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FUZZY INTERIOR I'-IDEALS IN ORDERED I'-SEMIGROUPS
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ABSTRACT. In this paper we define fuzzy interior I'-ideals in ordered I'-
semigroups. We prove that in regular(resp. intra-regular) ordered I'-
semigroups the concepts of fuzzy interior I'-ideals and fuzzy I'-ideals coin-
cide. We prove that an ordered I'-semigroup is fuzzy simple if and only if
every fuzzy interior I'-ideal is a constant function. We characterize intra-
regular ordered I'-semigroups in terms of interior (resp. fuzzy interior)
I'-ideals.
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1. Introduction

The notion of a fuzzy set in a set or (a fuzzy subset of a set) was introduced by
Zadeh in [10], and since then this concept has been applied to various algebraic
structures. Kuroki consider the fuzzification of interior ideals of semigroups in
[5] and gave several properties of semigroups in terms of fuzzy interior ideals.
Kehayopulu and Tsingelis first considered the fuzzy sets in ordered groupoids
and ordered semigroups [3]. They discussed fuzzy analogous for several notions
that have been proved to be useful in the theory of ordered groupoids/ordered
semigroups. In [4], they have shown that the concepts of a fuzzy ideal and a
fuzzy interior ideal coincide in case of regular and intra-regular ordered semi-
groups. They also shown that an ordered semigroup is simple if and only if it
is fuzzy simple. Shabir and Khan extended the concept of interior ideals of or-
dered semigroups in intuitionistic fuzzy interior ideals and characterized several
classes of ordered semigroups in terms of intuitionistic fuzzy interior ideals in
[9]. Sen and Saha [7] defined the concept of a I'-semigroup, and established a
relation between regular I'-semigroup and I'-group (see also [7,8]). Kwon and
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Lee introduced the concept of I'-ideals and weakly prime I'-ideals in ordered I'-
semigroups in [6], and established basic properties of ordered T'-semigroups in
terms of weakly prime I'-ideals.

In this paper we consider the fuzzification of the notion of interior I'-ideals
in ordered I'-semigroups. We prove that in regular and intra-regular ordered
I'-semigroups the concepts of fuzzy I'-ideals and fuzzy interior I'-ideals coincide.
Finally, we introduce the concept of a fuzzy simple ordered I'-semigroup and
prove that an ordered I'-semigroup is simple if and only if it is fuzzy simple, and
we characterize ordered I'-semigroups in terms of interior I'-ideals and in terms
of fuzzy interior I'-ideals.

2. Preliminaries

We conclude here some basic definitions of ordered I'— semigroups that are
necessary for the subsequent results and for more details on ordered I'— semi-
groups we refer to [6].

By an ordered I'—semigroup we mean an ordered set M at the same time a
I'— semigroup satisfying the following condition [6]:

a <b= zaa < zab and afz < bfz for all x,a,b € S and o, €T

If M is an ordered I"'—semigroup, and A a subset of M, we denote by (A] the
subset of M defined as follows;

(Al :=={te M|t <a for someac A}.

If A = {a}, then we write (a] instead of ({a}]. If A, B C M,then A C (A],B C
(B], (AJl'(B] € (AT'B] and ((A]] = (A].
For A, B C M, we denote,

ATB :={aab|a € A,a €T and b € B}.

An ordered I'—semigroup M is called regular if for each a € M and for each
a, 8 € T there exists x € M such that a < acxfa.

Equivalent Definitions: (1) A C (AT'MT A] for each A C M. (2) a € (aI'MTa)
for each a € M.

An ordered I'—semigroup M is called intra-reqular if for each a € M and
for each «, B, € I' there exists x,y € M such that a < zaafavyy. Equivalent
Definitions: (1) A C (MTATATM] for each A C M. (2) a € (MTal'aT' M| for
each a € M.

Definition 1. A non-empty subset A of an ordered I'—semigroup M is called a
left (resp. right) T—ideal of M if it satisfies [6] :

(1) MTA C A (resp. ATM C A),

(2) a<bM>b<a impliesbe A for all a,b € M.

Condition (2) is equivalent to the condition (4] = A.
Both a left I'—ideal and a right I'—ideal of an ordered I'—semigroup M is
called a I'—ideal of S.
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Definition 2. A non-empty subset A of an ordered I'-semigroup M is called an
interior I'—ideal of M if it satisfies:

(1) MTATM C A4

(2) a <M > b < a impliesb € A for all a,b € M.

Let M be an ordered I'-semigroup. By a fuzzy subset f of M, we mean a
mapping
f:M—10,1].

Definition 3. A fuzzy subset f of an ordered I'-semigroup M is called a fuzzy
left (resp. right) T—ideal of M, if the following conditions are satisfied:
(1) flzay) > f(y) (resp. f(zay) > f(x)) for all xz,y € M and for all a € T
(2) Ifz <y, then f(x) = f(y) for all 2,y € M.

If f is both a fuzzy left I'—ideal and right I'—ideal then f is called a two-sided
fuzzy I'—ideal or simply fuzzy I'—ideal of M.

3. Fuzzy interior I'—ideals

Definition 4. A fuzzy subset f of an ordered I'-semigroup M is called a fuzzy
interior I'—ideal of M, if the following conditions are satisfied:

(1) f(zaaBy) > f(a) for all x,a,y € M and for all a, B € T

(2) If x <y, then f(z) > f(y) for all z,y € M.

In this section, we prove that in regular (resp. intra-regular) ordered I'-
semigroups the concepts of fuzzy I'—ideals and fuzzy interior I'—ideals coincide.

Let M be an ordered I'-semigroup and A C M, the characteristic function
x4 of A is defined by

lifx € A,
XA:M—>[0,1]|1;—>XA(35)::{ 0ifz ¢ A,

Proposition 1. If {f; : i € I} is a family of fuzzy interior T —ideals of an ordered
[-semigroup M then () fi, if it is non-empty, is a fuzzy interior U'—ideal of M,
€A

where ( N fi> (@) = A fi(z) for allz € M.

icA ieA
Proof. For z,y € M if x < y, then we have
(ﬂf) () = (/\f) (@) = N\ (filx)
ieA i€A i€A

> /\(fi(y)) (since » <y = fi(z) > fi(y))

€A

_ (/\A fi> (4) = (ﬂA ﬁ) .
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Let a,z,y € M and «a, 3 € . Then

(ﬂﬂ) (raaBy) = (/\ﬂ) (zaaBy) = J\ (fi(zaaBy))

€A i€EA 1EA

> A (fia) (since fi(waaBy) > fi(a))
i€EA
= (/\fi) (a) = (ﬂfi) (a)
ieA ieA
Thus () f; is a fuzzy interior I'—ideal of M. O

i€EA

Proposition 2. Every fuzzy I'—ideal of an ordered I'-semigroup M is a fuzzy
interior I'—ideal of M.

Proof. Let f be a fuzzy I'—ideal of an ordered I'-semigroup M. Let z,a,y € M
and a, 8 € I'. Then

f(za(apy)) > f(aBy) > f(a) (because f is a fuzzy left and right T’ — ideal of M).
Thus f is a fuzzy interior I'—ideal of M. U

The converse of the above Proposition is not true in general, however, if M
is regular then we have the following:

Proposition 3. Every fuzzy interior I'—ideal of an ordered I'-semigroup M is
a fuzzy I'—ideal of M.

Proof. Let f be a fuzzy interior I'—ideal of an ordered I'-semigroup M. Let
a,b e M and o € I". Then

flaab) = f(a).

Indeed: Since M is regular, there exists z € M and 3,7y € I" such that
a < afzvya. Then

aab < (afrvya)ab = (afz)yaab.
Since f is a fuzzy interior I'—ideal of an ordered I'-semigroup M we have
flaab) > f((aBz)yaab) > f(a).
Similarly, we can show that f(aab) > f(b). Thus f is a fuzzy I'—ideal of M. O
Combining Propositions 6 and 7, we have the following:

Proposition 4. In regular ordered I'-semigroups the concepts of fuzzy I'—ideals
and fuzzy interior I'—ideals coincide.

Proposition 5. Let M be an intra-reqular ordered T'-semigroup. Then every
fuzzt interior T'—ideal of M is a fuzzy I'—ideal of M.
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Proof. Let f be a fuzzy interior I'—ideal of an intra-regular ordered I'-semigroup
M. Let a,b € M and a € I'. Then

flaab) = f(a).
Indeed: Since M is intra-regular, there exists x,a,y € M and ,7,0 € I" such
that a < zBayady. Then

aab < (zfavyady)ab = (xfBa)yad(yabd).
Since f is a fuzzy interior I'—ideal of an ordered I'-semigroup M we have

flaab) = f((zfa)yad(yab)) = f(a).
Similarly, we can show that f(aab) > f(b). Thus f is a fuzzy I'—ideal of M. O

Combining Propositions 6 and 9, we have the following:

Proposition 6. In intra-reqular ordered T'-semigroups the concepts of fuzzy
I'—ideals and fuzzy interior I'—ideals coincide.

Theorem 1. Let M be an ordered T'-semigroup, § # I C M. Then I is an
interior I'—ideal of M if and only if the characteristic function xy of I is a fuzzy
interior I'—ideal of M.

Proof. = . Suppose that I is an interior I'—ideal of M and x; the characteristic
function of I. Let a,b € M, a < b then xr(a) > x7(b). Indeed: If b ¢ I then
x1(b) = 0. Since xr(a) > 0, we have xr(a) > x7(b). Let b € I then x;(b) = 1.
Since I is an interior I'—ideal of M and a < b we have a € I. Then x;(a) = 1.
Again we have x(a) > x1(b).

Let x,a,y € M and o, 8 € T. If a € I then xr(a) = 1. Since I is an interior
I'—ideal of M, we have zaafy € MTITM C I. Then we have x(zaafy) =1
and hence xr(zaafy) > x(a).

<= . Assume that xj is a fuzzy interior I'—ideal of M. Let a,b € M, a < b.
If b € I then xs(b) = 1. Since xs(a) > x1(b), we have xr(a) =1 and so a € I.

Let z,a,y € M and o, 8 € T". If a € I, then x;(a) = 1. Since x;(zaafy) >
x1(a), we have y(xaafy) =1 and so zaafly € I = MTITM C I.

O

4 Fuzzy Simple Ordered I'—Semigroups

In this section we introduce the concept of fuzzy simple ordered I'—semigroups,
we prove that an ordered I'-semigroup is simple if and only if it is simple, and
we characterize this type of ordered I'—semigroups in terms of fuzzy interior
I'—ideals.

An ordered I'—semigroup M is called simple if it does not contain proper
I'—ideals, that is, for any I'—ideal A of M, we have A = M.

Definition 5. An ordered I'-semigroup M is called fuzzy simple if every fuzzy
I'—ideal of M is a constant function, that is, for every fuzzy I'—ideal f of M,
we have f(a) = f(b) for all a,b € M.
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If M is an ordered I'-semigroup and a € M, we denote by I, the subset of M
defines as follows:

Io:={be M: f(b) = f(a)}.

Proposition 7. Let M be an ordered I'-semigroup and f a fuzzy right I'—ideal
of M. Then I, is a right I'—ideal of M for every a € M.

Proof. Let M be an ordered I'-semigroup and f a fuzzy right I'—ideal of M.
Since a € I, for every x € M, we have I, # 0. Let b € I,,z € M and o € T.
We have to prove that bax € I,. Since f is a fuzzy right I'—ideal of M, we have
f(bazx) > f(b). Since b € I, we have f(b) > f(a). Thus f(baz) > f(a), hence
barel, = I,I'M C I,.

Letbe I, and M 5 x <b. Then x € I,. Indeed: Since f a fuzzy right I'—ideal
of M and = < b we have f(x) > f(b). Since b € I, we have f(b) > f(a). Thus
f(z) > f(a), which implies that = € I,. O

In a similar way we can prove that:

Proposition 8. Let M be an ordered I'-semigroup and f a fuzzy left '—ideal of
M. Then I, is a left T—ideal of M for every a € M.

Combining Propositions 13 and 14, we have the following;:

Proposition 9. Let M be an ordered I'-semigroup and f a fuzzy I'—ideal of M.
Then 1, is a T'—ideal of M for every a € M.

Lemma 1. Let M be an ordered TI'-semigroup, § # A C M. Then A is an
ordered I'—ideal of M if and only if the characteristic function x4 of A is a
fuzzy T'—ideal of M.

Proof. = . Suppose that A is an ordered I'—ideal of M and x4 the character-
istic function of A. Let a,b € M such that a < b then y4(a) > xa(b). I ndeed:
If b ¢ A, then x4(b) = 0. Since xa(a) > 0, we have xa(a) > xa(b). Let b € A
then x4(b) = 1. Since A is an ordered I'—ideal of M and a < b we have a € A.
Thus x4(a) = 1. Again we have x4(a) > xa(b).

Let z,y € M. If x € A then xa(x) = 1.Since A is a right I'—ideal of M, we
have zay € ATM C A. Then we have x a(zay) = 1, hence ya(zay) > xa(z).

<= . Assume that x4 is a fuzzy ['—ideal of M. Let a,b € M such that a <b.
If b € A, then xa(b) = 1. Since xa(a) > xa(b), we have x4(a) =1 and so a € A.

Let z,y € M and o € T'. If © € A, then xa(x) = 1. Since x4 is a fuzzy
right T'—ideal of M, we have xa(zay) > xa(z). Thus xa(zay) = 1 and so
zay € A= ATM C A. O

Theorem 2. An ordered I'-semigroup M is simple if and only if it is fuzzy
simple.

Proof. Let M be a simple ordered I'-semigroup, f a fuzzy I'—ideal of M and
a,b € M. Since f is a fuzzy I'—ideal of M and a € M, so by Proposition 15, I,
is a I'—ideal of M. Since M is simple we have I, = M, and we have b € I,. Thus
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f(b) > f(a). By a similar way we can prove that f(a) > f(b). Thus f(b) = f(a)
and so M is fuzzy simple.

<= . Suppose that M contains proper ['—ideals and let A be a I'—ideal of M
such that A # M. Since A is proper I'—ideal of M so by Lemma 16, x 4 is a fuzzy
I'—ideal of M. Let © € M. Since x 4 is a constant fuzzy I'—ideal of M. We have
f(z) = f(b) for every b € M. Since A # 0, let a € A. Then f(z) = f(a) = 1,
hence z € A. Thus M C A, a contradiction. Thus M = A and M is simple. O

Lemma 2. An ordered I'-semigroup M is simple if and only if for every a € M,
we have M = (MTal' M].

Proof. Let a € M. Then M = (MTal'M]. Infact: Since a € M and M is simple,
we have a € (aI'M]. Then

a € (alI'M] C ((MTa]lM] C (MTal' M],

and we have M C (MTal'M]. Hence M = (MTaI'M].

Conversely, suppose that M contains proper I'—ideals of M and let A be a
I'—ideal of M such that A # M. Let a € A. Then b < baaf3b for every b € M
and every a, 8 € I' and we have baaffb € MTTATM C (MTAT'M] C (4] = A.
Then M C A, a contradiction. Hence A = M. O

Theorem 3. An ordered I'-semigroup M is simple if and only if every fuzzy
interior I'—ideal of M is a constant function.

Proof. = . Let f be a fuzzy interior I'—ideal of a simple ordered I'-semigroup
M and a,b € M. Since M is simple and b € M, by Lemma 18, we have M =
(MTbHI'M]. Since a € M, we have a € (MTbI'M]. Then there exist z,y € M and
a, B € I such that a < xzabBy. Since f is a fuzzy interior I'—ideal of M ,we have
f(a) > f(zabBy) > f(b). In a similar way we can prove that f(a) < f(b), hence
f(a) = f(b) and thus f is a constant function.

<= . Let f be a fuzzy I'—ideal of M. By Proposition 6, f is a fuzzy interior
I'—ideal of M. By hypothesis, f is a constant function. Then M is fuzzy simple
and, by Theorem 17, M is simple. O

Proposition 10. Let M be an intra-reqular ordered I'-semigroup. Then for
every interior I'—ideals A and B of M we have,

(ATA] = A and (AT'B] = (BT A].

Proof. (1) Let M be an intra-regular ordered I'-semigroup and A, B be interior
I'—ideals of M. Let a € A. Since M is intra-regular, there exist z,y € M and
a, B,v € I such that
a < raafayy < za(zaafayy)B(zaaBayy)yy
= ((xax)aaf(avy)(zaa)Bay(yyy) € (MTATM)T'(MTATM) C ATA
= a € (ATA] = A C (AT'A].
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For the revesre inclusion, let a € (AT'A], then a < ajaas for some a1,as € A
and o € T'. Then

a < zaafayy = a < (zaa)B(ayy) < zalaraaz)Blaicas)yy
= (raaiaaz)faralagyy) € MTATM C A
= a€ (Al =A== (ATA] C A.
Thus (AT A] = A.

(2). Let A, B be interior I'—ideals of M.Then (AT'B] = (BT'A].
Indeed: By (1), we have

(ATB] = ((AT'B|T'(AT'B]] = ((ATB]T'(AI'B|T (AT B]T'(AT'B]]
((ATB)I'(AT'B)|I'((AT'B)T'(AT'B)]]
(MTBTM|T'((MT AT M)]]
(BIL(A]]

= (BT'A] = (AT'B] C (BT'4].
By symmetry we have (BT'A] C (AI'B]. Thus (AT'B] = (BT A]. O
Proposition 11. Let M be an intra-regular ordered I'-semigroup and f a fuzzy

interior I'—ideal of M.Then for every a € M and o € T such that aca < a, we
have

f(a) = f(aca) and f(aabd) = f(baa).

Proof. (1). Let M be an intra-regular ordered I'-semigroup, f a fuzzy interior
I'—ideal of M and @ € M, o € T'. Then f(a) = f(aca). Indeed: Since M is intra-
regular and a € M, there exist x,y € M and «, 3,7 € T such that a < zaafayy.
Then

fa) = f(zaaBayy) > f(apa).

Since aaa < a we have f(aaa) > f(a). Hence f(a) = f(axa).
(2). Let a,b € M and o € T'. Then f(aab) = f(baa). Indeed: By (1), we have

f(aab) = f((aab)a(aab)) = f(aa(baa)ab) = f(baa).
By symmetry, we have f(baa) > f(aab). Hence f(aad) = f(baa). O
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