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POSITIVE SOLUTIONS OF NONLINEAR m-POINT BVP FOR
AN INCREASING HOMEOMORPHISM AND POSITIVE
HOMOMORPHISM ON TIME SCALES

WEI HAN*, ZHEN JIN AND GUANG ZHANG

ABSTRACT. In this paper, by using fixed point theorems in cones, the ex-
istence of positive solutions is considered for nonlinear m-point boundary
value problem for the following second-order dynamic equations on time

scales
(¢(™)Y +a(t)f(t,u(t)) =0, te(0,T),
m—2 m—2
w(0) = Y aiu(€), i (D) =Y bidud(&)),
i=1 i=1

where ¢ : R — R is an increasing homeomorphism and positive homo-
morphism and ¢(0) = 0. In [27], we obtained the existence results of the
above problem for an increasing homeomorphism and positive homomor-
phism with sign changing nonlinearity. The purpose of this paper is to
supplement with a result in the case when the nonlinear term f is non-
negative, and the most point we must point out for readers is that there
is only the p-Laplacian case for increasing homeomorphism and positive
homomorphism due to the sign restriction. As an application, one example
to demonstrate our results are given.
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1. Introduction

A time scale T is a nonempty closed subset of R. We make the blanket
assumption that 0, T are points in T. By an interval (0, T), we always mean
the intersection of the real interval (0, T) with the given time scale, that is (0,
T)NT.
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In this paper, we will be concerned with the existence of positive solutions
for the following dynamic equations on time scales:

(O™ + a0t u(t) =0, 1€ 0.T) (1)
u0) = Y (e, 9uAT) = Y biou (), (1.2

where ¢ : R — R is an increasing homeomorphism and positive homomorphism
and ¢(0) = 0.

A projection ¢ : R — R is called an increasing homeomorphism and positive
homomorphism, if the following conditions are satisfied:

(1) if x <y, then ¢(z) < &(y), ¥V 2,y € R;
(it) ¢ is a continuous bijection and its inverse mapping is also continuous;

(iii) ¢(zy) = o(x)9(y), V 2,y € Ry = [0, +00).

We will assume that the following conditions are satisfied throughout this
paper:

m—2
(H)0< & <0 < &mea <p(T), a;, b; € [0,+00) satisfy 0 < > a; < 1,
i=1
m—2

and > b <1;
i=1
(Hs2) a(t) € Clq((0,T), [0,400)) and there exists tg € (&y—2,T), such that
a(to) > 0;

(Hs) f € C([0,T] x [0,+00), [0,400)). (The A-derivative and the V-
derivative in (1.1), (1.2) and the Cjq space in (Hj) are defined in Section 2.)

For the existence problems of positive solutions of boundary value problems on
time scales, some authors have obtained many results in the recent years, see [4,
12, 13, 24] and the references therein. Recently, there has been much attention
paid to the existence of positive solutions for second-order nonlinear boundary
value problems on time scales, for examples, see [3, 9, 14, 25] and references
therein. At the same time, multipoint nonlinear boundary value problems with
p-Laplacian operators on time scales have also been studied extensively in the
literature, for details, see [4, 12, 13, 18, 21-23] and references therein. But
to the best of our knowledge, few people considered the second-order dynamic
equations of increasing homeomorphism and positive homomorphism on time
scales.

Feng et. al. [10] discussed the following multipoint boundary-value problem
with one dimensional p-Laplacian:

(¢p(u/))/ + q(t)f(t7u) =0, te (0, 1)7 (1'3)
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w0) = Y (e, u(t)= Y buuléo). (1.4

They obtained sufficient conditions for the existence of multiple positive solutions
for the above boundary value problem by using a fixed point theorem in a cone.

D.Ma, Z.Du and W.Ge [19] have obtained the existence of monotone positive
solutions for the following BVP:

G()) +alt) [(tu(®) =0, te(0,1), (1.5)
W)= 3w (@), u(t) = Y buuléo). (1.6)

The main tool is the monotone iterative technique.

The present work is moviated by papers [16, 17, 26]. Very recently, Yang and
Xiao [26] studied the existence of multiple positive solutions for the following
multipoint BVP:

(@' (1)) +a(t) f(t,2(t),2' () =0, t€(0,1), (1.7)

20)= Y (6, 6('(1) = 3 Fole(€) (18)

where ¢ : R — R is an odd, increasing homeomorphism from R to R. By using
the fixed point theorems, they obtained new results on the existence of at least
three positive solutions of above boundary value problem.

On the one hand, the purpose of our paper is to supplement with a proof in
the case when the nonlinear term f is nonnegative. The proof is quite similar to
that of our previous paper [27]. On the other hand, the first author would like
to point out that there is only the p-Laplacian case for increasing homeomor-
phism and positive homomorphism due to the sign restriction, this point was
proposed by professor Jeff Webb. This is the main motivation for us to write
down the present paper. We also point out that when T = R, p = 2, (1.1)
and (1.2) becomes a boundary value problem of differential equations and just
is the problem considered in [20]. Our main results extend and include the main
results of [16, 17, 20].

The rest of the paper is arranged as follows. We state some basic time scale
definitions and prove several preliminary results in Section 2, Section 3 is de-
voted to the existence of positive solution of (1.1) and (1.2), the main tool being
the fixed point theorem in cone. At the end of the paper, we will give one simple
example which illustrate that our work is true.

2. Preliminaries and some Lemmas
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For convenience, we list the following definitions which can be found in [1, 5,
7,8, 27].

Definition 2.1. A time scale T is a nonempty closed subset of real numbers R.
For t <sup T and r > inf T, define the forward jump operator o and backward
jump operator p, respectively, by

o(t)=inf{re T |7 >t} €T,
piry=sup{reT |7 <r}eT.

for all t,r € T. If o(t) > t, t is said to be right scattered, and if p(r) < r,
r is said to be left scattered; if o(t) = ¢, t is said to be right dense, and if
p(r) =r, r is said to be left dense. If T has a right scattered minimum m, define
Ty, = T — {m}; otherwise set Ty = T. If T has a left scattered maximum M,
define T* = T — {M}; otherwise set T* = T.

Definition 2.2. For f : T — R and t € T*, the delta derivative of f at the
point ¢ is defined to be the number f2(t), (provided it exists), with the property
that for each € > 0, there is a neighborhood U of ¢ such that

[f(@(t)) = f(s) = F2(£)(a(t) = 5)| < €lo(t) = s],

for all s € U.

For f : T — R and t € Ty, the nabla derivative of f at ¢ is the number
fY(t), (provided it exists), with the property that for each ¢ > 0, there is a
neighborhood U of ¢ such that

£ (p(t)) = £(5) = fY () (p(t) = 5)| < elp(t) = s,

forallse U.

Definition 2.3. A function f is left-dense continuous (i.e. ld-continuous), if f
is continuous at each left-dense point in T and its right-sided limit exists at each
right-dense point in T.

Definition 2.4. If GA(t) = f(t), then we define the delta integral by

/ F(HAL = Gb) - Gla).

If FV(t) = f(t), then we define the nabla integral by

b
/ F(O)Vt = F(b) — F(a).

To prove the main results in this paper, we will employ several lemmas. These
lemmas are based on the linear BVP

(p(uA)Y +h(t) =0, te(0,T), (2.1)
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u0) = Y (6, AT = Y bioud (&), (2.2

m—2 m—2

Lemma 2.1(see [27]). If > a; # 1 and > b; # 1, then for h € C14[0,T] the
i=1 i=1

BVP (2.1) and (2.2) has the unique solution

t T
u(t) = /0 ot (/ h(T)VT — A) As+ B, (2.3)

m—2 T m—2 &i o T
> bi/ h(T)VT 2:1 a; ; 10 / h(r)Vr — A | As
i=1 ; = s
A=-— > B = .
1— > b
i=1

where

)

m—2
1— Z a;
i=1

Lemma 2.2(see [27]). Assume (Hy) holds, For h € C;y[0,T] and h > 0, then
the unique solution u of (2.1) and (2.2) satisfies

u(t) >0, for tel0,T].

Lemma 2.3(see [27]). Assume (Hy) holds, if h € C14[0,T] and h > 0, then the
unique solution u of (2.1) and (2.2) satisfies

inf t) >
nt_ut) = |l

where
m—2

> ai&;

i=1

m—2 m—2
(1— > ai)T+ > ai&
i=1 i=1

o el = max fu(#)].

T t€[0,T]

Let the norm on Cj4[0,T] be the maximum norm. Then the Ci4[0,7T] is a
Banach space. It is easy to see that the BVP (1.1) and (1.2) has a solution
u = u(t) if and only if u is a fixed point of the operator equation

(Au)(t):/o 51 (/ a(T)f(T,u(T))vT—A> As+ B,

where
m—2 T
> b [ a(r)f(ru(r))VT
A~ _ =1 i

b

m—2
1— 3 b
i=1
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m— i T -
2(11' ot </ a(7)f(r,u(r))VT — A) As

i=1 0

B =
m—2

1-— Z a;
i=1

Denote

K = {ulu € Ca[0, T, u(t) 2 0, inf u(t) =~ ul}
te[0,T]
where + is the same as in Lemma 2.3. It is obvious that K is a cone in Cj4[0, T7.
By Lemma 2.3, A(K) C K. So by applying Arzela-Ascoli theorem on time
scales [2], we can obtain that A(K) is relatively compact. In view of Lebesgue’s
dominated convergence theorem on time scales [6], it is easy to prove that A is
continuous. Hence, A : K — K is completely continuous.

Lemma 2.4.(see [11]) Let K be a cone in a Banach space X. Let D be an open
bounded subset of X with D = DN K # ¢ and D # K. Assume that
A: Dg — K is a completely continuous map such that x # Az for x € ODk.
Then the following results hold:
(1) If |Az|| < ||z||, = € 0Dk, then i(A, Dk, K) =1;
(2) If there exists xg € K\{0} such that © # Ax + \xq, for all x € 0Dk and all
A>0, then i(A, Dk, K) = 0;
(3) Let Ug be open in X such that Ux C Dg. If i(A,Dg,K) = 1 and
i(A, Uk, K) =0, then A has a fized point in D \Ug.

The same results holds, if i(A, Di, K) = 0 and i(A, Uk, K) = 1, we define

Ky ={u(t) € K+ [lull < p}, 2, = {u(t) € K min u(t) <7p}.

Lemma 2.5.(see [15]) Q, defined above has the following properties:
(a) Kyp C Q) C Kp;
(b) Q, is open relative to K;
(c) x € 0, if and only if OrgriiSnTx(t) =p
(d) If z € 09, then vp < x(t) < p fort €[0,T].
Now, for the convenience, we introduce the following notations. Let

T
o(s) = ¢! ( / a(r) f(r,u(r))Vr — A) ,

f, = min {og}signT fq(;:)ﬁ) tu € [yp, P]} , f§ = max {Orél%xT fqii’qu) tu € [0,0]} )
[t u) [t u)

f% = lim sup max , fo = lim inf min , (a:=00 or 07),

u—a  0<t<T ¢(u) u—a 0<t<T ¢(u)
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m:/oqb/sw Z

. o - 1 (2.4)
> ai £ T Z bi/ a(T)VT
+ i:ri_Q / -1 / a(T)VT + =l 3_2 As ,
1-— Z a; s 1 b;
i=1 i=1
m—2 m—2 T -1
a; 9 T > bi/ a(T)Vr
=1 — =1 i
M= o 1) / a(T)VT + o As (2.5)
1— Y a7° s 1— 3 b
=1 =1

Lemma 2.6. If [ satisfies the following conditions
b < ¢(m) and u# Au, for ued K,, (2.6)
then (A, K,, K) =1

Proof. By (2.4) and (2.6), we have for Vu € 0 K,,,

T ~
/ a(T)f(r,u(r))Vr — A

T 20
:/ a(t) f(r,u(t)) VT + = &

so that
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Therefore, by (2.4), we have

T
| Au| < / o(s)As + B

: 2 &i T =
+72:nlk2 ot / a(T)VT + = : As
1-— Z a; 0 s ;
i=1

=p=lul.

This implies that ||Au|| < ||u|| for v € 0 K,. By Lemma 2.4(1), we have

i(A, K, K) = 1.

Lemma 2.7. If f satisfies the following conditions
fr, > ¢(M~y) and w# Au for u € 09, (2.7)

then i(A,Q,, K) = 0.

Proof. Let e(t) = 1, for ¢t € [0,T]; then e € 0 K;. We claim that u # Au + Xe
for w € 0 Q,, and A > 0. In fact, if not, there exist uyp € 912, and A9 > 0 such
that ug = Aug + Age.
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By (2.5) and (2.7), we have for ¢ € [0, T,

/ a(t)f(r,u(r))Vr — A

so that

m—2
1— >
i=1
Applying (2.5), it follows that
ug(t) = Aug(t) + Aoe(?)
m—2 &
Sai [ eas
> B4 A= 0 + o
1-— Z a;
i=1
m—2 m—2 T
Zl a; ¢ T z_:l bi/v a(T)VT
> ypM Z_m 5 ot / a(T)Vr + = s As+ Ao
1— Y a; 7" * 1— 3 b
=1 i=1

=P+ Ao

This implies that vp > vp + Ao, a contradiction. Hence, by Lemma 2.4 (2), it
follows that

i(A,Q,, K) =0.

3. Existence theorems of positive solutions
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Theorem 3.1. Assume (Hy),(Hsz) and (Hs) hold, and assume that one of the
following conditions hold:
(Hy) There exist p1, pa € (0, +00) with p1 < yp2 such that

f6r < ¢(m), f12, > d(M);

(Hs) There exist p1,p2 € (0,+00) with p1 < pa such that
02 < o(m), for > ¢(M).

Then (1.1), (1.2) has a positive solution.

Proof. Assume that (H4) holds. We show that A has a fixed point u; in
Q,,\K,,. By Lemma 2.6, we have that

i(A, K, ,K)=1.
By Lemma 2.7, we have that

i(A,Q,,, K) = 0.

P2

By Lemma 2.5 (a) and p; < vp2, we have K, C K,,, C Q,,. It follows from
Lemma 2.4(3) that A has a fixed point u; in Q,,\K ,,, The proof is similar when
Hs holds, and we omit it here. The proof is complete.

As a special case of Theorem 3.1, we obtain the following result:

Corollary 3.1. Assume (Hy), (Hz) and (Hs) holds, and suppose that one of the
following conditions holds:

(Hs) 0 < 10 < g(m) and ¢(M) < fus < ox.

(Hz7) 0 < f* < ¢(m) and $(M) < fo < oco.

Then (1.1), (1.2) has a positive solution.

Theorem 3.2. Assume (Hi),(Hz) and (Hs) hold, and suppose that one of the
following conditions holds:
(Hg) There exist p1, p2, p3 € (0,400) with p1 < yp2 and ps < p3 such that

f6' < o(m), 152, = d(My),u # Au, ¥ u € 0Q,,,and f§* < ¢(m);

(Hg) There exist p1,p2, p3 € (0,400) with p1 < pa < yps such that
0> < o(m), fLh > d(Mry),u # Au,Y u € OK,,,and fr3 > ¢(M~).

TP TP3

Then (1.1), (1.2) has two positive solutions. Moreover, if (Hg)f§* < ¢(m) is
replaced by f* < ¢(m), then (1.1), (1.2) has a third positive solution uz € K,,, .
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Proof. Assume that (Hs) holds. We show that either A has a fixed point u; in
0 K, or Q,,\K,,. If u# Au for u € 0K,, UJK,,. by Lemma 2.6 and 2.7, we
have that

(A K, ,K)=1, i(AK,,,K)=1, i(A,Q

P11 P39

K) =0.

P2

By Lemma 2.5 (a) and p; < vp2, we have K, C K,,, C ,,. It follows from
Lemma 2.4 (3) that A has a fixed point u; in ,,\K,,. Similarly, A has a fixed
point in K,,\Q,,. The proof is similar when (Hyg) holds and we omit it here.
The proof is complete.

As a special case of Theorem 3.2, we obtain the following result:

Corollary 3.2. Assume (Hy),(Hz) and (Hs) holds, if there exist p > 0 such
that one of the following conditions holds:
(Hio) 0 < fO < (m), f£,> 6(M7), u £ Au, Yu € 99, and 0 < [ < $(m);

P =

(Hi1) ¢(m) < fo < oo, f§ < ¢p(m), u# Au, Vu € d K, and p(M) < foo < 00.
Then (1.1), (1.2) has two positive solutions.

Remark 3.1. If T = R, (0,7) = (0,1), p = 2. Theorem 3.1 and 3.2 improve
Theorem 3.1 in [20].

4. Applications

In this section, we present one simple examples to explain our results.

Example 4.1. Let T = {(3)" : n € N}{U{1}, T = 1. Consider the following
BVP on time scales

(6(u®)7 + f(t,u(t) =0, te(©0,7) (11)
u(0) = ju(3),  SWAT) = SoA ), (42)

ud, U S 07 1 20
P(u) = { Ft,u) = g (A+1) (@)™, (¢ u) €[0,1]x[0, +00).
u®, u >0,

It is easy to check that f : [0,1
case, a(t) =1, a1 =1, b =

x [0, 400) — [0,+00) is continuous. In this

, & = 1, it follows from a direct calculation

]
1
3 3
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that

m = {/OT ¢ {(T —s) + bl(lT__bfl)} As

(s NP1 b O]
- Ss) ds++ [ (2-s) ds| ~o08281

)

Wl
|

v = s — i
l-a)T+mé& (1-1H-1+1.

I
3
Choose p1 =1, py = 20, it is easy to check that 1 = p; < yps = %0 x 20 =2,

L1+ t) - u?®
|2 81 .
5 = max {0@?31 B :u €0, 1]}

g (1+1)-120 _2
12 81
< ¢(m) = m? = (0.8281)?,

L (144420
p2 :min{minwzue[Q, 20]}

VP2 0<t<1 202
_mo L2 2 ~ 32.3635
T 202 81-202 7

> ¢(My) = (Mr)? = (7.3523 - 1) ~ 0.5405.
It follows that f satisfies the conditions (Hy) of Theorem 3.1, then problem (4.1)
and (4.2) has at least a positive solution.
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