pseudocontractive mappings in real Banach spaces.

Meanwhile, it is proved that the convergence of Mann and Ishikawa
iterations is equivalent for uniformly L-Lipschitzian asymptotically Φ-
pseudocontractive mappings in real Banach spaces. Finally, we obtain
the convergence theorems of Ishikawa iterative sequence and the modified
Ishikawa iterative process with errors.

1. Introduction

In this paper, we assume that E is a real Banach space, E∗ is the dual space
of E, D is a nonempty closed convex subset of E and J : E → 2E∗ is the
normalized duality mapping defined by

J(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}, ∀x ∈ E,

where 〈·, ·〉 denotes the generalized duality pairing. The single-valued normal-
ized duality mapping is denoted by j.

Definition 1.1. Let T : D → D be a mapping.
(1) T is called uniformly L-Lipschitzian if there is a constant L > 0 such

that for any x, y ∈ D,

‖Tnx− Tny‖ ≤ L‖x− y‖, ∀n ≥ 1.

(2) T is called asymptotically pseudocontractive with a sequence {kn} ⊂
[1, +∞) and limn→∞ kn = 1 if for each x, y ∈ D, there exists j(x−y) ∈ J(x−y)
such that

〈Tnx− Tny, j(x− y)〉 ≤ kn‖x− y‖2, ∀n ≥ 1.
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(3) T is called asymptotically Φ-pseudocontractive with a sequence {kn} ⊂
[1, +∞) and limn→∞ kn = 1 if for all x, y ∈ D, there exist j(x− y) ∈ J(x− y)
and a strictly increasing continuous function Φ : [0,+∞) → [0, +∞) with
Φ(0) = 0 such that

〈Tnx− Tny, j(x− y)〉 ≤ kn‖x− y‖2 − Φ(‖x− y‖), ∀n ≥ 1.

It is obvious that if T is an asymptotically Φ-pseudocontractive mapping,
then T is an asymptotically pseudocontractive mapping. Conversely, it is not
true. The convergence of Mann-type and Ishikawa-type iteration processes for
uniformly L-Lipschitzian and asymptotically Φ-pseudocontractive mappings in
Banach spaces have been studied extensively by many authors, see for example
[1, 2, 3, 6].

Recently, Ofoedu [3] gave iterative approximation problem of fixed points
for uniformly L-Lipschitzian asymptotically pseudocontractive mappings in Ba-
nach spaces. The results are as following.

Theorem 1.2 ([3, Theorem 3.1]). Let E be a real Banach space. Let K
be a nonempty closed and convex subset of E, T : K → K a uniformly L-
Lipschitzian asymptotically pseudocontractive mapping with sequence {kn}n≥0

⊂ [1,+∞), limn→∞ kn = 1 such that x∗ ∈ F (T ) = {x ∈ K : Tx = x}. Let
{αn}n≥0 ⊂ [0, 1] be such that

∑
n≥0 αn = ∞,

∑
n≥0 α2

n < ∞ and
∑

n≥0 αn(kn−
1) < ∞. For arbitrary x0 ∈ K let {xn}n≥0 be iteratively defined by

xn+1 = (1− αn)xn + αnTnxn, n ≥ 0.

Suppose there exists a strictly increasing function Φ : [0, +∞) → [0,+∞), Φ(0)
= 0 such that

〈Tnx− x∗, j(x− x∗)〉 ≤ kn‖x− x∗‖2 − Φ(‖x− x∗‖), ∀x ∈ K.

Then, {xn}n≥0 is bounded.

Theorem 1.3 ([3, Theorem 3.2]). Let E be a real Banach space. Let K be a
nonempty closed and convex subset of E, T : K → K a uniformly L-Lipschitz
asymptotically pseudocontractive mapping with sequence {kn}n≥0 ⊂ [1, +∞),
limn→∞ kn = 1. Let x∗ ∈ F (T ) = {x ∈ K : Tx = x}. Let {αn}n≥0 ⊂ [0, 1]
be such that

∑
n≥0 αn = ∞,

∑
n≥0 α2

n < ∞ and
∑

n≥0 αn(kn − 1) < ∞. For
arbitrary x0 ∈ K let {xn}n≥0 be iteratively defined by

xn+1 = (1− αn)xn + αnTnxn, n ≥ 0.

Suppose there exists a strictly increasing continuous function Φ : [0,+∞) →
[0, +∞), Φ(0) = 0 such that

〈Tnx− x∗, j(x− x∗)〉 ≤ kn‖x− x∗‖2 − Φ(‖x− x∗‖), ∀x ∈ K.

Then, {xn}n≥0 converges strongly to x∗ ∈ F (T ).
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Remark 1.4. As mentioned above Theorem 1.2 and Theorem 1.3, it is possible
that Φ−1(a0) may be not sense while limr→+∞ Φ(r) = A < a0. For example,
define Φ : [0,+∞) → [0, +∞) by Φ(r) = r

r+1 , then Φ−1(2) is senseless. There-
fore, the proof of Theorem 3.1 and Theorem 3.2 in [3] is not reasonable. In order
to avoid this problem, we will provide a significant improvement. Meanwhile,
we obtain the convergence results of Ishikawa iterative sequence by the equiva-
lence of the strong convergence results for uniformly L-Lipschitzian mappings
in real Banach spaces. For this, we need the following concepts and lemmas.

Definition 1.5. Let T1, T2 : D → D be two mappings.
(i) For any given x1 ∈ D, define the sequence {xn}∞n=1 ⊂ D by the iterative

schemes

(1.1)
{

yn = (1− bn − dn)xn + bnTn
2 xn + dnwn, n ≥ 1,

xn+1 = (1− an − cn)xn + anTn
1 yn + cnzn, n ≥ 1,

which is called the modified Ishikawa iterative process with errors, where
{an}∞n=1, {bn}∞n=1, {cn}∞n=1, {dn}∞n=1 are real sequences in [0, 1] satisfying con-
ditions an + cn ≤ 1, bn + dn ≤ 1, and {zn}, {wn} are the bounded sequences
in D. If bn = dn = 0, then the modified Ishikawa iterative process with errors
reduces to:

(ii) For any given u1 ∈ D, define the sequence {un}∞n=1 ⊂ D by the iterative
schemes

(1.2) un+1 = (1− an − cn)un + anTn
1 un + cnvn, n ≥ 1,

which is called the modified Mann iterative process with errors, where {vn} is
the bounded sequence in D.

If cn = dn = 0 in (1.1) and (1.2), then the corresponding iterations are called
the modified Ishikawa and Mann iterations respectively, that is,

(1.3)
{

yn = (1− bn)xn + bnTn
2 xn, n ≥ 1,

xn+1 = (1− an)xn + anTn
1 yn, n ≥ 1;

(1.4) un+1 = (1− an)un + anTn
1 un, n ≥ 1.

Lemma 1.6 ([3]). Let E be a real Banach space and let J : E → 2E∗ be a
normalized duality mapping. Then

‖x + y‖2 ≤ ‖x‖2 + 2〈y, j(x + y)〉
for all x, y ∈ E and each j(x + y) ∈ J(x + y).

Lemma 1.7 ([4]). Let {ρn}∞n=1 be a nonnegative real numbers sequence satis-
fying the inequality

ρn+1 ≤ (1− θn)ρn + o(θn),

where θn ∈ (0, 1) with
∑∞

n=1 θn = ∞. Then ρn → 0 as n →∞.
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2. Main results

Theorem 2.1. Let E be a real Banach space, D be a nonempty closed convex
subset of E and T1 : D → D be a uniformly L1-Lipschitzian asymptotically Φ-
pseudocontractive mapping with sequence {k1n}n≥1 ⊂ [1,+∞), limn→∞ k1n =
1. Let q ∈ F (T1) = {x ∈ D : T1x = x}. Let {an}n≥1, {cn}n≥1 ⊂ [0, 1] be such
that

∑
n≥1 αn = ∞, limn→∞ an = 0 and cn = o(an) with an + cn ≤ 1, for any

n ≥ 1. The sequence {un}∞n=1 is defined by (1.2). Then, {un}n≥1 converges
strongly to q.

Proof. Applying Lemma 1.6 and (1.2), we have

(2.1)

‖un+1 − q‖2
= ‖(1− an − cn)(un − q) + an(Tn

1 un − q) + cn(vn − q)‖2
≤ (1− an − cn)2‖un − q‖2 + 2an〈Tn

1 un − q, j(un+1 − q)〉
+ 2cn〈vn − q, j(un+1 − q)〉

≤ (1− an − cn)2‖un − q‖2 + 2an〈Tn
1 un − Tn

1 un+1, j(un+1 − q)〉
+ 2an〈Tn

1 un+1 − Tn
1 q, j(un+1 − q)〉+ 2cn‖vn − q‖ · ‖un+1 − q‖

≤ (1− an − cn)2‖un − q‖2 + 2anL1‖un − un+1‖ · ‖un+1 − q‖
+ 2an(k1n‖un+1 − q‖2 − Φ(‖un+1 − q‖))
+ cn‖vn − q‖+ cn‖vn − q‖ · ‖un+1 − q‖2.

From (1.2), we observe that

(2.2)

‖un − un+1‖
≤ an‖un − Tn

1 un‖+ cn‖un − vn‖
≤ (an(1 + L1) + cn)‖un − q‖+ cn‖vn − q‖.

Taking (2.2) into (2.1), we obtain

(2.3)

‖un+1 − q‖2
≤ (1− an − cn)2‖un − q‖2 + 2anL1[(an(1 + L1) + cn)‖un − q‖

+ cn‖vn − q‖] · ‖un+1 − q‖
+ 2ank1n‖un+1 − q‖2 − 2anΦ(‖un+1 − q‖) + cn‖vn − q‖
+ cn‖vn − q‖ · ‖un+1 − q‖2

≤ (1− an)2‖un − q‖2
+ anL1[an(1 + L1) + cn](‖un − q‖2 + ‖un+1 − q‖2)
+ anL1cn‖vn − q‖(1 + ‖un+1 − q‖2) + 2ank1n‖un+1 − q‖2
− 2anΦ(‖un+1 − q‖)
+ cn‖vn − q‖+ cn‖vn − q‖ · ‖un+1 − q‖2.
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It then follows from (2.3) that
(2.4)

‖un+1 − q‖2

≤ (1− an)2 + anL1[an(1 + L1) + cn]
1− 2ank1n − anL1[an(1 + L1) + cn]− (anL1 + 1)cn‖vn − q‖‖un − q‖2

− 2an

1− 2ank1n − anL1[an(1 + L1) + cn]− (anL1 + 1)cn‖vn − q‖Φ(‖un+1 − q‖)

+
(anL1 + 1)cn‖vn − q‖

1− 2ank1n − anL1[an(1 + L1) + cn]− (anL1 + 1)cn‖vn − q‖ .

Since 2ank1n+anL1[an(1+L1)+cn]+(anL1+1)cn‖vn−q‖ → 0 as n →∞, then
there exists N such that 2ank1n+anL1[an(1+L1)+cn]+(anL1+1)cn‖vn−q‖ <
1
2 , ∀n > N , i.e., 1 > 1−2ank1n−anL1[an(1+L1)+cn]−(anL1+1)cn‖vn−q‖ >
1
2 (n > N). Thus, we have
(2.5)
‖un+1 − q‖2

≤ ‖un − q‖2

+ an
an + 2(k1n − 1) + 2L1[an(1 + L1) + cn] + (anL1 + 1)cn/an‖vn − q‖

1− 2ank1n − anL1[an(1 + L1) + cn]− (anL1 + 1)cn‖vn − q‖ ‖un − q‖2

− 2an

1− 2ank1n − anL1[an(1 + L1) + cn]− (anL1 + 1)cn‖vn − q‖Φ(‖un+1 − q‖)

+
(anL1 + 1)cn‖vn − q‖

1− 2ank1n − anL1[an(1 + L1) + cn]− (anL1 + 1)cn‖vn − q‖
≤ ‖un − q‖2 + 2anAn‖un − q‖2 − 2anΦ(‖un+1 − q‖) + Bn,

where An = an+2(k1n−1)+2L1[an(1+L1)+cn]+(anL1+1)cn/an‖vn−q‖ → 0
as n →∞, Bn = 2(anL1 + 1)cn‖vn − q‖ = o(an).

Let infn≥N
Φ(‖un+1−q‖)
1+‖un+1−q‖2 = λ. Then λ = 0. Suppose this is not the case,

i.e., suppose λ > 0, and choose a γ > 0 such that γ < min{1, λ}. Then
Φ(‖un+1−q‖)
1+‖un+1−q‖2 ≥ γ, i.e., Φ(‖un+1− q‖) ≥ γ +γ‖un+1− q‖2 ≥ γ‖un+1− q‖2. And
it results that

(2.6)

‖un+1 − q‖2

≤ 1 + 2anAn

1 + 2anγ
‖un − q‖2 +

Bn

1 + 2anγ

= (1− an
2γ − 2An

1 + 2anγ
)‖un − q‖2 +

Bn

1 + 2anγ
.

Since an, An → 0 as n →∞, there exists N1 > N such that 2γ−2An

1+2anγ > γ for all
n > N1. Hence, from (2.6)

‖un+1 − q‖2 ≤ (1− anγ)‖un − q‖2 +
Bn

1 + 2anγ
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for all n > N1. Applying Lemma 1.7, we obtain that ‖un+1 − q‖ → 0 as
n → ∞. By the continuity of Φ, then Φ(‖un+1−q‖)

1+‖un+1−q‖2 → 0 as n → ∞. This is a
contradiction and so λ = 0. Consequently, there exists an infinite subsequence
such that ‖unj+1 − q‖ → 0 as j → ∞. Next we want to prove that ‖unj+m −
q‖ → 0 as j → ∞ by induction. Let ∀ε ∈ (0, 1), choose nj > N such that

‖unj+1 − q‖ < ε, Anj+1 < Φ(ε)
2(1+ε2) ,

Bnj+1

2anj+1
< Φ(ε)

4 . First, we want to prove

‖unj+2 − q‖ < ε. Suppose it is not this case. Then ‖unj+2 − q‖ ≥ ε, this
implies Φ(‖unj+2 − q‖) ≥ Φ(ε). Using the formula (2.5), then we may obtain
the following estimates

(2.7)

‖unj+2 − q‖2
≤ ‖unj+1 − q‖2 + 2anj+1Anj+1‖unj+1 − q‖2

− 2anj+1Φ(‖unj+2 − q‖) + 2anj+1

Bnj+1

2anj+1

< ε2 − 2anj+1
Φ(ε)

4
< ε2

is a contradiction. Hence ‖unj+2 − q‖ < ε. Assume that it holds for m = k.
Then by the argument above, we easily prove that it holds for m = k + 1.
Hence for ∀m > 1, we obtain ‖unj+m − q‖ < ε. This completes the proof. ¤
Remark 2.2. Theorem 2.1 improves and extends Theorem 3.1 and Theorem 3.2
in Ofoedu [3] in the following sense:

1. Theorem 2.1 differs greatly from Theorem 3.1 and Theorem 3.2 of Ofoedu
[3] in the proof method.

2. The conditions
∑

n≥0 α2
n < ∞ and

∑
n≥0 αn(kn− 1) < ∞ in [3, Theorem

3.1 and Theorem 3.2] are replaced by the more general condition limn→∞ αn =
0, the conclusion still holds.

3. The Mann iteration method in [3] is extended to the modified Mann
iteration method with errors introduced by Xu [5]. Therefore, while cn = 0,
for any n ≥ 1 in Theorem 2.1, then the following result holds.

Corollary 2.3. Let E be a real Banach space, D be a nonempty closed con-
vex subset of E and T1 : D → D be a uniformly L1-Lipschitzian asymptot-
ically Φ-pseudocontractive mapping with sequence {k1n}n≥1 ⊂ [1,+∞) and
limn→∞ k1n = 1. Let q ∈ F (T1) = {x ∈ D : T1x = x}. Let {an}n≥1 ⊂ [0, 1] be
such that

∑
n≥1 αn = ∞ and limn→∞ an = 0. The sequence {un}∞n=1 is defined

by (1.4). Then, {un}n≥1 converges strongly to q.

Theorem 2.4. Let E be a real Banach space, D be a nonempty closed convex
subset of E and Ti : D → D (i = 1, 2) be two uniformly L-Lipschitzian asymp-
totically Φ-pseudocontractive mappings with the sequences {k1n}, {k2n} ⊂ [1,
+∞) and limn→∞ k1n = limn→∞ k2n = 1. Let q ∈ F (T1) ∩ F (T2) 6= ∅.
Let {an}∞n=1 and {bn}∞n=1 be two sequences in [0, 1] satisfying the following
conditions: (i) an, bn → 0 as n → ∞; (ii)

∑∞
n=1 an = ∞. The sequences
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{un}∞n=1 and {xn}∞n=1 are defined by (1.3) and (1.4), respectively. Then the
following two assertions are equivalent:

(i) The modified Mann iteration (1.4) converges strongly to the fixed point q
of T1;

(ii) The modified Ishikawa iteration (1.3) converges strongly to the common
fixed point q of T1 ∩ T2.

Proof. If the Ishikawa iteration (1.3) converges to the fixed point q, then by
putting bn = 0, we can get the convergence of the Mann iteration (1.4).
Conversely, we only need to prove (i) ⇒ (ii), i.e., ‖un − q‖ → 0 as n →
∞ ⇒ ‖xn − q‖ → 0 as n → ∞. Denote L = max{L1, L2}, where L1

and L2 satisfy the inequality: ‖Tn
i x − Tn

i y‖ ≤ Li‖x − y‖ for ∀x, y ∈ D,
i = 1, 2; kn = max{k1n, k2n}, where {k1n} and {k2n} satisfy the inequality:
〈Tn

i x− Tn
i y, j(x− y)〉 ≤ kin‖x− y‖2 − Φ(‖x− y‖),∀x, y ∈ D, ∀n ≥ 1, i = 1, 2.

Applying (1.3), (1.4) and Lemma 1.6, we have

(2.8)

‖xn+1 − un+1‖2
= ‖(1− an)(xn − un) + an(Tn

1 yn − Tn
1 un)‖2

≤ (1− an)2‖xn − un‖2 + 2an〈Tn
1 yn − Tn

1 un, j(xn+1 − un+1)〉
≤ (1− an)2‖xn − un‖2 + 2an〈Tn

1 yn − Tn
1 xn+1, j(xn+1 − un+1)〉

+ 2an〈Tn
1 xn+1 − Tn

1 un+1, j(xn+1 − un+1)〉
+ 2an〈Tn

1 un+1 − Tn
1 un, j(xn+1 − un+1)〉

≤ (1− an)2‖xn − un‖2 + 2anL‖yn − xn+1‖ · ‖xn+1 − un+1‖
+ 2an(kn‖xn+1 − un+1‖2 − Φ(‖xn+1 − un+1‖))
+ 2anL‖un+1 − un‖ · ‖xn+1 − un+1‖.

Observe that

(2.9)

‖yn − xn+1‖
= ‖an(xn − Tn

1 yn)− bn(xn − Tn
2 xn)‖

≤ (an + bn + bnL2)‖xn − q‖+ anL1‖yn − q‖
≤ (an + bn + bnL2)‖xn − q‖+ anL1(1 + bnL2)‖xn − q‖
≤ (an + bn + bnL + anL + anbnL2)‖xn − q‖
≤ γn(‖xn − un‖+ ‖un − q‖),

where γn = an + bn + bnL + anL + anbnL2.
Substituting (2.9) into (2.8), we obtain

(2.10)
‖xn+1 − un+1‖2

≤ (1− an)2‖xn − un‖2 + 2anLγn(‖xn − un‖+ ‖un − q‖) · ‖xn+1 − un+1‖
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+ 2an(kn‖xn+1 − un+1‖2 − Φ(‖xn+1 − un+1‖))
+ 2anL‖un+1 − un‖ · ‖xn+1 − un+1‖

≤ (1− an)2‖xn − un‖2 + anLγn(‖xn − un‖2 + ‖un − q‖2 + 2‖xn+1 − un+1‖2)
+ 2an(kn‖xn+1 − un+1‖2 − Φ(‖xn+1 − un+1‖))
+ anL‖un+1 − un‖(1 + ‖xn+1 − un+1‖2).

Without loss of generality, we assume that

0 < 1− 2ankn − 2anγnL− anL‖un+1 − un‖ < 1

for any n ≥ 1. Then (2.10) implies that

(2.11)

‖xn+1 − un+1‖2

≤ (1− an)2 + anγnL

1− 2ankn − 2anγnL− anL‖un+1 − un‖‖xn − un‖2

+
anLγn‖un − q‖2 + anL‖un+1 − un‖

1− 2ankn − 2anγnL− anL‖un+1 − un‖
− 2an

1− 2ankn − 2anγnL− anL‖un+1 − un‖Φ(‖xn+1 − un+1‖).

Since 2ankn + 2anγnL + anL‖un+1 − un‖ → 0 as n → ∞, then there exists
N such that 2ankn + 2anγnL + anL‖un+1 − un‖ < 1

2 , ∀n > N , i.e., 1 >

1− 2ankn − 2anγnL− anL‖un+1 − un‖ > 1
2 (n > N). Thus, we have

(2.12)
‖xn+1 − un+1‖2

≤ ‖xn − un‖2 + 2an
an + (kn − 1) + γnL + L‖un+1 − un‖

1− 2ankn − 2anγnL− anL‖un+1 − un‖‖xn − un‖2

+ 2an
Lγn‖un − q‖2 + L‖un+1 − un‖

1− 2ankn − 2anγnL− anL‖un+1 − un‖
− 2an

1− 2ankn − 2anγnL− anL‖un+1 − un‖Φ(‖xn+1 − un+1‖)

≤ ‖xn − un‖2 +
2anBn

1− 2ankn − 2anγnL− anL‖un+1 − un‖‖xn − un‖2

+
2anCn

1− 2ankn − 2anγnL− anL‖un+1 − un‖
− 2an

1− 2ankn − 2anγnL− anL‖un+1 − un‖Φ(‖xn+1 − un+1‖)

≤ ‖xn − un‖2 + 4anBn‖xn − un‖2 + 4anCn − 2anΦ(‖xn+1 − un+1‖),

where Bn = an+(kn−1)+γnL+L‖un+1−un‖, Cn = Lγn‖un−q‖2+L‖un+1−
un‖.
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Set infn≥N
Φ(‖xn+1−un+1‖)
1+‖xn+1−un+1‖2 = λ. Then λ = 0. If it is not the case, assume

that λ > 0. Let 0 < γ < min{1, λ}. Then Φ(‖xn+1−un+1‖)
1+‖xn+1−un+1‖2 ≥ γ, i.e.,

Φ(‖xn+1 − un+1‖) ≥ γ + γ‖xn+1 − un+1‖2 ≥ γ‖xn+1 − un+1‖2.
Thus

(2.13)

‖xn+1 − un+1‖2

≤ 1 + 4anBn

1 + 2anγ
‖xn − un‖2 +

4anCn

1 + 2anγ

= (1− an
2γ − 4Bn

1 + 2anγ
)‖xn − un‖2 +

4anCn

1 + 2anγ
.

By an, Bn → 0 as n → ∞, we choose N1 > N such that 2γ−4Bn

1+2αnγ > γ for all
n > N1. It follows from (2.13) that

‖xn+1 − un+1‖2 ≤ (1− anγ)‖xn − un‖2 +
4anCn

1 + 2anγ

for all n > N1. It follows from Lemma 1.7 that ‖xn+1− un+1‖ → 0 as n →∞,
this is a contradiction and so λ = 0. Consequently, there exists an infinite
subsequence such that ‖xnj+1−unj+1‖ → 0 as j →∞. Next we want to prove
that ‖xnj+m − unj+m‖ → 0 as j → ∞ by induction. Let ∀ε ∈ (0, 1), choose
nj > N such that ‖xnj+1 − unj+1‖ < ε, Bnj+1 < Φ(ε)

8(1+ε2) , Cnj+1 < Φ(ε)
8 . First

we want to prove ‖xnj+2 − unj+2‖ < ε. Suppose it is not this case. Then
‖xnj+2 − unj+2‖ ≥ ε, this implies Φ(‖xnj+2 − unj+2‖) ≥ Φ(ε). Using the
formula (2.12), we now obtain the following estimates:

(2.14)

‖xnj+2 − unj+2‖2
≤ ‖xnj+1 − unj+1‖2 + 4anj+1Bnj+1‖xnj+1 − unj+1‖2

+ 4anj+1Cnj+1 − 2anj+1Φ(‖xnj+2 − unj+2‖)
< ε2 − anj+1Φ(ε) ≤ ε2

is a contradiction. Hence ‖xnj+2−unj+2‖ < ε. Assume that it holds for m = k.
Then by the argument above, we easily prove that it holds for m = k+1. Hence,
we obtain ‖xn − un‖ → 0 as n → ∞. Since ‖un − q‖ → 0 as n → ∞. From
the inequality 0 ≤ ‖xn − q‖ ≤ ‖xn − un‖ + ‖un − q‖, we get ‖xn − q‖ → 0 as
n →∞. ¤
Theorem 2.5. Let E be a real Banach space, D be a nonempty closed and
convex subset of E and Ti : D → D (i = 1, 2) be two uniformly L-Lipschitzian
asymptotically Φ-pseudocontractive mappings with the sequences {k1n}, {k2n} ⊂
[1, +∞) and limn→∞ k1n = limn→∞ k2n = 1. Let q ∈ F (T1) ∩ F (T2) 6= ∅.
Let {an}∞n=1 and {bn}∞n=1 be two sequences in [0, 1] satisfying the following
conditions: (i) an, bn → 0 as n → ∞; (ii)

∑∞
n=1 an = ∞. Then the modified

Ishikawa iteration sequence (1.3) {xn}∞n=1 converges strongly to the common
fixed point q of T1 ∩ T2.



304 ZHIQUN XUE

Proof. Using Corollary 2.3 and Theorem 2.4, we obtain the conclusion of The-
orem 2.5. ¤

Similarly, we also obtain the following results.

Theorem 2.6. Let E be a real Banach space, D be a nonempty closed convex
subset of E and Ti : D → D (i = 1, 2) be two uniformly L-Lipschitzian asymp-
totically Φ-pseudocontractive mappings with the sequences {k1n}, {k2n} ⊂ [1,
+∞) and limn→∞ k1n = limn→∞ k2n = 1. Let q ∈ F (T1) ∩ F (T2) 6= ∅.
Let {an}∞n=1, {bn}∞n=1, {cn}∞n=1 and {dn}∞n=1 be the sequences in [0, 1] satis-
fying the following conditions: (i) an + cn ≤ 1, bn + dn ≤ 1 for any n ≥ 1; (ii)
an, bn, dn → 0 as n → ∞; (iii)

∑∞
n=1 an = ∞; (iv) cn = o(an). And let {zn}

and {wn} be the bounded sequences in D. Suppose that the sequences {un}∞n=1

and {xn}∞n=1 are defined by (1.2) and (1.1) respectively. Then the following two
assertions are equivalent:

(i) The modified Mann iteration with errors (1.2) converges strongly to the
fixed point q of T1;

(ii) The modified Ishikawa iteration with errors (1.1) converges strongly to
the common fixed point q of T1 ∩ T2.

Theorem 2.7. Let E be a real Banach space, D be a nonempty closed convex
subset of E and Ti : D → D (i = 1, 2) be two uniformly L-Lipschitzian asymp-
totically Φ-pseudocontractive mappings with the sequences {k1n}, {k2n} ⊂ [1,
+∞) and limn→∞ k1n = limn→∞ k2n = 1. Let q ∈ F (T1) ∩ F (T2) 6= ∅. Let
{an}∞n=1, {bn}∞n=1, {cn}∞n=1 and {dn}∞n=1 be the sequences in [0, 1] satisfying the
following conditions: (i) an + cn ≤ 1, bn + dn ≤ 1 for any n; (ii) an, bn, dn → 0
as n → ∞; (iii)

∑∞
n=1 an = ∞; (iv) cn = o(an). And let {zn} and {wn} be

the bounded sequences in D. Suppose that the sequence {xn}∞n=1 is defined by
(1.1). Then the modified Ishikawa iteration with errors (1.1) converges strongly
to the common fixed point q of T1 ∩ T2.

Proof. Using Theorem 2.1 and Theorem 2.6, we get the results of Theorem
2.7. ¤
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