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HYBRID DIFFERENCE SCHEMES FOR SINGULARLY
PERTURBED PROBLEM OF MIXED TYPE WITH
DISCONTINUOUS SOURCE TERM

R. MYTHILI PRIYADHARSHINI, N. RAMANUJAM* AND T. VALANARASU

ABSTRACT. We consider a mixed type singularly perturbed one dimen-
sional elliptic problem with discontinuous source term. The domain under
consideration is partitioned into two subdomains. A convection-diffusion
and a reaction-diffusion type equations are posed on the first and second
subdomains respectively. Two hybrid difference schemes on Shishkin mesh
are constructed and we prove that the schemes are almost second order
convergence in the maximum norm independent of the diffusion parame-
ter. Error bounds for the numerical solution and its numerical derivative
are established. Numerical results are presented which support the theo-
retical results.
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1. INTRODUCTION

Many physical processes connected with non-uniform transitions are described
by differential equations with large and/or small parameter(s). Singular Pertur-
bation Problems (SPPs) are differential equations with a small positive param-
eter multiplying the highest derivative term. These problems arise in several
branches of applied mathematics, including fluid dynamics, quantum mechanics,
elasticity, chemical reactor theory, gas porous electrodes theory etc. Examples
of SPPs include the Navier-Stokes equation of fluid flow at high Reynolds num-
ber, the equation governing flow in porous media, the drift-diffusion equation of
semi-conductor devices, physics and mathematical models of liquid crystal ma-
terial and the convection-diffusion and reaction-diffusion equations to mention
but a few [2, 3].
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Such equations typically exhibit solutions with layers, which cause severe com-
putational difficulties for standard numerical methods. Consequently a variety
of different numerical strategies have been devoted ([1]-[3] and the references
are therein) to the construction and analysis of accurate numerical methods for
SPPs. Recently, authors [7] - [11] have considered SPPs for second/third order
Ordinary Differential Equations (ODEs) with discontinuous source term and/or
discontinuous convection coefficient. Due to the discontinuity at one or more
points in the interior domain, this gives raise an interior layer in the solution of
the problem, in addition to the boundary layer at the outflow boundary point.
Therefore these types of SPPs have to be dealt separately and carefully. So
often the main objective in the investigation of heat and mass transfer processes
is to determine derivatives for small values of the parameter for example if it
is necessary to find skin friction and/or heat and diffusion fluxes in problems
of flow around some body for large Reynolds and Peclet numbers. Hence we
obtain numerical approximations not only to the solution but also to its scaled
first derivative [12] - [13].

There are two broad classes of interest within singularly perturbed prob-
lems: problems of convection-diffusion type and problems of reaction-diffusion
type. In [6], the author have analyzed an inverse-monotone finite volume method
on Shishkin mesh for a one dimensional singularly perturbed elliptic problem
with discontinuous source term and established an almost second-order global
pointwise convergence. Our objective in this paper is to propose two hybrid
finite difference schemes to approximate solution and its scaled first derivative
of a one dimensional singularly perturbed elliptic problem with discontinuous
source term. Here, a convection-diffusion and a reaction-diffusion type equa-
tions are considered in the first and second subdomains of the whole domain
(€ = (0,1)) respectively. A single discontinuity is assumed to occur at a point
d € €. The solution of this problem has a boundary layer at z = 1 and interior
layers with different widths at x = d. It is convenient to introduce the notation
Q™ = (0,d) and QF = (d, 1) and to denote the jump at d in any function with
[w](d) = w(d+) — w(d—).

In this article we consider the following class of problems:

Ltu=—eu + c(z)u = f(z), 2 € QT e
w(@0) =p, [u(d)] =[u'(d)] =0, wu(l)=q, (2)

where € (0 < € << 1) is a singular perturbation parameter, a(z), b(z) and c(z)
are sufficiently smooth functions on Q= and Q7 respectively and a(z) > o >
0, b(x) > 0, c¢(x) >~ > 0. Tt is assumed that f is sufficiently smooth function in
Q= Ut U{0,1}; the left and right limit of f and their derivatives are assumed
to exist at x = d. The function f ia assumed to have simple discontinuity at
x = d. Hence the solution u of (1)-(2) does not necessarily have a continuous
second derivative at the point d, that is, u does not belong to the class of

{L‘u = —cu +a(z)u +b(x)u = f(z), x € Q7
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functions C%(Q). Hence the class of functions, where u belongs to it, is taken as
COQ)NCHQ)NC?(Q~ uQT). Further the SPPs (1)-(2) has a unique solution
weY =C%)NCHR)NC?(Q~uQt) [6].

Through out this paper, C denotes a generic constant is independent of the
singular perturbation parameter ¢ and the dimension of the discrete problem N.
Let y : D — R, D C R. The appropriate norm for studying the convergence
of numerical solution to the exact solution of a singular perturbation problem is
the supremum norm || y ||= sup |y(z)|.

zeD

Assumption: We shall assume that ¢ < CN~! throughout the paper as is
generally the case in practice for discretization of convection-dominated problem
(4].

2. PRELIMINARIES

For the sake of completeness, we now reproduce the following theorems from
[6, §2] for the above problem. Also we derive a cubic spline difference scheme
for a convection-diffusion and a reaction-diffusion type equations.

Theorem 1. (Maximum Principle) Suppose that u € C°(Q) N C%(Q~ UQH)
satisfies

u(0) >0, wu(l) =0,
L u(z) >0, z€Q~, Ltulz)>0, zeQt
and
[u'](d) <0. Then wu(x)>0,Vze .
Theorem 2. (Stability result) If u € C°(Q2) N C%(Q~ UQ™T), then
| llo< Cmax{lu(0)], [u(V), | L7u [lo-, | Lu™ [lo+}-

The sharper bounds on the derivatives of the solution are obtained by de-
composing the solution as u = v + w, where v = vy + vy + vy + £3v3, where
v;, i =0,1,...,3 are defined as in [6]. Thus the smooth component v € C°(Q) is
the solution of

L~v(z) = f(x), €,

{L"’v(m) = f(x), ze€Qt, ®)

v(0) = u(0), [v'](d) = [vg](d) +e[vi](d) + £*[v3](d), v(1) = 0. (4)

Thus we define the singular component w € C%(Q) as the solution of
L~w(z) =0, ze€Q~

{L"’w(w) =0, z€qQt, ®)

w(0) =0, [w](d)=-[](d), w(l)=u(l)-wv(1), (6)
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and further we decompose w as w = w; + ws, where w; is the solution of

wi(z) =0, ze€, wi(d) = —[v](d),
Ltwi(z) =0, ze€QF, wi(l)=u(l)—o(l)

and wo € CY() is the solution of

{L_w2($) =0, z€Q7, wy(0) =0, [wy](d) = =[v'](d) — [wi](d),
Ltwy(z) =0, xze€Qt, wy(l)=0.

Theorem 3. For each integer k, satisfying 0 < k < 4, the solutions v and w of
(8)-(4) and (5)-(6) respectively satisfy the following bounds:

[v® o < CO+eH), (7
w® (@) < CeM/Zem@male e (8)
lw® (z)| < Ce k2 (em@DVr/e pomU-mlVa/e) 4 c f, 9)

2.1. Cubic Spline Difference Scheme. In this section, first we derive the
cubic spline scheme on variable meshes.
i
Let 20 =0, 2y =1, z;=xz0+ >, hg, hg =x; —xi_1,i=1,...,N be the
k=1
mesh. For given values U(zg),U(x1),...,U(xy) of a function u(zx), at the nodal
points g, x1, ..., £ there exists an interpolating cubic spline function S(x) with
the following properties:
(i) S(z) coincides with a polynomial of degree three on each subintervals
[$7;,1,£C2'], 1= ]., l]\/v
(i) S(x) € C3(Q); (iii) S(x;) = U(x;), i=0,1,...,N.
Then the cubic spline function can be written as
(zi — 2)®
S = —M;_
@) 6h T T e,
h2 T— Ti_1
Ulz;) — -~ M) (Z—2—
+ (U(zs) 6 i) h,
where M; = S”(x;), i =0, ..., N. From the basic properties of spline, it should
satisfy the following condition of continuity for ¢ =1,....N —1
hi, o hidhivr | hivn,,  Ulzig1) = U() B U(zi) — U(zi-1)
6 i—1+ 3 Mz + 6 M7,+1 - h¢+1 hl .
For obtaining second order approximation of the first order derivative of u(x),
we use the Taylor series expansion for U around z;, to get the following approx-
imations for U(x;41) and U(z;—1)

(z—zi1)® ) . _Ziag
M; + (U(zi-1) M;_1)(

)a S [Ii—laxi}v iil,...,N,

(10)

h2
Ulzipr) ~ U(xi)—khiﬂU’(xi)—k%U”(mi) (11)

2
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Multiplying (12) by h?ﬂ h2, then subtracting from (11) and multiplying (12)
by h;i11/h;, then adding it to (11), we get the following approximation for U’(x;)
and U (x;), respectively

I, ~ 1 12 ) 2 12 ) 2 )
U'(xi) =~ Tl (o + hi+1)( R U(zim1) + (hiyq — B))U (@) + hiU(zi41)),
2
U" () (his1U(wi—1) = (hi + hip1)U(xs) + iU (2i41)).

hihiy1(hi + hit1)
Using these approximations in U’(x;41) ~ U'(x;) + hip1U" (x;) and U’ (x;-1) ~
U'(x;) — h;U"(x;), we get the following approximation

1

U’ x; ~— h? U(xi—1) — (h; + h; 2y x;) + h?-‘r?hzhl U(x;
(o) % o U (i) = (4 b 2U (e + Ui
and
1
Uf(wi—1) ~ ——————————[—(hi ;1 + 2hihiy 1)U (zi—1) + (hi + hig1)?U(zs) — hU(2ig1)]-

" hihiv1(hi + hig1)
We now derive linear system of equations for convection-diffusion and reaction-
diffusion equations. For the convection-diffusion equation, consider the expres-
sion

—eM; + a(z)U" (x;) + b(x)U () = f(x;), j =i,i £ 1.
Substituting this in (10), we get the following linear system of equations, for
i=1,.,N—-1

Tl_’iU(wifﬂ + TiiU(-Ti) + TfiU(.’[HJ) = Fl(xi), (13)
where
_ (hig1 + 2hy) hit1 h?+1 hi 3e
ry, =—————=a(zi_1) — a(z;) + ———a(x; + —b(zi—1) — —,
L 2(hi + hit1) (@i-1) hi (@2) 2hi(hi + hiy1) (@it1) 2 (@i-1) hi
c (hi +hit1) (h3,, —h3) (hi +hiy1)
o M T AL e A N A N o R+ hia1)b(zs
1,4 2hiis a(zi—1) + hihiss a(z;) 2h; a(xit1) + (hi + hiy1)b(zq)
38(’“ + hi+1)
hihiy1 ’
h2 hi (2hit1 + hs) hi 3¢
+ : i i+1 i i+1
r,=———————a(zi-1) + —a(x;) + ———Fa(z; + b(x; - s
1 2hip1(hi 4+ hiy1) (@i-1) hit1 (20) 2(hi + hit1) (@it1) 2 (@it1) hit1
Fi(xi) = Fy f(wiz1) + Fy (i) + Fi f(miga),
_ hi c hi
Fl,q‘,:?’ Fy ;= (hi + hit1), F;i: 2+1~

Similarly for the reaction-diffusion equation, substituting the expression
—eM; + c(zj)U(z;) = f(z;), j=141+1

in (10), we get the following linear system of equations, for i =1,.... N — 1

TQ_,Z‘U(.TZ'71) + T;yiU(Ii) + ’r‘;iU(.’IfHJ) = Fz(a)i), (14)
where
— hic(mi,l) 3e c 35(}7@ + hi+1) + hi+1c(w¢+1) 3e
= — = — S+ = (h; h; i _— = — - —
T2,i 2 he ry i = (hi + hip1)e(zs:) + hohit T34 2 P
h; hiq1

- Fy;=(hi+hit), F2+7, =

Fo(wi) = Fy i f(wiv1) + F5 o f (w0) + Fyf(wig),  Fau =

2
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3. HYBRID DIFFERENCE SCHEMES

To approximate the solution of the problem (1)-(2), two hybrid difference
schemes are introduced. On 2 a piecewise uniform mesh of N mesh interval is
constructed as follows. The domain Q~ is subdivided into the two subintervals
[0,d— 1] U[d — o1, d] for some o7y, that satisfy 0 < o1 < 4, and the domain Q*
is subdivided into the three subintervals [d,d 4+ o3] U [d+ 02,1 — 02] U[1 — 09, 1],
for some o9, that satisfy 0 < g9 < %d. We shall construct a piecewise uniform

mesh QY condensed near to boundary z = 1 and around interface point = = d,

Qé\[:{xu x1:x1_1+h1,1§z§m+n:N, .T():O,xm:d,l']\]:l},

where

h1:2(d—01)/m, izl,...,m/2,

h2=201/m, 7;:777‘/24-17...7777,7

h; = { hs = 409 /n, i=m+1,..m+n/4,

hy =2(1—d— 203)/n, it=m+n/d+1,...,m+3n/4

hs = 4o /n, t=m+3n/4+1,...,N.
In general one takes the transition parameters as o; = min{%, %ln m} and
Oy = min{l%‘flﬂ\/gln n}. But for our analysis we assume that o3 = o Inm

@

and oo = 2\/% Inn, since otherwise N~! is exponentially small compared with

= Hybrid Difference Scheme-I (HDS - I): In this scheme, we discretize
(1) and (2) using the central difference scheme on the fine mesh region and the
midpoint scheme in the coarse region on Q- and a central difference scheme
on QFN that is,

—2  Uiy1—U; Ui—Uis U - U,

LNy, = - . Tl by 10U =19, 0< i<
w hoo + hioa ( i I )tai_i/2 " +bi—12 fic1/2 i<
(15)

_ —2¢ Uipr1 - U, Uy —U;j—1 Uit1 — Ui .
LNu; = - i biUi = fi, m/2 < i< 16
c i hi + higs hitt s )+ aq i + hipa + b:.U; fi, m/ g m (16)

—2e U‘, 1—U' U‘,—U‘,_l

L«{»NUv = i+ i i @ U = fi, <i<N, 17
¢ YT hi Fhip ( hit1 h; reli=fi, m<i a7

where U; = Ul(x;), U; = %, ai—172 = a((zi—1 + x;)/2); similarly for

bi—1/2, fi—1/2 and a; = a(x;); similarly for b, ¢;, f;. At the interface point z,,, =
d, we shall use the difference operator
U2 +4Umy1 —3Up, Up2 —4Up 1 +3Un,

LNy, = —
t ) 2hm+1 2hm7 1

0. (18)

m/2
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From equation (16) and (17) we get

2h2 2e + h%bm,1 —2e 4+ hgam,1

Upno=—"-———(h 4 (—— VU1 — (———)U,

m—2 "9 _ hg&m_l( 2fm 1 ( h2 ) m—1 ( 2h2 ) m),

h3 h3

Um+2 — _?fm+1 + (2 + ?Cerl)Uerl - Um
Inserting the expression for U,,_o and U,,+2 in (18) gives

N _ 3 (2e + h%bm_ﬂ _ 3(h2 + h3) _ L _ (—2e + h2am—1)
Lz Um _(h2 * ho(—2e — haam—1) Wm—1 = ( 2hohs 2h3 2ho(—2e — hoam—1) YU

2 1 hsemqr B ha _hs
+ (g (h3 + T NUm41 = —(_25 — h2am71)fm—1 e Sfma1.

Thus, we have
LYU; = f;, for i=1,.,N -1, (19)
LNU;, for i=1,...,m/2,
L;NU;, for i=m/2+1,..,m—1,
LY¥u;, for i=m,

L¥NU;, for i=m+1,..,N—1

where, L% U, =

fic1y2, for i=1,..,m/2,
and f, = fi, for i=m/2+1,...,m—1,
(_Qg_zlﬁfmﬂ — g%ferh for i=m.

fi, for i=m+1,...,N—1.

Hybrid Difference Scheme-II (HDS - II): In this scheme, we use the cubic
spline difference scheme in the fine mesh region and we use the schemes as in
the HDS-I on the coarse region. Thus we have

L¥U; = fi, for i=1,..,N—1, (20)
where
L;NU;, for i=1,..,m/2,
L7NU;, for i=m/24+1,..m—1,
LyU;, = Ly¥u,, for i=m,
LINU;, for i=m4+1,...m+n/4—1,m+3n/4+1,..,N -1
LINU;, for i=m4+n/4,..,m+3n/4
fic1ye, for i=1,..,m/2,
%fi—1+(hi+hi+1)fi+m%fi+1, fOI‘ i:m/2+1,...,m—1,
m+1,.m+n/d—1,m+3n/4+1,..,N—1
fi = %(%;lfm—2+(hm—l+hm)fm—1+h7mfm)
+’Z{tn%+ll(%fm+(hm+l +hm+2)fm+1+hm2+2fm+2)7 for i=m,
fi, for i=m+4n/4,...,m+3n/4
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LoNU = Uimy + 05 Ui + 0 Uipr = Fi(z), m/2<i<m

LNy, = ro Ui + 15 Ui + r;iUHl = Fy(z;), m+1,..,m+n/d—1,m+3n/4+1,....N —1,

- - +
hm+17"§,m—1 h"'L71T2,m+1 h"’L+1T1,m—1

LYUpm = (4hmsr1 +

Win—1 = 3(hm—1+ hmi1) = YU

T —

"1 m—1 T2 m+1 T m—1
R =175 g1 Rmt1  hm—1 R

+@hmor+ —F—)Unp1 = ——(——fm-—2+ (hm-1+ hm)fm-1+ — fm)

- r 2 2
2,m+1 1,m—1
hm—1  hmt1 P42
+ — (Tfm + (hm+41 + hmg2) frt1 + Tfm-pz),

T2 m+1
EWIRART rfi, Toir T5 s r;i, Fy(z;), Fo(x;), are defined in Section 2.1 and L%,
h m — h h m+h
LN are defined in (15), (17) and f(z,,) = 2f (@ ;) I h3f(9€ + 3).
2 + h3

Note: It may be noted that the same operator symbol L% is used for both the
schemes. In the following whatever discussion is carried out, it is true for both
the schemes.

4. NUMERICAL SOLUTION ESTIMATES

To guarantee the monotonicity property of the difference operator L%, we
impose the following mild assumption on the minimum number of mesh points
(4],

N o el

InN —  «
Lemma 1. Assume that the inequality (21) holds true. Then the operators
LY defined by (19) and (20) satisfy a discrete minimum principle, that is, if
Z(xz;),1 = 0,1,...., N is a mesh function that satisfy Z(x9) > 0, Z(zyn) >0
and LY Z(x;) >0, for 1,.... N — 1, then Z(x;) > 0 for alli =0, ..., N.

(21)

Proof. See [10]. O
Define the mesh function V' to be the solution of the following discrete problem
LYV (x;) = f(x;), for z;€QY, (22)
V(xg) = v(0), V(zm) =v(d), V(zn) =v(1). (23)

We define the mesh function W to be the solution of
LEW (z;) =0, for z; € QN \ {d}, (24)
W(0) = w(0), LYW (2m) = —L7 V(m), W(zn) = w(l). (25)

Analogous to the continuous case we can further decompose W as W = Wy +Wo,
where W7, the discrete analogous of the boundary layer function w; is defined
as the solution of

26
LYW () = 0, for z; € Q¥ N (d,1), (26)

Wi(zm) = wi(zm), Wilzn) =wi(1) (27)

{Wl(mz) =0, for z; € QN N(0,d),
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and Ws, the discrete analogous of the weak interior layer function ws is defined
as the solution of

LEWs(z;) =0, for z; € QF (28)
Wa(z9) =0, Wa(zy) =0, (29)
LEWy(2,,) = —LEW (2,) — LYV (21)- (30)
Now, we can define U(x;) to be
Vixs) + Wa(xs), for i=1,..,m—1,
U(x:) =V (xs Wixi) =
(CIT ) (CE )+ (JJ ) {V($Z)+W1($L)+W2(xz), for i=m,....m+n—1.
(31)

Using the procedure adopted in [4], [15, §4], we can deduce the truncation error
for the Hybrid Difference Scheme - I as

ehi || u® | +CRZ(|| «® || + [ «® ), i = 1,...,m/2,
ILE (U —w)(@)| < qeh? [[u® ||+ | a|h2 | u® ||, i=m/2+1,..,m -1
eh? || u® |, i=m+1,..,N—1.

Using the procedure adopted in [5], [14, §3.1], we can deduce the truncation
error for the Hybrid Difference Scheme - IT as

ILN(U —w)(z:)] < ehi | u® || +CRI(|| u® || + [ |)), i=1,..,m/2,
" YT leh2 |u® |, i=m/241,.m—1,m+1,...,N—1.
Using these mesh functions the nodal error |[(U — u)(z;)| = [(V — v)(z;) +

(W — w)(x;)| is then bounded separately outside and inside the layer.

N

Lemma 2. For both the schemes, at each mesh point z; € 1,

component of the error satisfies the estimate

the reqular

Cm™2xz;, for i=1,..m—-1

o - (32)
Cn~*x;, for i=m+1,..m+n-—1.

IW—@@M<{

Proof. For the HDS - I, let us now consider the truncation error at the mesh
points. Using standard truncation error bounds and the bounds on the deriva-
tives of v, we have

IN

ILE(V = v)(:)] eh? [ o |+ [l all A | v |, i=m/2+1,..,m—1

ehi [| v | +CR2(|| v® |+ | v ), i=1,..,m/2,
eh? | v ||, i=m+1,..,N—1

Cm=2, for i=1,..m—1
- Cn=2, for i=m+1,...m+n—1
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For the HDS - II,

[LE(V = v) ()]

IN

ehi | o® | +CR2(| v® | + [ v@ ), i=1,..,m/2,
eh2 | v® ||, i=m/2+1,.,N—1

Cm™2, for i=1,..m-—1
Cn=2, for i=m+1,..,m+n—1

Consider the two mesh functions

U (z;) = Cm=2a; £ (V —v)(2), i=0,...,m
' Sz £ (V —v)(x;), i=m+1,.,N

Then, we have U*(z) = 0 and U+ (zy) > 0. For i = 1,...,m/2, we have

LyV™(z;) = gm_2ai71/2 + Em_Qbifl/Q% +Cm™2 >0,
for both the schemes. For the HDS - I, we have
LYU*E(z) = gm_Qai + gm_Qbixi +Cm™2>0,i=m/2+1,.m—1
LyU*E(z) = %niZCi r,£Cn2>0,i=m+1,..,N —1.
For the HDS - II, we have
LYyUE(z) = gm”(r;i +ri i) (@) E0m™? >0, i=m/2+1,...,m—1
LY (z) = %n”(r;i +r5+r3) () £Cn 2 >0,i=m+1,..,N -1
Applying Theorem 1 to U+ (z;), z; € QY we get the required result. O

Lemma 3. For both the schemes, at each mesh point x; € QY| the layer com-
ponent of the error satisfies the estimate

Cm=2(Inm)3, for z; € Q¥ N(0,d)
(W —w)(z:)| < a2 N
Cn~?(Inn)?, for =z € Q2 N(d,1).
Proof. For the HDS - 1, by [1, p47], for all z; € QY N [d + 02,1 — 73], we have
|LY (W) — wy)(2)] < 2 o lw” (z)| < Cn™2.

wElwio1, it
Now by [1, p46], for all z; € QY N (d,d + o2) and x; € QY N (1 — 09, 1)
LRV = wn)(@)] < e(win = zi0)*uy”] < Cn”2 ()
Since |U(zy,)| < C and with (32), we have |Wa(z,,)| < C/e. Using the argu-
ments in [3, Chap. 3|, for z; < d — o1, we have
(Wa(@:)| < [Wa(wm)|m™ < Cy/em™

and
[(Wy — wa) ()| < [Wa(wi)| + |wa(a:)| < CVeENT2. (33)
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Therefore, |(Wa — ws)(z;)] < CN~2.
Now, for all z; € QY N (d — o1,d), we get
LY (Wa —w) ()] < eh? | ws? || + | a| b2 || ws? < Cm~203e75/2,
At the interface point z,, = d,
_he
(726 - h2am_1)
For z; € Q¥ N (d,d + 02) and QY N (1 — 03, 1)
LYWy —wo)(@))] < eh? || ws ||< Cn~%03e L.
For the HDS - II, for all ; € QY N (d, 1), we have
LYWy —w1) ()] < e(wisr —zim1)?wi”| < On~2(Inn)?,
for all z; € QN N (d — 04, d),
LY (Wa —w)(2:)] < eh? | wi? [|< Om 203/

and for z; € QY N (d,d + o2) and QY N (1 — 09, 1)
LH W2 —wa)(@i)] < ehf | wg” ||< On~2o3e .

| LT Wa(wm) - fm— 1+ fm+1| < Cm 2037 + Cn~203e 7.

At the point of interface x,, = d,
|LN (W — wa)(2m)| < Cm™262e75/2 4 Cn~202e 71
Consider the barrier function
OE(2;) = U(2;) + |(Wo —wa) ()], 2 € Q¥ N(d—o01,1),
where,
W(zi) = {C’m_2 +Cm 203 %2 (x; —d + 01), for z; € QNN (d—01,d)
Cn=2 +Cn203e7 (1 — x;), for x; € QXN N (d,1)

We observe that ®*(d —o1) = Cm™2+Cm~2 > 0 and ®*(1) = 0. Also, for the
HSD-I,

LNlbi(x-) > a(;ti)Cm72Uf<€75/2 +b(a:,i)\ll(w¢)iCm720f575/2, forz; € Q7N N (d —o1,d)
H ‘ - c(z;)W(x;) £ Cn"203¢™ Y, for z; € TV N(d, 1)
> 0, forall =z; € Qgﬂ(d—ohl)

and at the point of interface we have ®*(x,,) > 0. Applying Theorem 1, we get
UE(z;) >0, 7 € Qév._Using the above barrier function for the HSD-II, one can
easily establish that U*(z;) > 0, 7; € QY. Thus, we have
(W, —wi)(z;)] < Cn~2(Inn)? for z; € Q¥ N (d,1);
Cm=20%e75/2, for x; € QN N(0,d),
Cn=203e1, for x; € QNN (d,1),
Cyem™2(Inm)3, for z; € Q¥ N (0,d),
Cn=2(Inn)?, for x; € QNN (d,1).

|(Wa —wa)(z:)] <
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Therefore, |(W —w)(z;)| < |(W1—w1)(z;)|+|(Wa—w2)(z;)] < CN~2(InN)3. O

Remark 1. The requirement n ~ m ~ N/2 are a technicality. In general
case it is clear from the analysis above that the order of convergence will be
O(m~2(Inm)3 +n=2(Inn)?).

Theorem 4. Let u(x) be the solution of (1)-(2) and U(x;) be the corresponding
numerical solution generated by difference scheme HDS - I or HDS - II. Then
for each i, 0 <i < N, we have

(U —u)(z;)| < OCN?(In N)3.

Proof. Proof follows immediately, if one applies the above Lemmas 2 and 3 to
U—-—u=(V—-v)+ (W —-w). O

5. NUMERICAL DERIVATIVE ESTIMATES

Let us consider the higher order discrete approximation to the derivative
defined by
hiv1+ h;
we approximate the scaled derivative /eu’ of the solution of the problem (1)-
(2) by the scaled centred discrete derivative v/eD°U(z;) at all internal points
zi,t = 1,..., N — 1 for the HSD-I. We note that for ¢ = 1,...,m, the error
e(z;) = U(w;)—u(x;) satisfies the equations LY e(x;)—b(x;)e(x;) = —b(z;)e(z;)+
truncation error, where, by Theorem 4, b(z;)e(x;) = O(N-2(InN)3). These
equations will be used in the proofs of the following lemmas and theorems. Hence
the analysis carried out in [3, §3.5] and [12, §2] can be applied immediately with
a slight modification where ever necessary. Therefore, for some theorems short
proves are given.

, hy = x; — x;_1. In this section,

Lemma 4. At each mesh point x; € Qév and for all x € Q; = [%i,2i11], we have
Ve(Du(z;) — ' (x))] < CN7?(In N)?,
where u(x) is the solution of (1)-(2).

2
Proof. Consider o7 = s Inm and o9 = 2\/5111 n. Then, for z; € QF
o

[Ve(Du(w:) —u'(@)] < We(D%(w:) —v'(2))] + [Ve(D w(a:) — w'())].

Using standard truncation error bounds and the bounds on the derivatives of v,
we have

|D%(x;) — ' (2)] < CON2

which gives the required bound in the first term. For the second term we have
for z; < d— oy,

[Ve(D w(a) —w'(x))] < CVEllWlpa—0) < CNT?,
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since 2w (z)| < Ce=?1/¢ < ON~2. Also, for z; € QN N [d + 09,1 — 79], we
have
VE(DPw(z:) — /@) £ COVEllW lisors oy < ON72
Finally for z; € Q¥ N ((d — 01,d) U (d,d + 02) U (1 — 03, 1)), we have
WVED () — /@) < CvE(i — o (z)] < CN(mN)?,
which completes the proof. O

Lemma 5. Let v(z) and V(x;) be the exact and discrete reqular components of
the solutions of (1)-(2) respectively. Then for all x; € QY. we have

VEDO(V — v)(z:)| < CN~2.
Proof. We denote the error and the local truncation error, respectively at each
mesh point by e(x;) = V(z;) — v(z;) and 7(z;) = L¥e(x;). We have

\/E(e(xm/Q) - €($m/2—1))

Tm/2 — Tm/2-1

| < Cvem™2. (34)

[VED™e(xmy2)| = |

Now we write 7(z;) = L¥e(z;) in the form
eD e(xz;) —eD e(xj41) + %(%‘Jrl —xj_1)a(r;)D " e(x;) = %(xj+1 —xj_1)(7(x;) — b(x;)e(x;)),

for z; € QN N (0, d).
Multiplying throughout by (1/4/¢) and summing, rearranging for each ¢, 0 < i <
m/2, we get

m/2—1 ) —Tiq
[VeD e(w:)| < IﬁD*e(:cm/z)H% 2 %(h(%)lﬂb(%)@(@)')
m/2—1 . — i1
. % ) %G(W)D*e(ml-

Using the telescoping effect for the last term, (34), |e(z;)] < Cm~2z; and
la(z;) —a(z;—1)] <| &' || (x; —xj-1), we get for all 4, 0 <i < m/2,
lvVeDe(z;)] < Om™2.
Similarly, we can prove that |\/eDTe(z;)] < Cm™2 forall i, 0<i<m/2.

To prove the result for m/2 4+ 1 < i < m, we rewrite the relation 7(z;) =
L¥e(z;), in the form,

eDVe(ay) — D elj1) = (g1 — 2;-1)alay) (D elwy) + D¥elarj1)

= S(@i41 — - ) 0 )e(w5) = 7(2)

Multiplying the above equation throughout by (1/4/€), summing, rearranging
and using the telescoping effect for the last term, |e(z;)] < Cm ™2z, and |a(z;) —
a(z;—1)| <|la || (xj —xj-1), we get for all i, m/2 < i < m,

|VeDTe(x;)| < Cm™2.
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Similarly, we can prove that |\/zD~e(z;)] < Cm=2 forall i, m/2 <i<m.
For z; € Q¥ N (d, 1), adopting the above procedure, we get

7

lvVeDTe(z:)| < \\ﬁDW(wm)H% D (@ir1 —zj-1)(bley)e(z;)] — |(2)]) < On”2.
Jj=m+1

Similarly, we can prove that |\/2D~e(z;)| < Cn~=2. This implies that
e(DT 4+ D7 )e(z;

VEDPe(w)| = VAP DO)

which completes the proof. O

|<ON72 ;€ QY

Lemma 6. Let w(x) be the singular component of the solution of (1)-(2) and
W (x;) be the corresponding discrete singular component. Then we have

Cyem ™2z, z; € QYN (0,d— oy
W <V Al (35)
Cn2(1—ux;), z€Q)N[d+o092,1—09]
and
Cm=2, ;€ Q¥ N(0,d— o]
DOW ()| < o s 36
Ve (@)l < {C’n_z, z; € QN N [d+ 02,1 — a9). (36)

Proof. To prove (35), we use the barrier functions

W(d—o))|—2— 2,€Q¥N(0,d— o)
Ut () = iZ: a1 + (W (ws)]
‘W(l*O’Q”fdl IiEQéVm(d+O'2,170'2)
and Theorem 1, to get the required result.

Finally, to prove (36), we use (35) and the procedure followed in [3, Lemma
3.15] to get |[/eDTW (z;)| < CN~2. Similarly it can be proved that [\/eD~W (z;)|
< CN~2. This implies |\eD°W (z;)| < Ve(IDTW (x;)| + |D~W(x4)])/2 <
CN—2 O

Lemma 7. Let w(x) and W(z;) be the exact and discrete singular components
of the solutions of (1) and (2) respectively. Then for all z; € QY we have

|vVeD (W — w)(z;)] < ON"2(InN)?.

Proof. For all z; € Q¥ N (0,d— 1] and z; € Q¥ N[d+ 01,1 — 03], using triangle
inequality we have
[VED (W —w)(w)| < We(DW — w')(x)| + [Ve(Dw — w')(x;)].

By Lemma 4, it is obvious to see that the second term is bounded. To bound
the first term, using triangle inequality, we write it as |\/e(D'W — w')(z;)| <
|VEDW (z;)| + |vew'(z;)| < CN~2. Now consider z; € QY N (d — o4, d). For
convenience we introduce the notation é(z;) = (W — w)(z;) and 7(z;) =
LY é(x;). We have already established that

|é(x5)| < Cvem™2(Inm)® and  |7(x;)| < Coe™®/2m=2eld=2)/e  (37)
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We write the equation 7(z;) = L¥é(x;) in the form

eDF (e 1) — ) + 5ale;) (w41 — a5 1)DO6(e;) = 3wy — 2 0)F(eg) — bz )e(a;)]

Multiplying throughout by (1/4/¢), summing and rearranging gives

\/gDJré(z,) \[D*G(mm 1)+ 7 Z la(z;)(é(zjt1) — é(xj—1)) — hi[F(z;) — b(z;)é(x;)]]
j=i+1
< VeDTe(zm_1) + a(@m_1)é(@m) — a(@i)é(zit1) + a(@m—_1)é(xm_1) — a(z;)é(z;)
m—1

572 2 la@) = ale;1))éle) + ale;) = aly-)ela; 1) = hit () + bl )ée,)
j=it1

Hence using the result at the point z,,—; and (37) we have

ah;fe

ﬁD+é($Z) S Cm (hl m—l— W)

But y = ahy/e = 4m~'Inm and B(y) = =4 are bounded and it follows that
|veD é(z;)] < Cm~2In* m as required.

For z; € QY N (d,d + 02) and z; € QY N (1 — 09,1), adopting the above
procedure, we get respectively

m4n/4—1
VeD eé(z;) = \/ED+é(xm+n/4,1) 2\[ Z hil7(z;) — blz;)é(z;)]]
Jj=i+1
m+4n—1
and VeDYe(x;) = VD e(@min1) + g f > I — ba;)é(;)]]-
j=i1+1

Hence using the results |é(x;)| < Cn~2(Inn)? and
|7 ()] < 00'557177,72 (e*(wi*d) Va/e 4 e=(—zi)y 7/8),

we have

2 ./
VeDb é(z) < Cn%(Inn+ 2}1177/6) < Cn?(Inn)%

€1 _e v/e

Similarly, we get |\/zD~é(x;)| < Cn~2(Inn)2. Thus, we have

VED ()| = | V2L +2D7)6(’“) | < ON“2In® N.

O

Theorem 5. Let u(x) be the solution of (1), (2) and U(z;) the corresponding
numerical solution generated by the difference scheme HSD-I. Then for each
i, 1 <1< N —1 we have

|Ve(DU — /) (z;)] < CN~2(In N)?.
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Proof. From triangular inequality we have |/z(D°U (x;) —/(z))| < |v/eD°(U —
u)(z:)| + |vE(D u(x;) — v/ (z))|. From Lemma 4 we get |/e(D%(z;) —u/(z))] <
CN~2(In N)2. To bound |/zD°(U — u)(x;)|, it can be written as

VEDO(U —u)(@:)] < [VEDO(V —v)(ws)| + [WVED (W — w)(:)| < CN2(InN)2,
where each term is bounded by Lemmas 5 and 7. (]

Remark 2. Let U denote the piecewise linear interpolant of the finite difference
solution {U(x;)}N,. As done in [3, p.66], we get

sup || Ve(DU—u') |z, < CN?*(InN)*i=1,.,N—1
0<e<l1
where, DU (x) = DU (x;), for x € (w;_1,x;],i=1,...,N.

We can also obtain the e—uniform error estimate between the scaled derivative
of the continuous solution and the corresponding numerical solution in the fine
mesh region. Further, in the coarse mesh, an estimate can be obtained without
scaling the derivative. As done in [9], we get

sup | DU — ' H§1 < CN'i=1,..,m/2,
0<e<1

sup || e(D°U — ) ”67, < CN?(InN)? i=m/241,..,m,
0<e<1

OiuIilH (DU —u') g, < CN?IaN)?, i=m+1,..,m+n/d—1,m+3n/4+1,..,N—1
s

sup || DTU - g, < C’1\7717 i=m+n/4,...m+3n/4+1

0<e<1 B
where, DU (x) = DU (x;), forx € [xi—1, i), i = m/2+1,...,m4n/4, D-U(zx) =
D~ U(x;), for x € (zi—1,7:], 1 = 1,...,m/2 and DYU(z) = DTU(z;), for x €
(Xi—1, i), i=m+1,..,m+n/d—1,m+3n/4+1,.,N—1

Remark 3. For the HSD-II, the numerical derivative estimate will be given in
the future article. However, numerical results are given for the scaled discrete
derivative generated by the HSD-II.

6. NUMERICAL EXPERIMENTS

In this section, we consider the following examples to illustrate the results
obtained in the paper.

Example 1. [6]:
—eu 4+ (1 4 cos(mz))u’ + (1 + sin(wz/2))u = 1 + sin(wzx) cos(nz), z € O,
—eu + (4 + cos(mx/2))u = 3 + 2sin(rz/2) cos(rz/2), x € QT,
u(0) =0, wu(l)=0.
Example 2.

—eu + (1422 =2, 2€Q, —ev + (44 2%)u =18z, z € QF,
u(0) =0, wu(l)=0.
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The nodal errors and their corresponding orders of convergence are estimated
using the double mesh principle [3]. Define the parameter uniform double mesh

nodal difference DY to be

DN = max DY and DY = max |[(YN —V409) ()],
e€ERe z, €QN

SN = max S¥  and SN = max |Ve(DOYY — DOy4096y (4|,
e€ER, z, €QN

Y4096 Y4096

where is the piecewise linear interpolant of the mesh function
onto [0,1]. Here R, is the range of singular perturbation parameters ¢ € R, =
{2710 ,2735} over which numerical performance of the schemes will be tested.
From these quantities the parameter-robust orders of convergence are computed
from
N N
PN = IOSQ(DDW% N = logz(;—N).

TABLE 1. Values of D, p™ and SN, N for the Example 1

Number of mesh points N
32 [ 64 [ 128 | 256 [ 512 [ 1024
HDS-T

DN 11.8000e-2 | 8.0004e-3 [ 3.0108e-3 [ 1.1106e-3 | 3.9050e-4 | 1.3419e-4
pY | 1.1699 1.4099 1.4385 1.5089 1.5410 -

SN 11.2549e-1 | 8.3974e-2 | 4.8036e-2 | 2.1621e-2 | 8.1242e-3 | 2.7595¢-3
rN | 05795 0.8058 1.1517 1.4121 1.5578 -
HDS-II
DN T2.4857¢-2 [ 9.2016e-3 | 3.1824e-3 | 1.0849e-3 | 3.4942¢-4 | 1.3259¢-4
pV | 14337 1.5318 1.5526 1.6345 1.3259 -

SN 11.4054e-1 | 9.0605e-2 | 4.6597e-2 | 1.9953e-2 | 7.3446e-3 | 2.3112e-3
rV | 0.6363 0.9593 1.2236 1.4418 1.6680 -

TABLE 2. Values of DV, p™V and SN, rN for the Example 2

Number of mesh points N
32 [ 64 [ 128 [ 256 [ 512 | 1024
HDS-T

DN 11.8730e-2 | 8.4711e-3 [ 3.1172¢-3 | 1.0470e-3 | 3.3521e-4 | 1.0136e-4
pN | 11447 1.4423 1.5740 1.6481 1.7256 -

SN 171.2489¢-1 | 7.3523e-2 | 3.4575¢-2 | 1.5510e-2 | 6.1005¢-3 | 2.0632¢-3
rN | 0.7643 1.0885 1.1565 1.3462 1.5640 -
HDS-II
DN 12.4340e-2 | 9.0718¢-3 | 3.1161e-3 | 1.0627¢-3 | 3.4299e-4 | 1.2923c-4
pV | 14239 1.5416 1.5520 1.6315 1.4082 -

SN 1'1.3596e-1 | 8.8353e-2 | 4.5690e-2 | 1.9637¢-2 | 7.2455e-3 | 2.2515¢-3
rN | 06218 0.9514 1.2183 1.4384 1.6862 -
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FicUrRE 1. Approzimate solution and error for the methods
HDS-I and HDS-II of the Example 1 for e = 2710 with N = 128.

FIGURE 2. Approximate solution and error for the methods
HDS-I and HDS-II of the Example 2 for e = 2710 with N = 128.

////////////////

2 tog, (N)
log (1) log, (1)

FIGURE 3. Surface plots of the mazimum pointwise errors as
a function of N and € for the solution generated by methods
HDS-I and HDS-II of the Example 1.

From the tables, the performance of the two schemes appears to be almost the
same but these two schemes are derived from different methods. It is expected
that they may significantly differ for certain problems as the truncation error
derived for HDS - II is smaller than HDS - 1.

In Fig 3, the maximum pointwise errors DY at the mesh points for the
Example 1 are plotted as function of N and . Note that for all values of
e € {2719...,2735} that is, the case ¢ < N~!, the error decreases steadily
with increasing N whereas for all values of e € {271, ...,279}, that is, the case
e > N7, the error increases and the ridge of persistent error is immediately
apparent.
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7. CONCLUSION

A mixed type singularly perturbed one dimensional elliptic problem with
discontinuous source term was examined. The domain under consideration was
partitioned into two subdomains. A convection-diffusion and a reaction-diffusion
type equations are posed on the first and second subdomains respectively. Two
hybrid difference schemes on the Shishkin mesh were constructed for solving this
problem which generates almost second order e—uniform convergent numerical
approximation to the solution as well as to the scaled first derivative of the
solution. Numerical results were presented which are in agreement with the
theoretical results.
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