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ABSTRACT. In this paper, a pair of Wolfe type second-order nondifferen-
tiable multiobjective symmetric dual program over arbitrary cones is for-
mulated. Weak, strong and converse duality theorems are established under
second-order (F, a, p, d)-convexity assumptions. An illustration is given to
show that second-order (F,a, p,d)-convex functions are generalization of
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1. Introduction

A mathematical programming problem with single objective is called scalar
programming problem. However, just considering one criterion at a time usually
does not represent real life problems well because in most of the cases, two or
more objectives are associated with a problem. Such a mathematical optimiza-
tion model with two or more objectives is called a multiobjective programming
problem. Often several objectives are conflicting in nature. For example, it may
be impossible to select an alternative to a problem which would maximize both
profit and market share for a company. Therefore, various terms like efficiency,
weak efficiency and proper efficiency are there in the literature to describe the
optimality of multiobjective problems.

Convexity plays an important role in nonlinear programming. Many mathe-
matical models used in economics, management sciences, applied mathematics
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and engineering involve non convex functions. So, it is possible to generalize the
notion of convexity and to explore the extent of the validity of results to larger
class of multiobjective optimization problems. Duality has been extended to mul-
tiobjective optimization since late 1970’s. The concept of (F), p)-convexity was
introduced by Preda [7]. Ahmad [1] established optimality conditions and dual-
ity results for multiobjective programming problems involving (F, p)-convexity
assumptions.

The study of second-order duality is significant due to the computational
advantage over first order duality as it provides tighter bounds for the value of
the objective function when approximations are used. Motivated by the concept
of second-order duality in nonlinear problems, introduced by Mangasarian [6],
several researchers [2-4, 9-14] have worked in this field. Recently, Yang et al.
[12] presented a new pair of Mond-Weir type second-order symmetric models for
a class of non-differentiable multiobjective programs.

Zhang and Mond [14] extended the class of (F, p)-convex functions to second-
order (F, p)-convex functions and obtained duality results for second-order Man-
gasarian type, Mond-Weir type and generalized Mond-Weir type multiobjective
dual problems. Ahmad and Husain [3] introduced second-order (F, a,
p,d)-convex functions and their generalizations and developed weak, strong and
strict converse duality theorems for second-order Mond-Weir type multiobjective
dual.

The purpose of this paper is to study a pair of nondifferentiable multiob-
jective second-order symmetric dual programs of Wolfe type model. Weak,
strong and converse duality theorems are proved under second-order (F, a, p, d)-
convexity assumptions. An example which is second-order (F,a, p,d)-convex
but not second-order F-convex is exemplified. Our study extends some of the
known results in [2, 4, 11, 13].

2. Notations and preliminaries
Consider the following multiobjective programming problem:
(P) minimize ¢(x)
subject to —g(x) € Q, =z € C,

where C C R™, ¢ : R* — RF, g : R* — R™, @ is closed convex cone with
non-empty interior in R™. Let X° = {z € C : —g(x) € Q}, be the set of all
feasible solutions of (P).

Definition 1. A point z € X° is a weak efficient solution of (P) if there exist
no other x € X° such that ¢(x) < ().

Definition 2. A point z € X is an efficient solution of (P) if there exist no
other x € X such that ¢(z) < ¢(7).

Let C; and Cy be closed convex cones with non-empty interiors in R™ and
R™, respectively.
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Definition 3. The positive polar cone CF of C; (i = 1,2) is defined as
Cr={z:2"2>0, for allz € C;}.
Definition 4. Let C be a compact conver set in R™. The support function
S(z | C) of C is defined by
S(x | C) =max{zly:y € C}.
The support function S(x | C), being convex and everywhere finite, has a

subdifferential at every = in the sense of Rockafellar, that is, there exists z € R"
such that

Sy |C)>S(x|C)+ 2" (y—x) forall y € C.
The subdifferential of S(z | C) is given by
08(x | C)={z€C:2Tx=S(z|C)}.
For any set S C R™ the normal cone to S at a point « € S is defined by
Ns(z)={y€ R":y" (2 —x) <0 for all z € S}.
It can be easily seen that for a compact convex set C, y is in N¢(x) if and only
if S(y | C) = 2Ty, or equivalently, z is in S(y | C).
Definition 5 ([11, 12]). A functional F: X x X x R™ — R (where X C R™) is
sublinear with respect to the third variable if for all (z,u) € X x X,

(i) Flx,u;a; + a2) < F(z,u;a1) + F(x,u;a2) for all ay,as € R",
(#1) F(z,u;aa) = aF(z,u;a), for all« € Ry and for all a € R™.

For notational convenience, we write Fy ,,(a) = F(z,u;a).

Now we consider a function f = (fi, f2,..., fx) : X — RF differentiable at
UGX, P = (pl,pg,...,pk) ERk and d = (dl,dg,...,dk) ERk.

Definition 6. A twice differentiable function f; over X is said to be second-order
F-convex at u € X with respect to q € R™, if Vo € X,

Fil@) = fi(u) + 50" Vaa filu)a > Foa(Vafilu) + Veufilu)a).

A twice differentiable vector function f : X — R* is said to be second-order
F-conver at w € X with respect to ¢ € R"™, if each of its components f; is
second-order F'-convex at u € X with respect to g € R™.

Definition 7. A twice differentiable function f; over X is said to be second-
order (F,a, p;,d;)-convex at uw on X, if Vo € X, there exist vector ¢ € R™, a real
valued function o : X x X — R \{0}, a real valued function d;(-,-) : XxX — R
and a real number p; such that

Ji(x) = fi(uw) + %quwwfi(u)q > Foula(@,u)(Vefi(u) + Vi fi(w)q)] + pids (2, u).
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Fig. 1. f1 = sinz — sinu — sin2u + 42>

A twice differentiable vector function f : X — RF is said to be second-order
(F, a, p,d)-convex at u if each of its components f; is second-order (F,«, p;,d;)-
convex at u.

Remark 1.

(1) If k =1 and ¢ = 0, the above definition become that of (F, a, p, d)-convex
functions introduced by Liang et al. [5].

(#4) For single objective programming problem and a(z,u) = 1, the def-
inition of second-order (F,«, p;,d;)-convexity reduces to second-order
(F, p)-convexity given by Srivastava and Bhatia [10].

Example 1. Let X =[0.7,0.75] C R. Let the function f : X — R be defined by
f(z) =sin’z and o : X x X — R, \{0} be identified by oz, u) = (x +u +1).
Let the functional F : X x X X R — R be defined by

Fyula) = a4

(x4+u+1)
and d: X x X — R be given by
d(z,u) = Va2 +u?

For p = —4, we have

L= (&) = f(u) + 50" Vaul (00 = Frala(e,0) (Vo f(0) + Vau f0)0)) = pi* (2, 0)

=sin®z — sin® u + ¢* cos 2u — Fy, ,[(z 4 u + 1)(sin 2u + 2¢ cos 2u)] — (—4) (/22 + u2)?
=sin’z — sin® u — sin 2u + 42% + q2 cos 2u — 2q cos 2u + 4o/

= f1+ f2 (say)

where f1 = sin? x—sin? u—sin 2u+422 > 0V z,u € X as can be seen from Figure
1, and fo = ¢® cos2u—2qgcos2u+4u® >0V u € X and g € (—10'®,1018) as can
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Fig. 2. fo = q?cos2u — 2qcos2u + 4u?

be seen from Figure 2. Hence L > 0. Therefore [ is second-order (F,«,p,d)-
convex. But f is not second-order F-convex since for ¢ = 1, we have

M = £() ~ f(u) + 50" Vaa (00— FolVaf () + Vo f(w)g]

= sin® x — sin? u + cos 2u — F, ,[sin 2u + 2 cos 2u]
1
= sin? z — sin® u + cos 2u — ———(sin 2u + 2 cos 2u)
(x+u+1)
<0VzuelX

as be can seen from Figure 3.
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Fig. 3. sin’z — sinu + cos2u — M(sirﬂu + 2c0s2u)

Hence the function f is second-order (F,a, p,d)-convex but is not second-order
F'-convez.
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3. Wolfe type symmetric duality

We now consider the following pair of second-order Wolfe type nondifferen-
tiable multiobjective programming problems with k-objectives:
Primal problem (PP).

minimize G(z,y,\,p) = {G1(x,y, \,p), Ga(x,y,\,p), - ,Gr(x,y,\,p)}
subject to — V, (AT f)(z,y) + 2 — VAT f) (=, y)p € C3,
z€ Kk,
Al = 1,
A>0, ze (.
Dual problem (DP).
maximize H(u,v,\,q) = {Hi(u,v, A, q), Ha(u,v, A, q), -, Hp(u,v, A, q)}
subject to V(AT f)(u,v) + w + Ve (AT f)(u,v)q € Cf,
weE D,
Me, =1,
A>0,veCy,
where for i =1,2,--- ,k,

Gi(z,y,\,p) = fiz,y) + S(z | D) —y"V,(\T ) (,y)

-y (Vyy()\Tf)(gc, y)) - %pT (Vyy()\Tf)(x, y)P) )

Hi(uv v, /\7 Q) :fi(ua 7}) - S(U | E) - uTvx(ATf)(u’ U)
" (Vo AT f) 1 0)0) = 347 (Ve N ) (0,0)a)

The above problem (PP) and (DP) can be further expressed as:
Primal problem (PP).

Minimize G(z,y,\,p) = f(z,y) + S(z | D)ex — y* V,(\T f)(z,y)ex

(VWD y)p)er — 257 (9, (N P y)p)er,

subject to  — V(A" f)(z,y) + 2 — Vy (AT f) (2, y)p € C3, (1)
z€E, (2)
Mep =1, (3)
A>0, z €. (4)

Dual problem (DP).
Maximize H(u,v,\,q) = f(u,v) — S(v | E)ey — ut Vo (AT f)(u,v)es

T (Ve ), 0)a)er — 50 (Vaa AT F) s )g)er,
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subject to Vx()\Tf)(u, v)+w+ Vm()\Tf)(u, v)q € CY, (5)
w € D, (6)
)\Tek =1, (7)
A>0, veCy, (8)
where

(i) f = {f1,f2, -+, fx} is a differentiable function from S; x Sy — R
(S1 € R™ and Sy C R™ are open sets), e, = (1,...,1)T € RF
(ii) q and p are vectors in R™ and R™, respectively, A\ € R¥,
(#i1) D and E are compact convex sets in R"™ and R™, respectively.

We prove the following duality results for the pair of problems (PP) and (DP).

Theorem 1 (Weak Duality). Let (x,y,\, z,p) be feasible for the primal prob-
lem (PP) and (u,v,\,w,q) be feasible for the dual problem (DP). Let the sub-
linear functionals F': S1 x 81 X R" — R and G : Sy X So X R™ — R satisfy the
following conditions:

Fpu(a) + a7 a™u >0, for alla € CF, (4)

Goy(b) + a5 b y >0, for allb € Cj. (B)

7 3

k
Suppose that either (z) > )\i[pz(-l)(d(»l)(x,u))2 + p§2) (d@)(v,y))Q] >0 or
i=1

(i) p ) >0 and p ) > 0, for all i. Furthermore, assume that
fi(v) + ()Tw (1 <i < k) is second-order (F,ay, pzl) d ) -convex at u,
filx,.) — (T2 (1 <i < k) be second-order (G, s, p d( )) -concave at y.Then

G(z,y, A\, p) £ H(u,v, A, q). 9)

Proof. Since f;(.,v)+(.)Tw (1 < i < k) is second-order (F, al,pzl) d( )-convex,
we have

fi(I’,U) + ITw - fl(ua ’U) - uTw + %qT(vxzfz(uav)Q)
> Fy o (m,0) (Vo fi(u,0) + w + Vg fi(u, 0)0)] + 7 (@) (2, )2,

It follows from A > 0, Aej, = 1 and sublinearity of F that

O £)(a,0) + 2w = (W ) (u,0) =l + 50T (Vaa (A £)(u,0)0)

2 Fru [041(9j w) (VoA f)(,0) + w + Ve (AT ) (1, 0)q)]
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As fi(x,.)— ()72 (1 <i < k) is second-order (G, ag, p ) d( )) -concave therefore
we get

il ) = "2 = fiw,0) + 07z~ 2p (Vi )

> Guy [~02(0,9)(Vy fi(w,y) = 24+ Vo file,)p)] + 97 (07 (v.))*.
Using A > 0, ATe;, = 1 and sublinearity of G it follows that

OT f)(y) = "2 = (AT F)(,0) + 072 = 7 (T (7 )2, )p)

> Gyyl—a2(0,9) (VAT F)(2,y) — 2 + Vi AT £) (@, y)p)] )
k
+ 3 NP (dP (v, 1))

Adding the inequalities (10) and (11), we obtain
(ATf)(xa y) - ()‘Tf)(uv ’U) + 'TTw - uTw - yTZ + ’UTZ

+ 30" (Vaa VT 1), 0)0) = 587 (VN ) 0)p)

> Fx,u{al(xa u) (vx()\Tf) (u,v) +w + me()\Tf)(% U)Q)] (12)
+ Gv =2 (v, 9)(Vy (AT f)(2,y) = 2+ VA ) (@, 9)p)]

+ZA DM @, u))? + o7 (d (v,9))?].

Since (z, y, )\,z,p) is feasible for the primal problem (PP) and (u,v, A, w,q) is
feasible for the dual problem (DP), o (x,u) > 0, by the dual constraint (5), the
vector a = ay(z,u)(Ve(AT f)(u,v) + w + Ve (AT f)(u,v)q) € Cf and so from
the hypothesis (A), we obtain

Fpu(a) +a;ta"u > 0. (13)

Similarly,
Guy(b) +az'bTy >0, (14)

for the vector b = —aa(v,y){V,(A\T f)(z,y) — 2+ VAT f)(z,y)p} € C;. Using
(13), (14) and hypothesis (i) or (ii) in (12), we have

(1
AT ) (2, y) = AT f)(u 7v)—HE Tw—uwlw—yTz+0T2
)

+§qT<vm<ATf><u 0)a) — 5" (Y VT 1) )p)

> —ozl_luTa — o5 LyTh.
Substituting the values of a and b, we have
1
W@ y) + 28w =y VA )@ y) =y (Ve A N, 9)p) = 5p" (Vg W) (,9)p)

> (AT (u,0) =o'z = Vo (AT f) (0, 0) = u” (Voo (AT f)(u,0)q) — lq (Vae AT 1) (u, v)q).
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In view of the fact that 27w < S(z | D), vT2 < S(v | E) and ATe, = 1, the
last inequality yields
) (z.y) +S(x | D) =y V(AT f)(2,y)
" (T O e )p) ~ 397 (T OV 1))
> (N f)(u,0) = S(v | B) ~ UTV (AT f)(u,0)

1
- UT(vxm()‘Tf)(ua v)q) — iqT(Vm()\Tf)(u, v)q).
Now suppose contrary to the result that (9) not holds, that is ,

{Gl(x7y7)‘ap)7G2(xay7)\ap)a .. '7Gk(xaya )‘ap)}
S {Hl(uvv7A7Q)aH2(u7U7AaQ)7 .. ,Hk(u,v,)\,q)}
or

f(x,y)+S(z | D)er, —y"V (ATf )(z,y)ex

—y (VN f) (., y)p)er — *p T (Vyy W) (@, y)p)er
< flu,v) = S(v| B)er —u'V, (ATf) u, v)ex

(
= u (Ve (AT f) (u,v)q)ex — *qT(Vm(A (u,v)g)er.
Since A > 0 and A\Te; = 1, we obtain
AT (@) + S | D) =y V(AT (@, y)

" Ty (T 1)) — 587 (VN ) )
< (T )(uyv) = S(o | B) = a" VoV f) 1, 0)

T (VO £),0)a) = 3" (TaaNT ) 0,0)0),

which contradicts (15). Hence (9) holds. O

We now state a weak duality theorem under second-order F-convexity as-
sumptions. Its proof follows on the lines of Theorem 1 on taking

al(mvu) = ]-» a2(vvy) = 13
and
p1 =0, p2 =0.

Theorem 2 (Weak Duality). Let (z,y, A, z,p) be feasible for the primal prob-
lem (PP) and (u,v,\,w,q) be feasible for the dual problem (DP). Suppose that
the sublinear functionals F' : S1 x S1 X R* — R and G : So X S x R™ — R
satisfy the following conditions:

Fpu(a) +aTu >0, for alla € Cf, (A)
G y(b) + b7y >0, for allbe Cj. (B)
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Furthermore, assume that f;(.,v) + ()Tw (1 <i < k) is second-order F-convex
at u and fi(z,.) — ()72 (1 <i < k) is second-order G-concave at y. Then

G(z,y, A, p) £ H(u,v, A, q).
Theorem 3 (Strong Duality). Let f: S1 x S2 — RF be thrice differentiable
function and let (z,y, A, Z,p) be a weak efficient solution of (PP). Suppose that
(i) the matriz V,, (AT f)(Z,9) is non singular,

(13) the vectors Vy f1(Z,§),- .., Vyfu(Z,§) are linearly independent,
(i) thedvector Vy(Vyy (AT f)(z, y)p)p & span{Vy f1(Z,9), ..., Vy fi(Z,9) }\{0}
an

(iv) Vy(Vyy (AT £)(Z,9)p)p = 0 implies p = 0, then

(I) there exist w € D such that (Z,y, A\, w,q = 0) is feasible for (DP), and

(1) G(z,5,Ap) = H(Z,9,\. Q).
Also, if the hypotheses of a weak duality theorem are satisfied for all feasible
solutions of (PP) and (DP), then (Z,y, A\, w,q = 0) is an efficient solution for
(DP).
Proof. Since (Z,7, \, Z, p) is a weak efficient solution of (PP), there exist o € R¥,
B € Cy, n € R, such that the following Fritz John optimality conditions (8],
Lemma 1) are satisfied at (Z, 9, \, Z, p):

{7 (T2t (@,5) +768) + Vay OT £)(@,5)(8 — (aTe)q)
F VLV T D@ R~ (0T er) @+ gp) b —z) (1)
>0, for all x € C4,
Vyf @ p)la = (@)X + ¥y, (N 1) (@,9)(8 — (07 ex)7)
£, [V, 3T @ DB - (@7en)(7 + 35) — (0T e)V,, (A (@ 55 (17)

2
=0,

VUU(S‘Tf)(j,g)(B - (aTek)(g +]5)) = 07 (18)
Vo @ 5)(8 — (0T en)y) + me + (6 — (@7 en)(5+ 50) Vi (7 9 o

(B (@T )@+ 50)" Vo i, 18] =0,
BEV N ) (@,9) = 2+ Vi (W F)(@,9)p] = 0, (20)
RS NE(Z), (21)
veD,y"z=5(z|D), (22)
(a, B,m) # 0. (23)

From (18) and nonsingularity of V,, (AT f)(z,9), we have
B =(a"ex)(5+p). (24)
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If &« =0 then (24) yields 8 = 0. Further, equation (19) gives ney = 0 or
1 = 0. Consequently («, 8,7) = 0, contradicting (23). Hence,
a>0 or ale,>0. (25)
Now, using (24) and (25) in (17), we get
2

vy[vyy(j‘Tf)(j7 y)plp = _aTiekvyf(ffa y)a - (aTek)j\} (26)
which by hypothesis (iii) and (iv) implies
p=0. (27)

Now, by (26) and (27), we obtain
Vyf (@ 9)la — (aex)A] = 0.

Since the vectors {V, fi(Z,7),...,Vyfe(Z,7)} are linearly independent, there-
fore

a=(aTep). (28)
From (27) in (24), we get
B =(a"er)y. (29)
Using (25) and (27)-(29) in (16), we have
(VoA £)(2,9) +~)(x —z) >0, for all z € C;. (30)
Let # € Cy. Then x + Z € C and so (30) implies
" (Vo' £)(Z,5) +7) =0, for all z € Cy.

Therefore,
V(A f)(&,9) +~ € CF.

Also, from (25), (29) and 8 € Cy, we obtain 5 € Cy. Thus (Z, 7, \, @ = 7,7 = 0)
satisfies the dual constraints from (5) to (8) in (DP) and so it is a feasible solution
for the dual problem (DP). Now, letting x = 0 and = = 2% in (30), we get

2T (VoA f)(@,5) +9) =0 or 2"V (AT f)(z,9) = ~2"v = -S(z | D). (31)
Moreover, since 8 = (a’ex)y and aey, > 0, (21) implies § € Ng(Z) so that
7'2=5@|E).
Further, from (20), (25), (27) and (29) and the above relation, we obtain
JV, (N )@y =5"2= S B). (32)
Therefore, using (27), (31) and (32), we get
G(2,9,A,p =0) = H(u,9,A,¢ =0)
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that is, the two objective values are equal. Now, let (Z,7, \, 0, = 0) is not an
efficient solution of (DP), then there exist (@, o, A, w,q = 0) feasible for (DP),
such that,

£(2.9) ~ S | E)er — 50" (Veal 37 1) @, 9)0)e

X
~FTVL (A )@ D)ok + (VaeN )@ 7))k

< 7(8,0) = S| Bet — 30" (Ve
= WV )@ 0)er + (T VT 1) @ D))

Since 77V, (A" f)(2,5) = —=S(z | D), 3"V, (X" f)(Z,5) = S(7 | E) and p =0,

£(2,9)+ 8( | D)ex — 50" (V4 ()2 5)p)e
5, AT D@ Dex + (V4 (W ). D)p)es]
< J(@,0) = S0 | E)es — 51" (Vaa N7 )1, 7) )
—a" [V N f) (@, 0)er, + (Vau AT f) (@, 0)7)ex],

which contradicts weak duality theorem. Hence (Z, ¥, A\, w,§ = 0) is an efficient
solution of (DP). O

Theorem 4 (Converse Duality). Let f : S1 xSy — RF be thrice differentiable
function and let (@, v, \,w,q) be a weak efficient solution of (DP). Suppose that
(1) the matriz V(AT f)(4,0) is non singular,
(ii) the vectors Vy f1(1,0), ...,V fe(,0) are linearly independent,
(iii) the vector V. (Ve (AT f)(1,0)q)q ¢ span{V f1(u, ), ...,V fe(i,0)}\{0}
and
(iv) vx(vxx()\Tf)(ﬁy v)q)q =0 implief q=
(I) there exist z € E such that (4,0, A, Z
(II) G(u,v,A,p) = H(u,v, A, q).
lso, if the hypotheses of a weak duality theorem are satisfied for all feasible so-
lutions of (PP) and (DP), then (u,0,\,zZ,p = 0) is an efficient solution for
(PP).

0, then
:)

D is feasible for (PP), and

Proof. 1t follows on the lines of Theorem 3. (|

4. Special cases

In this section, we consider some of the special cases of the problems studied
in Section 3. In all these cases, C; = Ry and Cy = R
(1) If k = 1, then our problems (PP) and (DP) reduces to the single objective
nondifferentiable symmetric dual programs considered in Yang et al.
[11].
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(ii) If k = 1, and we take D = {Ay : yT Ay < 1}, E = {Bxz : 27 Bx < 1},
where A and B are positive semidefinite matrices, then (z7Ax)!Y/2 =
S(x | D) and (y"By)'/? = S(y | E). In this case (PP) and (DP) reduce
to the problems considered in Ahmad and Husain [2].

(t3t) If D = 0 and E = 0, then (PP) and (DP) reduce to (MP) and (MD)
considered in Yang et al. [16] along with the nonnegativity restrictions
x> 0 and v > 0. However, taking F; ,(a) = (x — u)Ta and G, ,(b) =
(v —y)Tb along with the hypothesis (A) and (B) of Theorem 1 in [13]
gives x > 0 and v > 0.

() If k=1, D =0 and E = 0, then our problems (PP) and (DP) reduced
to programs studied in Gulati et al. [4].
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