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Abstract. Sufficient optimality conditions for a class of generalized non-
differentiable fractional optimization programming problems are established.
Moreover, we prove the weak and strong duality theorems under (V, ρ)-
invexity assumption.
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1. Introduction

In this paper, we consider the following generalized nondifferentiable frac-
tional optimization problem (GFP):

(GFP) Minimize max

{
fi(x) + s(x|Ci)

gi(x)− s(x|Di)
| i = 1, · · · , p

}

subject to hj(x) ≤ 0, j = 1, · · · ,m,

where f := (f1, · · · , fp) : Rn → Rp, g := (g1, · · · , gp) : Rn → Rp and h :=
(h1, · · · , hm) : Rn → Rm are continuously differentiable. We assume that gi(x)−
s(x|Di) > 0, i = 1, · · · , p. For each i = 1, · · · , p, Ci and Di are compact convex
set of Rn and we define a support function with respect to Ci as follows:

s(x|Ci) := max{〈x, yi〉 | yi ∈ Ci}.
Further let, J(x) = {j : hj(x) = 0}, for any x ∈ Rn and let

ki(x) = s(x|Ci), i = 1, · · · , p.
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Then, ki is a convex function and we can prove that

∂ki(x) = {wi ∈ Ci | 〈wi, x〉 = s(x|Ci)},
where ∂ki is the subdifferential of ki.

Many authors have introduced various concepts of generalized convexity and
have obtained optimality and duality results for a fractional programming prob-
lem ([2]–[9], [11]).

Recently, Kim and Kim [4] consider the following generalized nondifferentiable
fractional optimization problem.

(FP) Minimize max

{
fi(x) + s(x|Ci)

gi(x)
| i = 1, · · · , p

}

subject to hj(x) ≤ 0, j = 1, · · · ,m,

where f := (f1, · · · , fp) : Rn → Rp, g := (g1, · · · , gp) : Rn → Rp and h :=
(h1, · · · , hm) : Rn → Rm are continuously differentiable. We assume that
gi(x) > 0, i = 1, · · · , p. For each i = 1, · · · , p, Ci are compact convex set
of Rn.

In this paper, we apply the approach of Kim and Kim [4] to the general-
ized nondifferentiable fractional optimization problem (GFP), we establish the
necessary and sufficient optimality conditions for a class of generalized nondiffer-
entiable fractional optimization problem (GFP). Moreover, we prove the weak
and strong duality theorems under (V, ρ)-invexity assumptions.

We introduce the following definition due to Kuk et al. [5].

Definition 1. A vector function f : Rn → Rp is said to be (V, ρ)-invex at
u ∈ Rn with respect to the functions η and θi : Rn × Rn → Rn if there exists
αi : Rn × Rn → R+ \ {0} and ρi ∈ R, i = 1, · · · , p such that for any x ∈ Rn and
for all i = 1, · · · , p,

αi(x, u)
[
fi(x)− fi(u)

] ≥ ∇fi(u)η(x, u) + ρi‖θi(x, u)‖2.

Definition 2. A vector function f : Rn → Rp is said to be η-invex at u ∈ Rn

such that for any x ∈ Rn and for all i = 1, · · · , p,
fi(x)− fi(u) ≥ ∇fi(u)η(x, u).

We give the following theorem due to Kim et al. [2].

Theorem 1. Assume that f and g are vector-valued differentiable functions
defined on X0 and f(x) + 〈w, x〉 ≥ 0, g(x) − 〈w̃, x〉 > 0 for all x ∈ X0. If
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f(·) + 〈w, ·〉 and −g(·) + 〈w̃, ·〉 are (V, ρ)-invex at x0 ∈ X0, then
f(·)+〈w,·〉
g(·)−〈w̃,·〉 is

(V, ρ)-invex at x0, where

ᾱi(x, x0) =
gi(x)− 〈w̃i, x〉
gi(x0)− 〈w̃i, x0〉αi(x, x0), θ̄i(x, x0) =

( 1

gi(x0)− 〈w̃i, x0〉
) 1

2

θi(x, x0),

that is, for all i,

αi(x, x0)
[fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 −

fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

]

≥ gi(x0)− 〈w̃i, x0〉
gi(x)− 〈w̃i, x〉

[
∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
ηi(x, x0)

+ρi‖
( 1

gi(x0)− 〈w̃i, x0〉
) 1

2

θi(x, x0)‖2
]
.

Proof. Let ki(x) = s(x|Ci) and k̃i(x) = s(x|Di), i = 1, . . . , p. Choose

wi ∈ ∂ki(x0) and w̃i ∈ ∂k̃i(x0). Let x, x0 ∈ X0. By the (V, ρ)-invexity of
f(·) + 〈w, ·〉 and −g + 〈w̃, ·〉,

αi(x, x0)
[ fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 −

fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

]

= αi(x, x0)
[fi(x) + 〈wi, x〉 − fi(x0)− 〈wi, x0〉

gi(x)− 〈w̃i, x〉
−(fi(x0) + 〈wi, x0〉) gi(x)− 〈w̃i, x〉 − gi(x0) + 〈w̃i, x0〉

(gi(x)− 〈w̃i, x〉)(gi(x0)− 〈w̃i, x0〉)
]

≥ 1

gi(x)− 〈w̃i, x〉
[
(∇fi(x0) + wi)ηi(x, x0) + ρi‖θi(x, x0)‖2

]

+
fi(x0) + 〈wi, x0〉

(gi(x)− 〈w̃i, x〉)(gi(x0)− 〈w̃i, x0〉)
[
(−∇gi(x0) + w̃i)ηi(x, x0) + ρi‖θi(x, x0)‖2

]
.

Since g(x)− 〈w̃, x〉 > 0 for all x ∈ X0, we see that

αi(x, x0)
[fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 −

fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

]

≥ gi(x0)− 〈w̃i, x0〉
gi(x)− 〈w̃i, x〉

[ ∇fi(x0) + wi

gi(x0)− 〈w̃i, x0〉ηi(x, x0)+ρi‖
( 1

gi(x0)− 〈w̃i, x0〉
) 1

2

θi(x, x0)‖2

− fi(x0) + 〈wi, x0〉
(gi(x0)− 〈w̃i, x0〉)2 (∇gi(x0)−w̃i)ηi(x, x0)+ρi‖

( fi(x0) + 〈wi, x0〉
(gi(x0)− 〈w̃i, x0〉)2

) 1
2

θi(x, x0)‖2
]
.
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Thus, we have

αi(x, x0)
[fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 −

fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

]

≥ gi(x0)− 〈w̃i, x0〉
gi(x)− 〈w̃i, x〉[ (∇fi(x0) + wi)(gi(x0)− 〈w̃i, x0〉)− (fi(x0) + 〈w̃i, x0〉)(∇gi(x0)− w̃i)

(gi(x0)− 〈w̃i, x0〉)2 ηi(x, x0)

+ρi‖
( 1

gi(x0)− 〈w̃i, x0〉
) 1

2

θi(x, x0)‖2 + ρi‖
( fi(x0) + 〈wi, x0〉
(gi(x0)− 〈w̃i, x0〉)2

) 1
2

θi(x, x0)‖2
]

=
gi(x0)− 〈w̃i, x0〉
gi(x)− 〈w̃i, x〉

[
∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
ηi(x, x0)

+ρi‖
( 1

gi(x0)− 〈w̃i, x0〉
) 1

2
(
1 +

(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

) 1
2
)
θi(x, x0)‖2

]
.

Considering that

1 +
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

) 1
2 ≥ 1, i = 1, 2, . . . , p,

we have for all i,

αi(x, x0)
[fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 −

fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

]

≥ gi(x0)− 〈w̃i, x0〉
gi(x)− 〈w̃i, x〉

[
∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
ηi(x, x0)+ρi‖

( 1

gi(x0)− 〈w̃i, x0〉
) 1

2

θi(x, x0)‖2
]
.

Therefore, the function f(x)+〈w,x〉
g(x)−〈w̃,x〉 is (V, ρ)-invex, where

ᾱi(x, x0) =
gi(x)− 〈w̃i, x〉
gi(x0)− 〈w̃i, x0〉αi(x, x0),

θ̄i(x, x0) =
( 1

gi(x0)− 〈w̃i, x0〉
) 1

2

θi(x, x0).

2

2. Optimality Conditions

Now, we establish the Kuhn-Tucker necessary and sufficient conditions for a
solution of (GFP).

Theorem 2. (Kuhn-Tucker Necessary Optimality Theorem) If x0 is a
solution of (GFP), and assume that 0 6∈ co{∇hj(x0) | j ∈ J(x0)}, then there exist
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λi ≥ 0, i ∈ I(x0) := {i | max
{

fi(x0)+s(x0|Ci)
gi(x0)−s(x0|Di)

| i = 1, · · · , p
}
}, ∑i∈I(x0)

λi =

1, µj ≥ 0, j = 1, · · · ,m and wi ∈ Ci, w̃i ∈ Di, i ∈ I(x0) such that

∑

i∈I(x0)

λi∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
+

m∑

j=1

µj∇hj(x0) = 0,

〈wi, x0〉 = s(x0|Ci), 〈w̃i, x0〉 = s(x0|Di),
m∑

j=1

µjhj(x0) = 0.

Proof. Let ϕi(x) =
fi(x)+s(x|Ci)
gi(x)−s(x|Di)

, i = 1, · · · , p. Let x0 be a solution of (GFP)

and let I(x0) = {i | max{ϕi(x0) | i = 1, · · · , p}}. Then by Proposition 2.3.12 in
[1] and Corollary 5.1.8 in [10], there exists µj ≥ 0, j = 1, · · · ,m,

0 ∈ co{∂cϕi(x0) | i ∈ I(x0)}+
m∑

j=1

µj∂
chj(x0)

and µjhj(x0) = 0.

Thus there exists λi ≥ 0, i ∈ I(x0),
∑

i∈I(x0)
λi = 1 such that

0 ∈
∑

i∈I(x0)

λi∂
cϕi(x0) +

m∑

j=1

µj∇hj(x0) (2.1)

and µjhj(x0) = 0.

By Proposition 2.3.14 in [1],

∂cϕi(x0) =
1

(gi(x0)− s(x0|Di))2

(
(gi(x0)− s(x0|Di))(∇fi(x0) + ∂s(x0|Ci))

−(fi(x0) + s(x0|Ci))(∇gi(x0)− ∂s(x0|Di))
)
.

Since

∂cϕi(x0) =

{
1

(gi(x0)− 〈w̃i, x0〉)2
(
(gi(x0)− 〈w̃i, x0〉)(∇fi(x0) + wi)

−(fi(x0) + 〈wi, x0〉)(∇gi(x0)− w̃i)
)
| wi ∈ Ci, 〈wi, x0〉 = s(x0|Ci),

〈w̃i, x0〉 = s(x0|Di), i ∈ I(x0)}
=

{
∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
|wi ∈ Ci, w̃i ∈ Di, 〈wi, x0〉 = s(x0|Ci),

〈w̃i, x0〉 = s(x0|Di), i ∈ I(x0)}
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and hence from (2.1), there exist λi ≥ 0, i ∈ I(x0),
∑

i∈I(x0)
λi = 1, µj ≥

0, j = 1, · · · ,m and wi ∈ Ci, i ∈ I(x0) such that

∑

i∈I(x0)

λi∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
+

m∑

j=1

µj∇hj(x0) = 0,

〈wi, x0〉 = s(x0|Ci), 〈w̃i, x0〉 = s(x0|Di),
m∑

j=1

µjhj(x0) = 0.

2

Theorem 3. (Kuhn-Tucker Sufficient Optimality Theorem) Let x0 be
a feasible solution of (GFP). Suppose that there exist λi ≥ 0, i ∈ I(x0),∑

i∈I(x0)
λi = 1, µj ≥ 0, j = 1, · · · ,m and wi ∈ Ci, w̃i ∈ Di, i ∈ I(x0)

such that

∑

i∈I(x0)

λi∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
+

m∑

j=1

µj∇hj(x0) = 0, (2.2)

〈wi, x0〉 = s(x0|Ci), 〈w̃i, x0〉 = s(x0|Di),
m∑

j=1

µjhj(x0) = 0.

If f(·)+〈w, ·〉 and −g(·)+〈w̃, ·〉 are (V, ρ)-invex at x0, and h is η-invex at x0 with
respect to the same η, and

∑
i∈I(x0)

λiρi‖θ̄i(x, x0)‖2 ≥ 0, then x0 is a solution

of (GFP).

Proof. Suppose that x0 is not a solution of (GFP). Then there exist a feasible
solution x of (GFP) such that

max
1≤i≤p

fi(x) + s(x|Ci)

gi(x)− s(x|Di)
< max

1≤i≤p

fi(x0) + s(x0|Ci)

gi(x0)− s(x0|Di)
.

Then

fi(x) + s(x|Ci)

gi(x)− s(x|Di)
<

fi(x0) + s(x0|Ci)

gi(x0)− s(x0|Di)
, for all i ∈ I(x0).



Optimality and Duality for Generalized Nondifferentiable Fractional Programming 1541

Since 〈wi, x0〉 = s(x0|Ci), wi ∈ Ci, and 〈w̃i, x0〉 = s(x0|Di), w̃i ∈ Di, we have
for all i ∈ I(x0),

fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 ≤ fi(x) + s(x|Ci)

gi(x)− s(x|Di)

<
fi(x0) + s(x0|Ci)

gi(x0)− s(x0|Di)

=
fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

and hence ᾱi(x, x0) > 0,

ᾱi(x, x0)
[fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 −

fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

]
< 0.

By the (V, ρ)-invexity of f(·) + 〈w, ·〉 and −g(·) + 〈w̃, ·〉 at x0, and by Theorem
1, we have

∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
η(x, x0) + ρi‖θ̄i(x, x0)‖2 < 0.

Hence, we have

∑

i∈I(x0)

λi∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
η(x, x0) +

∑

i∈I(x0)

λiρi‖θ̄i(x, x0)‖2 < 0.

Since
∑

i∈I(x0)
λiρi‖θ̄i(x, x0)‖2 ≥ 0,

∑

i∈I(x0)

λi∇
(fi(x0) + 〈wi, x0〉
gi(x0)− 〈w̃i, x0〉

)
η(x, x0) < 0

and so, it follows from (2.2) that

m∑

j=1

µj∇hj(x0)η(x, x0) > 0.

Then, by the η-invexity of h, we have

m∑

j=1

µjhj(x)−
m∑

j=1

µjhj(x0) > 0.

Since
∑m

j=1 µjhj(x0) = 0, we have
∑m

j=1 µjhj(x) > 0, which is a contradiction

since µj ≥ 0, j = 1, · · · ,m and x is a feasible solution of (GFP). Consequently,
x0 is a solution of (GFP). 2

3. Duality Theorems
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Now, we propose the following Mond-Weir type dual problem (DGFP):

(DGFP)

Maximize max

{
fi(u) + s(u|Ci)

gi(u)− s(u|Di)
| i = 1, · · · , p

}

subject to
∑

i∈I(u)

λi∇
(fi(u) + 〈wi, u〉
gi(u)− 〈w̃i, u〉

)
+

m∑

j=1

µj∇hj(u) = 0, (3.1)

wi ∈ Ci, w̃i ∈ Di, 〈wi, u〉 = s(u|Ci), 〈w̃i, u〉 = s(u|Di), i ∈ I(u)
m∑

j=1

µjhj(u) = 0,

λi ≥ 0, i ∈ I(u),
∑

i∈I(u)

λi = 1, µj ≥ 0, j = 1, · · · ,m.

Now we show that the following weak duality theorem holds between (GFP)
and (DGFP).

Theorem 4. (Weak Duality) Let x be a feasible for (GFP) and let (u, λ, µ, w)
be feasible for (DGFP). Assume that f(·) + 〈w, ·〉 and −g(·) + 〈w̃, ·〉 are (V, ρ)-
invex at u, and let h is η-invex at u with respect to the same η, and

∑
i∈I(u) λiρi‖θ̄i(x, u)‖2 ≥

0. Then the following holds:

max

{
fi(x) + s(x|Ci)

gi(x)− s(x|Di)
| i = 1, · · · , p

}
≥ max

{
fi(u) + s(u|Ci)

gi(u)− s(u|Di)
| i = 1, · · · , p

}
.

Proof. Let x be any feasible for (GFP) and let (u, λ, µ, w) be any feasible for
(DGFP). Then we have

m∑

j=1

µjhj(x) ≤ 0 ≤
m∑

j=1

µjhj(u).

By the η-invexity of hj(u), j = 1, · · · ,m, we have

m∑

j=1

µj∇hj(u)η(x, u) ≤ 0.

Using (3.1), we obtain

∑

i∈I(u)

λi∇
(fi(u) + 〈wi, u〉
gi(u)− 〈w̃i, u〉

)
η(x, u) ≥ 0. (3.2)

Now suppose that

max

{
fi(x) + s(x|Ci)

gi(x)− s(x|Di)
| i = 1, · · · , p

}
< max

{
fi(u) + s(u|Ci)

gi(u)− s(u|Di)
| i = 1, · · · , p

}
.
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Then
fi(x) + s(x|Ci)

gi(x)− s(x|Di)
<

fi(u) + s(u|Ci)

gi(u)− s(u|Di)
, for all i ∈ I(u).

Since 〈wi, u〉 = s(u|Ci) and 〈w̃i, u〉 = s(u|Di), we have for all i ∈ I(u),

fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 <

fi(u) + 〈wi, u〉
gi(u)− 〈w̃i, u〉 .

By the (V, ρ)-invexity of f(·) + 〈w, ·〉 and −g(·) + 〈w̃, ·〉 at x0, and by Theorem
1, we have,

0 > ᾱi(x, u)
[fi(x) + 〈wi, x〉
gi(x)− 〈w̃i, x〉 −

fi(u) + 〈wi, u〉
gi(u)− 〈w̃i, u〉

]

≥ ∇
(fi(u) + 〈wi, u〉
gi(u)− 〈w̃i, u〉

)
η(x, u) + ρi‖θ̄i(x, u)‖2.

By using λi ≥ 0, i ∈ I(u), we have,

∑

i∈I(u)

λi∇
(fi(u) + 〈wi, u〉
gi(u)− 〈w̃i, u〉

)
η(x, u) +

∑

i∈I(u)

λiρi‖θ̄i(x, u)‖2 < 0.

Since
∑

i∈I(u) λiρi‖θ̄i(x, u)‖2 ≥ 0, we have

∑

i∈I(u)

λi∇
(fi(u) + 〈wi, u〉
gi(u)− 〈w̃i, u〉

)
η(x, u) < 0,

which contradicts (3.2). Hence the result holds. 2

Now we give a strong duality theorem which holds between (GFP) and (DGFP).

Theorem 5. (Strong Duality) If x̄ be a solution of (GFP) and suppose that
0 6∈ co{∇hj(x̄) | j ∈ J(x̄)}. Then there exist λ̄ ∈ Rp, µ̄ ∈ Rm and w̄ ∈ C such

that (x̄, λ̄, µ̄, w̄, w̃) is feasible for (DGFP). Moreover if the weak duality holds,

then (x̄, λ̄, µ̄, w̄, w̃) is a solution of (DGFP).

Proof. By Theorem 2, there exist λ̄ ∈ Rp, µ̄ ∈ Rm and w̄i ∈ Ci, w̃ ∈ Di, i ∈
I(x̄), such that

∑

i∈I(x̄)

λ̄i∇
( fi(x̄) + 〈w̄i, x̄〉
gi(x̄)−

〈
w̃i, x̄

〉
)
+

m∑

j=1

µ̄j∇hj(x̄) = 0,

〈w̄i, x̄〉 = s(x̄|Ci),
〈
w̃i, u

〉
= s(x̄|Di),

m∑

j=1

µjhj(x̄) = 0,

λi ≥ 0, i ∈ I(x̄),
∑

i∈I(x̄)

λi = 1.
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Thus (x̄, λ̄, µ̄, w̄, w̃) is a feasible for (DGFP). On the other hand, by weak duality
(Theorem 4),

max

{
fi(x̄) + s(x̄|Ci)

gi(x̄)− s(x̄|Di)
| i = 1, · · · , p

}
≥ max

{
fi(u) + s(u|Ci)

gi(u)− s(u|Di)
| i = 1, · · · , p

}

for any (DGFP) feasible solution (u, λ, µ, w, w̃). Hence (x̄, λ̄, µ̄, w̄, w̃) is a solution
of (DGFP). 2

References

1. F.H. Clarke, Optimization and Nonsmooth Analysis, A Wiley-Interscience Publication,
John Wiley & Sons, 1983.

2. D. S. Kim, S. J. Kim and M. H. Kim, Optimality and Duality for a Class of Non-
differentiable Multiobjective Fractional Programming Problems, J. Optim. Theory Appl.
129(2006), 131–146.

3. M. H. Kim and D. S. Kim, Non-differentiabel Symmetric Duality for Multiobjective Pro-
gramming with Cone Constraints, European J. Oper. Res. 188(2008), 652–661.

4. M. H. Kim and G. S. Kim, On Optimality and Duality for Generalized Nondifferentiable
Fractional Optimization Problems, Communications of the Korean Mathematical Society,
25(2010), 139–147.

5. H. Kuk, G. M. Lee and D. S. Kim, Nonsmooth Multiobjective Programs with (V, ρ)-Invexity,
Indian J. Pure and Appl. Math. 29(1998), 405–412.

6. H. Kuk, G. M. Lee and T. Tanino, Optimality and Duality for Nonsmooth Multiobjective
Fractional Programming with Generalized Invexity, J. Math. Anal. Appl. 262(2001), 365–
375.

7. Z. Liang, H. Huang and P. M. Pardalos, Optimality Conditions and Duality for a Class of
Nonlinear Fractional Programming Problems, J. Optim. Theory Appl. 110(2001), 611–619.

8. Z. Liang, H. Huang and P. M. Pardalos, Efficiency Conditions and Duality for a Class of
Multiobjective Fractional Programming Problems, J. Global Optim. 27(2003), 444–417.

9. X. J. Long, N. J. Huang and Z. B. Liu, Optimality conditions, duality ad saddle points for
nondifferentiale multiobjective fractional programs, Journal of Industry Management and
Optimization 4(2008), 287–298.
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