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OSCILLATION OF SECOND-ORDER FUNCTIONAL
DYNAMIC EQUATIONS OF EMDEN-FOWLER-TYPE ON
TIME SCALES

S. H. SAKER

ABSTRACT. he purpose of this paper is to establish some sufficient con-
ditions for oscillation of solutions of the second-order functional dynamic
equation of Emden-Fowler type

[e®22 0] +p0) 27 @) [p2 )] sgna(re) =0, 210,

on a time scale T, where v € (0,1], a, p and T are positive rd-continuous
functions defined on T, and lim¢— oo 7(t) = co. Our results include some
previously obtained results for differential equations when T = R. When
T=Nand T = ¢ = {¢* : t € No} where ¢ > 1, the results are essentially
new for difference and ¢— difference equations and can be applied on dif-
ferent types of time scales. Some examples are worked out to demonstrate
the main results.
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1. Introduction

The study of dynamic equations on time scales, which goes back to its founder
Stefan Hilger [10] is an area of mathematics that has recently received a lot of
attention. It has been created in order to unify the study of differential and
difference equations. Many results concerning differential equations carry over
quite easily to corresponding results for difference equations, while other results
seem to be completely different from their continuous counterparts. The study
of dynamic equations on time scales reveals such discrepancies, and helps avoid
proving results twice - once for differential equations and once again for difference
equations. The general idea is to prove a result for a dynamic equation where
the domain of the unknown function is a so-called time scale T, which may be
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an arbitrary closed subset of the reals. This way results not only related to the
set of real numbers or set of integers but those pertaining to more general time
scales are obtained.

The three most popular examples of calculus on time scales are differential
calculus, difference calculus, and quantum calculus (see Kac and Cheung [13]),
ie, when T=R, T =Nand T = ¢"° = {¢* : t € Ny} where ¢ > 1. Dynamic
equations on a time scale have an enormous potential for applications such as
in population dynamics. For example, it can model insect populations that are
continuous while in season, die out in say winter, while their eggs are incubating
or dormant, and then hatch in a new season, giving rise to a nonoverlapping
population (see [5]). There are applications of dynamic equations on time scales
to quantum mechanics, electrical engineering, neural networks, heat transfer,
and combinatorics. A recent cover story article in New Scientist [26] discusses
several possible applications. Since then several authors have expounded on
various aspects of this new theory [6]. The book on the subject of time scale,
i.e., measure chain, by Bohner and Peterson [5] summarizes and organizes much
of time scale calculus.

In this paper, we are concerned with oscillation of the second-order functional
dynamic equation of Emden—Fowler type

(ax®)2(8) + p(t) [27 (r(1)] |2 (®)] " sgna(r(t) =0, (L.1)

on a time scale T. Throughout this paper, we will assume the following hypothe-
ses:

(h1). v €(0,1], a and p are positive, rd—continuous functions,

(h2). 7:T =T, and lim_, o 7(t) = 0.

Equation (1.1) is called a delay dynamic equation if 7(¢) < ¢ and is called
an advanced dynamic equation if 7(t) > ¢. Since, we are interested in the os-
cillatory and asymptotic behavior of solutions near infinity, we assume that
sup T = oo, and define the time scale interval [tg, 0o)r by [to, 00)T := [tg, 00) NT.
By a solution of (1.1), we mean a function z%(t) € C!([ty,o0), R) such that
zM(t) € CL([tp, 00), R) satisfying (1.1) for all t > t, where C, is the space of
rd—continuous functions and

A
29 =g, M =qz® and 2P = (ﬂ”)

are called the A—quasi derivatives of the solution z(t). Any solution of (1.1)
is said to be proper if it is defined on the interval [tp, c0)r and is nontrivial in
any neighborhood of infinity. So the solutions vanishing in some neighborhood
of infinity will be excluded from our consideration and we are interesting only
in the asymptotic behavior of the proper solutions. A proper solution x(t) of
(1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative, otherwise it is nonoscillatory. Equation (1.1) is said to be oscillatory
in case every solution of is oscillatory and is nonoscillatory if all its solutions are
nonoscillatory.
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In the last few years, there has been increasing interest in obtaining suffi-
cient conditions for the qualitative properties of solutions of different classes of
dynamic equations on time scales, for contribution we refer the readers to the
papers [1, 2, 3,4, 7, 8,9, 12, 17, 19, 20, 21, 22, 23, 24, 25] and the references
cited therein. For completeness in the following, we recall some of the related
results that has been established for the second-order dynamic equations on time
scales that serve and motivate the contents of this paper. In [4] Akin-Bohner
and Hoffacker considered the second order dynamic equation

222(8) 4+ p(t) (%) = 0 (1.2)

of Emden-Fowler type and established some necessary and sufficient conditions
for oscillation of all solutions when v > 1 and 0 < v < 1, where o(t) :=
inf {s € T: s>t} is the forward jump operator defined on the time scale. Their
results cannot be applied in the case when v = 1 and applied only on discrete
time scales.

In [1] Agarwal, Bohner and Saker considered the delay dynamic equation

222 (1) 4 p(t)z(r(t)) = 0 (1.3)

on a time scale T, where the function p is rd—continuous such that p(t) > 0 for
allt € T, 7: T — T and proved that if there exists a differentiable function &
such that ,
i [ { Bl T - (330)"  as = o (1)
then every solution of (1.3) is oscillatory.
In [3] Akin-Bohner, Bohner and Saker considered the Emden-Fowler dynamic
equation
(az®)2(t) + p(t)2" (o (t)) = 0 (1.5)

/tooaA(tt):oo (1.6)

and there exists a differentiable function ¢ such that

lim sup /at {p(s) (67(s))* — K" ta(s) <5A(5)>1 As = oo, for vy >1, (1.7)

t— oo

and proved that if

lim sup /: {p(s) (5%(5))* = K7 Y(o(s))" ‘a(s) (5%))1 As=o00, 0<y<1 (1.8)

t—o0
for all constants K > 0 then every solution of (1.5) is oscillatory.
In [12] Han, Sun and Shi considered the delay equation

a2 (t) +p(t)a” (1(1)) = 0, (1.9)

where 7 is a quotient of odd positive integers, p is a positive, real-valued rd-
continuous function, 7(¢) : T — T, is a positive, real-valued rd-continuous func-
tion such that 7(t) < ¢t and lim;_, 7(¢) = co. The authors extended the condi-
tions (1.7) and (1.8) and proved that if (1.6) hold and there exists a differentiable
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function § such that

hmmgéﬁmg(ﬁﬁ)%fwn%Jw*(ﬁ@ﬂjAs:mmmy>1,(Lm)

t—oo ‘7(5)

t ¥ (s (§2(s))>
limsup/ [p(s) (@) (67 (s))* — (0(s)) (0%6) } As = oo, for v <1 (1.11)

00 a(s) K1=

for all constants K > 0, then every solution of (1.9) is oscillatory. We Note that
all above results are given for the ordinary or the delay equations and nothing
is known regarding the oscillation of advanced equations. So one of our aims
in this paper is to consider this case and establish some sufficient conditions for
oscillation of Emden-Fowler advanced dynamic equations.

Dynamic equation (1.1) in its general form, includes second-order differential
and difference equations depends on the time scale T. When T =R, o(t) = ¢,
u(t) =0, z2(t) = ' (t) and (1.1) becomes the functional differential equation

/ ‘1*7

(a()z (1)) + p(t) |27 (7(1))] |« (¢)

When 7(t) =t and a(t) = 1, the equation (1.12) becomes

sgnz(T(t)), [to,o0) (1.12)

1"

£ () +p0) W[ O sgne() =0, telio0).  (113)

Oscillation and asymptotic properties of (1.13), has been investigated in the
literature by some authors, we refer the reader to the papers [15, 16]. When
~ = 1, the equation (1.13) becomes

2 (t) +p(t)z(t) =0, t e [to,o00). (1.14)

This equation has been investigated in the literature by many authors. Here we
present some of these results that serve and motivate the contents of this paper.
Hille [11] proved that every solution of (1.14) oscillates if

T 1

htrggjlft/p(s)ds > (1.15)

t

Nehari [18] proved that if

¢
liminf L [ p(s)ds > 1 1.16
iminf - sp(s)s>i, (1.16)

to

then every solution of (1.14) oscillates. Lomtatidze [16], extended the condition
(1.15) and proved that if

o0

ey
htrgg‘}ft /p(s)ds>

t

LA

CESEE (1.17)
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then every solution of (1.13) oscillates. Lomtatidze [16] extended the condition
(1.16) and proved that if

t

1 v

s et ~+1

htrgggf ; /s p(s)ds > G (1.18)
to

then every solution of (1.13) oscillates. Also it was proved that

t
1
~lim sup ;/s'yﬂp(s)ds > 1, (1.19)

t—o0
to

then every solution of (1.13) oscillates.
When T =N, o(n) =n+1, u(n) =1, 22(n) = Az(n) = z(n + 1) — z(n).
In this case, (1.1) becomes the difference equation
A(a(n)Az(n)) + p(n) 27 (r(n)| [Az(n)|' 7 sgna(r(n)) =0, n € [no,c0)n  (1.20)
If T=hNo, h > 0, o(t) =t + h, p(t) = h, 22(t) = Apa(t) = 22O
In this case, (1.1) becomes the difference equation with step size h
An(a(®)Anz(t)) +p(t) |27 (r(8))| | Az ()] sgna(r(t) =0, t € [0,00)my, (1.21)
IfT = qNO = {t tt= qka k € N07 q > l}a U(t) = qt, /"L(t) = (q_l)tu
2 (t) = Dya(t) = slgt)—z(t) (Dy is the so-called quantum derivative which has

(a=1)t
important applications in quantum mechanics [13]). In this case (1.1) becomes

Dy(a(t)Dya(t)) + p(t) [« (r(1))| [Dgz(t)]' " sgna(7(t)) = 0, t € [to,00)r  (1.22)
Also, the results can be applied to many other time scales. For example, if
T=N2 = {t =n%:n € Ny}, we have o(t) = (v + 1)® and p(t) = 1 + 2V,

2 (t) = Agz(t) = %w, and (1.1) becomes

No(a(t)Dox(t)) + p(t) [¢7 ((t))| | Doz ()]~ sgna(r(t)) =0, t € [to,00)r  (1.23)

When T =T, = {t, : n € N} where ¢,, are the so-called harmonic numbers
defined by

n
1
to =0, tnzzgv n € No,
k=1

we have o(t,,) = tpt1, u(tn) = %_H, y2(t) = Ay y(t,) = (n+1)Ay(t,) and (1.1)
becomes

Ay, (a(t) A, (1)) + p(t) |27 (7(1)) | A, ()| sgna(7(t)) = 0. (1.24)

When T = To={y/n : n € Ny}, we have o(t) = Vt2+1 and p(t) = vVt?+1 —
t,a®(t) = Agz(t) = (2(VE2+1) — 2(t))/VI2+1 — t, and (1.1) becomes the
second-order difference equation

As(alt)Dax(t)) +p(t) |27 (r(0)| | Aaz()]' 7 sgna(r(t)) = 0. (1.25)
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When T = T3={¥/n : n € Ny}, we have o(t) = V3 + 1 and pu(t) = V3 +1 —
t,x?(t) = Azx(t) = (x(VB+1) —2(t))/V/t3+1 —t, and (1.1) becomes the
second-order difference equation

As(a(t)Asz(t)) + p(t) |27 (r(£)] | Asz(t)] 7 sgna(r(t)) = 0. (1.26)

The natural question now is: If the oscillation conditions (1.17), (1.18) and
(1.19) due Lomtatadiz for second order differential equation (1.13) can be ex-
tended to the functional dynamic equation (1.1) on time scales?. The purpose
of this paper is to give an affirmative answer to this question and establish some
sufficient conditions for oscillation of the equation (1.1). Our results are new for
the second order dynamic equations and include the previously obtained results
for differential equations (1.13) and (1.14). For the equations (1.12), (1.20)-
(1.26) our results are essentially new. The paper is organized as follows: In
section 2, we prove the main results. In Section 3, we give some applications
of the results and establish some sufficient conditions for oscillation of different
types of equations on different time scales. In Section4, we give some examples
to demonstrate the main results.

2. Main Results

In this section, we establish some sufficient conditions for oscillation of (1.1).
We note that if x(¢) is a solution of (1.1) then z = —z is also solution of (1.1).
Thus, concerning nonoscillatory solutions of (1.1) we can restrict our attention
only to the positive ones.

2.1. Case when 7(t) > t. In this subsection, we establish some sufficient
conditions for oscillation for advanced equation. We introduce the following
notations:

. . ol oo . . S’Y+1
Dy = liminf, oo aﬁ—(t)( ")[U(t) Q(s)As gs = liminf, o 1 f;g )m(t)Q(s)As,
Tw(t tYw (t

ry = liminf;_, R :=limsu
t—o00

av(t) ° av(t)

a(t)A(t,T v t
Q) =) (rrkerista=) - AGT) =7 (i) or
and assume that [ := lim inf; . ﬁ Note that 0 <[ < 1.

Theorem 2.1. Assume that (hy1) — (ha), (1.6) hold and 7(t) > t. Let z(t) be
a solution of (1.1) and make the Riccati substitution

(5)
wi= | — .
x

wA () + Q(t) + % (W) (1) <0, for te[T,00)r. (2.1)

Then w(t) > 0 and
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Proof. Let x be as in the statement of this theorem and without loss of generality
we assume that there is ¢; > ¢¢ such that z(¢) > 0 and z(7(¢)) > 0. Then from
(1.1), we see that z[2(t) = —p(t) |27 (7(t))] |xA(t)‘177 < 0 for t > t; and there
exists T > t; such that (! (t) is decreasing and either positive or negative
for t > T. We claim that z[!l(£) > 0 on [t;,00)r. Assume not, then there is
a ty € [t1,00)r such that z((ty) =: ¢ < 0. Then zl(t) < zP(ty) = ¢, for
t € [ta, 00)r, and therefore x2(t) < a fort € [t2, 00)T. Integrating, we find by
(1.6) that

t

x(t) = x(t2) —|—/t 2(s)As < x(ty) —|—c/t Ui‘:) — —00 as t — 0o

which implies that x(¢) is eventually negative and this is a contradiction. Then
there exists T > t; such that z(t) > 0, zl'I(t) > 0, 2}(t) < 0 for t > T. By the
quotient rule ([5, Theorem 1.20]), we have

wA(t) _ <W>A _ x7 ((x[l])“/) — (27) ($[1])“/

Tl xY (z)"

(2.2)

((x[l])v)A (xV)A (x[l])’Y

(z7)” 7 (z)”

By the Pétzsche chain rule ([5, Theorem 1.90)), if f2(#) <0and 0 < v < 1, we
obtain

(O =2 [ A0+ bt 0]
= | L= B) £6) + b ) dh (2.3)
SOy Y dh =) A
By putting f(t) = z['(¢), since z is increasing and " is decreasing, we have

())<=t @) =ttt ol2),

This, (1.1) and (2.2) implies that
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By the Potzsche chain rule ([5, Theorem 1.90]), if f2(t) > 0and 0 <y < 1, we
obtain

FE) =112 (8) / [£(t) + huu(t) f2(0)]) " dh
1
= 2 f2 (1) / (1= h) () + hfo (O] dh (2.5)

> fA () / (7 (0) " dh =~ (f7 (1) F2 (1)

So that from (2.5), by putting f(t) = x(t), since x is increasing and z[! is
decreasing, we have for 0 < <1

(m"f)A (x[l])V - ] (xa)v—l (xm)"/ !l (x[l])'y

7 (x0) T ax? (z°)" - ax? (29)
@) (@),
- a(x?) xo :E(w) e

Substituting in (2.4), we have

wh ) < ) () = 2wyt (2.0
Next consider the coefficient of p(t) in (2.6). Since 27 = x(t) + u(t)z>, we have
7 z® w(t) 2 (t)
) = 1+M(t)% = 1-‘1-% o)
Also since z!(¢) is decreasing, we have
x =X t x[l] (T) T X ZE[I] t L T l'[l] t L T
O =otn)+ | Sear 2 atmnatlty [ csar>atio [ (Zo5) o
It follows that
(t) /] t 1 T= . .
/e > [ (o) ar=ae 1)
Hence
z’ o p) @) a®AET) + ut)
20 T T A e S awAT)
Hence, we have
z(t) < a®)AE,T) a(t)A(t,T)
x® ~ at)ART)+ wu(t)  a@®)AR,T)+o(t)—t
So that

(2.8)
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Now, since 7(t) > t and z(t) is increasing, we have x(7)/x(t) > 1. This and (2.8)
show that

(1)) ()7 > a(t)At,T)/ (a(t)At,T) + o(t) — t). (2.9)
Substituting from (2.9) into (2.6), we have the inequality (2.1) and this completes
the proof. O

In order for the definition of p, to make sense, we assume that

/too Q(s)As < 0. (2.10)

Theorem 2.2. Assume that (h1)—(h2), (1.6) hold and a®(t) > 0. Furthermore,
assume that
A

—_—— 2.11
PPy + 17+ @11)

D+ >

or

Ds + Qs > (212)

[y(v+1) "
Then every solution of (1.1) is oscillatory.

Proof. Suppose the contrary and assume that (1.1) has a nooscillarory solution
x(t). Without loss of generality we may assume that xz(¢t) > 0, z(7(¢)) > 0
for ¢ > T where T is chosen so large. Define the function w(t) by the Riccati
substitution as in Theorem 2.1. Then, we get from (2.1) that

—wA () > Q) +ya 3 (H)(w(t)F, for te [T, 00)r. (2.13)
Since zU(t) = a(t)z?(t), integrating in (T, t), we obtain

¢ ]

x(t) = x(T) Jr/T ——(s)As.

Taking into account that ! (t) is positive and decreasing, we get,

2(t) > 2(T) + 2l (#) /t L As s ol /Tt L As.

7 a(s) a(s)
It follows that

w():( /x) </t:a(1$)As)_7, for € [T,00),

which implies using (1.6) that lim;_,. w(t) = 0. First, we assume (2.11) holds.
Integrating (2.13) from o(t) to co and using lim;_,., w(t) = 0, we have

o0
-1

)z [ Q)dstr [T )
o(t) (t)

where r(t) = . It follows from (2.14) that

tYw’ (t t7 -1 (N w (s)As
o / Qs SH()/()T (5)(w” ()3 w” () As.  (2.15)

2=

w? (s)As. (2.14)
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Let € > 0, then by the definition of p, and r, we can pick t; € [T, 0o)r, sufficiently
large, so that

v oo Tw?
t Q(s)As > p. —¢, and Pw’ ()

>r.—e¢ forte€[t;,00)r. (2.16)

() Jo r(t)
From (2.15) and (2.16) and using the fact r2(t) > 0, we get that
ﬂ:z;(t) > (p«—¢€) +v% /U: r(s)2 (wa(s?yifvwa(s)m
>m—@+m—#ﬂi;AZ§ﬁAs (2.17)
> (px —€) + (re — 6)1+% 2 /o':) S“zrl As

Using the Potzsche chain rule ([5, Theorem 1.90]), we get

-1\% ! 1 R v
(7) =f rrmermes [ (Fr)m-F e

Then from (2.17) and (2.18), we have
tTwe (t 1/t
Lz 0k ()

r(t) o(t)
Taking the lim inf of both sides as t — oo we get that r, > a,—e+(ry — e)1+% .
Since € > 0 is arbitrary, we get
1+L

Pu < Ty — r,ﬁ”l”. (2.19)
Using the inequality Bu — Au'T < ﬁ% with B=1and A =17, we
get that

A

SRRV

which contradicts (2.11). Next, we assume (2.12) holds. Multiplying both sides
(2.13) by £

Ok and integrating from T to ¢ (t > T), we get

y+1

[ et [ s [ (502)

Using integration by parts, we obtain

t y+1

)




Oscillation of Second-Order Functional Dynamic Equations of Emden-Fowler-Type 1295

By the quotient rule and applying the P6tzsche chain rule,

+1\ A +1)A +1,.A
57 (A A s) (v +1)o7(s) _ (v 4+ Do (s)
<7’(5)) 79 (s) r(s)ro(s) = o (s) = (s) . (2.20)
Hence
o) D) et (T
RO ECY) /Tr@) Qs)A +/T(v+1)( e )A

() s

Let € > 0 be given, then using the definition of [, we can assume, without loss
of generality, that T is sufficiently large so that ﬁ >1l—e€ s>T. It follows
that

1

o(s) < Ks, s>T where K::l .
—€

We then get that

O w(t) T w(T) [ttt
O IEY) /Tr<s>

¢ sTw?(s) sTw7(s) =
+ / v+ 1)K7 — ( ) As.
: {( 0 )
sTw(s) A sTw (s) A y+1
Let u(s) := 5 then u (s) = ( =) ) ; where A = 2= It follows that

Ot w(t) _ T w(T) /t sYTl
rit) = () 7 7(s)

Q(s)As

Q(s)As + /T {(y + DK u(s) — yu*(s)} As.

Again, using the inequality Bu—Au* < W%ﬁi where A, B are constants,

we get
y+1 y+1 t gyt t Y Y +1
tHlw() T w(T)_/s Q(g)AH/ SN (O OV S KRN
r(t) r(T) r 7(s) r (y+1)7*! v
T w(T) /t svHt
_— = Q(s)As + K70+ (¢ — 1),
D) OR =
It follows from this that
T w(t) < T Hw(T) 1/t s+
r(t) —  tr(T) t Jr r(s)
Since w7 (t) < w(t), we get
w(t) T w(T) 1 /t s+l

r@t) = (1)t )y r(s)

S

<

T

p(s)As + K70+ (1 — %).

Q(s)As + K70+ (1 — %)
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Taking the limsup of both sides as ¢ — oo we obtain R < —¢q, + K70+1) =
—qi + m Since € > 0 is arbitrary, we get that R < —q. + Mv%l) Using
this and the inequality (2.19), we get
<D < <R< g
D ST * STHSASTGT oy
Therefore

p*+q*§m,

which contradicts (2.12). The proof is complete. O

From Theorem 2.1, we have the following results immediately.

Corollary 2.1. Assume that (hi) — (h2), (1.6) hold, and a®™(t) > 0 .Further-
more, assume that
1 [t gyt Y

llgél;lfz . a’Y(S)Q(S)AS > W

(2.21)

Then every solution of (1.1) is oscillatory.

Corollary 2.2. Assume that (hi) — (h2), (1.6) hold, and a®(t) > 0. Further-
more, assume that
-y

o t *
hglol(}f aT(t) ot Q(S)AS > m

(2.22)
Then every solution of (1.1) is oscillatory.

Corollary 2.3. Assume that (hy)—(hs), (1.6) hold and a®(t) > 0. Furthermore,
assume that

RUIPE B A 1

Then every solution of (1.1) is oscillatory.

2.2. Case when 7(¢) < t. In this section, we consider the case when 7(¢) <t
and establish some sufficient conditions for oscillation. First, we will prove the
following lemma which will be useful in the proof of the main results.

Lemma 2.1. . Assume that (1.6) holds, a®(t) > 0, and

/ 2 (O)p(t) At = oo, (2.24)
to
Suppose that (1.1) has a positive solution x on [tg,o0)r. Then there exists a
T € [to,00)T, sufficiently large, so that

(i). x22(t) <0, z(t) > ta®(t) for t € [T, 00)T;

(#9). x(t)/t is strictly decreasing on [T, 00)T.
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Proof. Assume z is a positive solution of (1.1) on [tg, c0). Pick ¢; € [to,00)T so
that ¢1 > to and so that x(7(¢t)) > 0 on [t1,00)r. (Note that in the case when z(¢)
is negative the proof is similar, since the transformation y(t) = —z(t) transforms
the (1.1) into the same form). Since z is a positive solution of (1.1), we see from
Theorem 2.1 that x[!l(t) > 0 and strictly decreasing on [t1, 00)r. We show that
22 (t) < 0. Since (zM(£))® < 0 on [t1, 00)r, we have after differentiation that

a® ()™ (t) + a®z22(t) < 0. (2.25)
since a®(t) > 0, we have 222(t) < 0. Next, we show that z(t)/t is strictly
decreasing. To do this, let U(t) := x(t)—tx?(t), so that U (t) = —o(t)z22(t) >
0 for ¢ € [t1,00)r. This implies that U(t) is strictly increasing on [t1,00)r. We

claim there is a ty € [t1,00) such that U(t) > 0 on [t2,00). Assume not, then
U(t) <0 on [t;,00)r. Therefore,

(J;(?ﬁ))A _ ) —a(t) _ U)

t to(t)  to(b)

>0, te [tl, OO)T, (2.26)

which implies that x(¢)/t is strictly increasing on [t1,00)r. Pick t3 € [t1,00)T
so that 7(¢) > 7(t1), for ¢ > t3. Then z(7(t))/7(t) > x(7(t1))/7(t1) =: d > 0,

x(t)/t > x(t1)/t1 = di > 0, so that x(7(t)) > dr(¢) and z(t) > dit for ¢t > t3.
Now by integrating both sides of (1.1) from ¢3 to ¢, we have

a(t)a (1) — alts)e® (ts) + / p(s)2” (7(s)) (@2 (s)' "7 As = 0.

t3
Since by assumption z(t) < tz®(t), this implies that

t

a(ts)z® (ts) Z/ p(s)27(7(s)(2%(s)) 7 As

ts

> / p(5)77 (5) (2 (5)) 7 As

t3

>0 [ o) (x”) As

ts s

t

Zde}_W/ p(s)77(s)As,
t3

which contradicts (2.24). Hence there is a to € [t1,00)T such that U(t) > 0 on

[t2, 00)r. Consequently,

(m(t))A _ () —2(t) U(t)

n = - <O7 te [t27OO)T

to(t) to(t)

and we have that == is strictly decreasing on [ta,00)r. The proof is complete.
O

z(t)
t



1298 S. H. Saker

For the delay case we introduce the following notations:

1% oo

A, : =liminf L A(s)As, B, :=liminf 1

t=oo a¥(t) o t—oo ¢ Jp a¥(s)

Lt) ¥
(76)
Theorem 2.3. Assume that (h1) — (hs), (1.6), (2.24) hold and a®(t) > 0.

Let 2(t) be a solution of (1.1) and make the Riccati substitution w(t) be as in
Theorem 2.1. Then

t
R

A(s)As,

At) : =p()

wA () + A(t) + — ()7 (1) <0, for te [T, 00)r. (2.27)

a(t)
Proof. Let x be as in the statement of this theorem and without loss of generality
we assume that there is t; > ¢ such that z(¢) > 0 and x(7(t)) > 0. Now, since
a®(t) > 0 then there exists T > ¢; such that z(t) > 0, zlU(t) > 0, 2zPI(t) < 0
for ¢ > T. From the definition of w(t), by quotient rule [?, Theorem 1.20] and
continue as in the proof of Theorem 2.1, we get

v 1

wh(t) < —an(t) (75)) =0 ) (2.28)
x

Now we consider the coefficient of p(¢) in (2.28). From Lemma 2.1, since z(t)/t

is decreasing and 7(t) <t < o(t), we have

wr) , 7), (2.29)

x° o(t)
Substituting from (2.29) into (2.28), we have the inequality (2.27) and this com-
pletes the proof. O

In order for the definition of A, to make sense, we assume that

/Oo A(s)As < 0.

to

Theorem 2.4. Assume that (hy) — (h), (1.6), (2.24) hold and a®(t) > 0.
Furthermore, assume that

/y’Y

—_ 2.
THCRSVEE (230

*

or

1

Then every solution of (1.1) is oscillatory..

Proof. The proof is similar to the proof of Theorem 2.2, by replacing p(t) by
A(t) and hence is omitted. O
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Corollary 2.4. Assume that (h) — (ha), (1.6), (2.24) hold and a®(t) > 0.
Furthermore, assume that

R Y A ~Y
Then every solution of (1.1) is oscillatory.

Corollary 2.5. Assume that (hy) — (ha), (1.6), (2.24) hold and a”(t) > 0.

Furthermore, assume that

L t7 > 1

Then every solution of (1.1) is oscillatory.

Corollary 2.6. Assume that (hi) — (h2), (1.6), (2.24) hold and a®(t) > 0.
Furthermore, assume that

VS B ARrias 1

Then every solution of (1.1) is oscillatory.

3. Applications

In this section, we use Theorems 2.2 and 2.4 to establish some sufficient
conditions for oscillation of (1.12), (1.20), (1.21) and (1.22). First, we consider
the case when T = R. We restate the assumptions for this case:

(H1). v € (0,1], a and p are positive continuous functions,

(Hg). 7: T —= T, and lims_, oo 7(¢) = 00,

<1
/t mdtzoo. (3.1)

0

The following theorem gives some sufficient conditions for oscillation of (1.12)
when 7(¢) > t. Note that when T = R, we have o(t) =t and then Q(t) = yp(t).

Theorem 3.1. Assume that (H,) — (Hs), (3.1) hold, and a'(t) > 0, 7(t) > t.
Furthermore, assume that

minf > 77
or
PR Y A s
yhtrggolf ;/T m(s)p(s)ds > 1. (3.3)

Then every solution of (1.12) is oscillatory.
Corollary 3.1. Assume that (Hy) — (Hs), 7(t) > t. Furthermore, assume that

- * v



1300 S. H. Saker

or

1 t
yliminf / s7p(s)ds > 1. (3.5)

t—o00 T

Then every solution of (1.13) is oscillatory.

The following theorem gives some sufficient conditions for oscillation of (1.12)
when 7(t) < t.

Theorem 3.2. Assume that (Hy) — (Hy), (3.1) hold, a'(t) >0, 7(t) < t and

/ 77 (t)p(t)dt = 0. (3.6)
to
Furthermore, assume that
P T A 7(s))’ ol
or R y
| s7 7(s)
fyhtrglor.}f g/T cﬂ(s)p(s) (s) ds > 1, (3.8)

then (1.12) is oscillatory.

Corollary 3.2. Assume that (H,) — (Hs), (3.1), (3.6) hold and a'(t) > 0,
7(t) < t. Furthermore, assume that

00 Y v
Loy 7(s) gl
yllggft /t p(s) < S ds > CrIak (3.9)
or ¢ ¥
o1 7(s)
z 7+1
vhtrg(l)rolf i/ ST p(s) ( . ) ds > 1. (3.10)

Then (1.13) is oscillatory.

Remark. Note that when 7(t) = ¢, the results in Corollary 3.2 become the
results that has been established in [15, 16].

Next, we consider the case when T = Z and assume that:

(D1). v € (0,1], a and p are positive sequences,

(D3). 7: T —= T, and lim;_, o 7(¢) = 00,

=1
;}@:oo. (3.11)

The following theorem gives some sufficient conditions for oscillation of (1.20)
when 7(t) >t

Theorem 3.3. Assume that (D1) — (D2) (3.11) hold, Aa(t) > 0 and 7(t) > t.
Furthermore, assume that

- A

liminf — D —_— 3.12

R 2, PO )
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or

I
’yhtrglorolfa— 6;1D +’yhglogf o s:;i_lD(s) > 1, (3.13)

where
1

a®)P@t,T) \” |
D) :=vpt) | ————"F—— P(t,T)= E —.
(8) = p(t) (a(t)P(t,T) 1) P — a(7)
Then every solution of equation (1.20) is oscillatory.

The following theorem gives some sufficient conditions for oscillation of (1.20)
when 7(t) < t.

Theorem 3.4. Assume that (D1) — (D2), (3.11) hold, Aa(t) > 0 and 7(t) <1t
and

> (t)p(t) = oo. (3.14)

Furthermore, assume that

ylim inf —— i i <T(S) )’Yp(S) > T (3.15)

t=oc (1) o\ 1 (v+ D)+t
or
~liminf — Z ( ) (s)+ 'yhm mf o i ( 7(5) )'Yp(s) >1 (3.16)
t—o0 ’r’ = s+1 (t).s 1 s+1

Then every solution of equation (1.20) is oscillatory.

Now, we consider the case when T =hZ, h > 0. The following theorem gives
some sufficient conditions for oscillation of (1.21) when 7(¢) > t and the case
when 7(t) < ¢t will be left to the interested reader due to the limited space. Also
one can derive some sufficient conditions for oscillation of (1.22) from Theorem
2.2 and Theorem 2.4.

Theorem 3.5. Assume that (D1) — (D2) hold, Apa(t) >0, 7(t) < t, and
h
V(to + kh)p(to + kh _ 3.17

kEOT o+ kh)p(to + kh) = oo, E ot b (3.17)

b T(to + kh) v

—_— to + kh

kzzo(to-i-kh-i‘h p(to + kh) < o0

Furthermore, assume that

Lt STt +kh+h)\T ok
liminf — Y (" h> — 1
patey r(t)kz_:( t+kh+2h) prEE > e (B18)
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or

t—tg—h

1 <~ (N + kR [ 7(N + kh)
lim inf -
minf 5 ) (N + kh) <N+kh+h

>Wp(N+kh)h> 1, (3.19)

t—o00

where N is sufficiently large. Then every solution of equation (1.21) is oscilla-
tory.

4. Examples

In this section we give some examples to illustrate the main results. The first
example is for the advanced equation and the second example is for the delay
equations.

Example 1. Consider the dynamic equation

(t)+0”0 ‘1/22t‘|A /

2 t3/2\/t7 sgnz(2t) =0, fort e [1,00)r. (4.1)
Here v =1/2, a(t) =1, p(t) = ‘1‘37%’\%)7 and 7(t) = 2t > ¢. So that

P(t,T) = /Tt (alT)y Ar=(t—1),
Q0 =0 (rpichy o)

_anJo(t) -1 t—1 2«

T2 i1 \(t—1)+o(t)—t) — 2a3/2
Now, we apply Theorem 2.2. In this case it is clear that the conditions (h1)—(h2)
hold. Tt remains to satisfy the condition (2.11). In this case the condition reads

1

t2 [ a1 [0
po=tint o [ Q)20 = Siimine /m) s

 fming 2 [ L
3 htrglogft /g(t) ()52 As

Jo%s) A
« -1 «
= limi ftl/Q/ — ) As= -2
D ot \ 5172 573

Then by Theorem 2.2, if

v

v

4 V6
T OV

then every solution of the solution z(t) of (4.1) oscillates.
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Example 2. Consider the third-order dynamic equation

1
28 (0) + T 22 ()| [ 0] sgna(r) =0, T <t (42)
t3/273(t)
1
for ¢ € [1,00)r limy_ye0 7(t) = 00. Here a(t) =1, and p(t) = 22> It is clear

t3/272 (t)
that (h1) — (hg) holds. To apply Theorem 2.4, it remains to prove that (2.30)
holds. For equation (4.2), we have

o) Yy
lim inf 1/2/ LCRRN
et ) o) 2

:ghminftlﬂ/oo ﬁ (s) WAs
2 t—oo o(t) t3/27'%(t) 0'(8)
1

o0 1 o0
= g1irninf1f1/2/ ——As > & liminftl/z/ ————As
2 o(t) 2 o(t) (8

t— o0 $3/2 t—00 )81/2
o o 1\ o
S X infAl/2 1 _9p/z
> 2111}2}}1011“75 ~/cf(t)(51/2> As 21
Then by Theorem 2.4, the solutions of (4.2) are oscillatory if a > §

S

6

o

VIV
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