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ON CONVERGENCE FOR THE GR,-INTEGRAL

GWANG SIK EuN* AND JUu HAN YooN**

ABSTRACT. In this paper, we study some convergence results for
the GRy-integral.

1. Introduction and preliminaries

In [1], S. Pal, D. K. Ganguly and Lee Peng Yee introduced the G Ry-
integral. It is a Stieltjes type integral which for £ = 1 includes classical
Henstock Stieltjes integral in particular case. In [1], some elementary
results for the GRp-integral and also analogue of the Saks-Henstone
lemma are studied.

In this paper, we obtain some convergence results for the G Ri-integral.

Let k be a fixed positive integer and § be a positive function defined
on [a,b]. We shall have a division D of [a,b] given by a = 29 < 71 <
-+ < xp, = b with associated points {£o, &1, ,&n—k } satisfying

& € [xi, wipr] C (& —6(&),& +6(&)) fori =0,1,--- ,n—k

a 0*-fine division of [a,b]. For a given positive §, we denote a §*-fine
division D by {[z;, ziyk],& }i=0,1, n—k- When k = 1, it coincides with
the usual definition of d-fine division.

In [1], the GRy-integral is defined as follows:

DEFINITION 1.1. Let ¢ be real-valued function defined on a closed
interval [a,b]**! in the (k + 1)-dimensional space, and f a real-valued
function defined on [a, b]. We say that f is GRj-integrable with respect
to g to I on [a,b] if for every ¢ > 0 there is a function §(§) > 0 for
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¢ € [a,b] such that for any §*-fine division D = {[z;, zi1 4], & bizo.1, n—k

we have
n—=k

1> F&)g(wi - i) — 1| <e.
i=0
We shall denote the above Riemann sum by s(f,g; D). If f is inte-
grable with respect to ¢ in the above sense, we write (f,g) € GRy|a, b]
and denote the integral by fab fdg.
Let x € [x;, x;4k] where x; < zj41 < -++ < ;4. The jump of g at z,
denoted by J(g; ), is defined by

T;—T, Tjpp—T

if the limit exists finitely.

Let [a;, bi], ¢ = 1,2, -+, p be pairwise non-overlapping, and UY_, [a;, b;]
C [a,b]. Then {D;};—13.... , is said to be a §*-fine partial division of [a, b]
if each Dj; is a 6*-fine division of [a;, b;]. Its corresponding partial Rie-
mann sum is given by > °_, s(f, g; D;).

With this notion of partial division we have proved in [1] the following
theorem.

THEOREM 1.2 (Saks-Henstone lemma analogue for G Ry-integral). If
(f,9) € GRi[a,b] and J(g;c) exists for all ¢ € (a,b), then for every € > 0
there exists a positive function ¢ on [a, b] such that for any 6*-fine partial
division {Di}i:1,2,--~,p of [CL, b]

|5(f,9; D) = F(a,b)| < e and | {s(f,9;Ds) = Flas bi)}| < (k+1)e
=1

where D; is a 6F-fine division of [a;,b;] and F(u,v) denotes the GRy-
integral on [u,v] C [a, b].

2. Some results of convergence theorems for G Ri-integral

DEFINITION 2.1. For X C [a,b], we define

%k(X) = infsup Z ’g(.’Ez, ' 7',177:-0—]{?)‘7
* D {ex

where supremum is taken over all §*-fine partial division D = {[x;, z;11],
§iti=0,1, m—k With § € X
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X C [a,b] is said to be of gF-variation zero if ng(X) = 0. Let g be a
function from [a, b)**! to R. Then g is said to be of BV*[a,b] if ng [a, b]
is finite. Also g is said to be BVFG(X) if X = U2, X, such that g is
BVk(X;) for each j. Clearly, g is of BV*[a,b] 1f there exists a positive
function 6 on [a,b] and M € R such that ) ;" Mlg(es, - xigw)| < M
for any 6*-fine partial division D = {[x;, 211, 51}170,17 . n—k of [a,b].

A property is said to hold ¢* a.e. if it holds everywhere in [a, b] except
on set of gF-variation zero.

THEOREM 2.2. If f =0 g*a.c., then (f,g) € GRy[a,b] and [ fdg =
0.

Proof. Let f(z) = 0 for all z € [a,b] except for a set X of gk-
variation zero and let X; = {z € X : i —1 < |f(2)| <i},i=1,2,---
So X; € X and X = U;—1X;, and ng(XZ-) =0 for i = 1,2,---.
Hence given € > 0, for each ¢ € N, there exists 0;(z) > 0 defined on
[a,b] such that Zgjexi lg(zj, -+ wjpp)| < 77 fori = 1,2,---, D =
{l@i, Titk)s & tiz01 - m—k Of [a,b]. We define §(x) = d;(x) for z € X;
and 1 otherwise. Let D = {[yj,y;j+x],7j}j=01,.. n—k be a 6*-fine partial
division of [a,b]. Then

> €
‘ f797 |_|an] y]77y]+k)‘<zg_
njeX i=1
Thus (f, g) € GRyla,b] and [’ fdg = 0. O

COROLLARY 2.3. If f is GRy-integrable with respect to g to I on
[a,b] and f = h g*a.e. in [a,b], then h is GRy-integrable with respect
to g to I on [a,b] and f; fdg = f; hdg.

We now give some convergence theorems for the G Rg-integral.

DEFINITION 2.4. Let (fn, g) € GRya,b]. {(fn, g)} is said be equi-
GRy-integrable on [a, b] if for all € > 0 there exists d(z) > 0, = € [a, ]
such that

$(fn, 9; D / fndg| < e,

for all n, whenever D = {[x;, zi1], & }iz0,1.o n—k 1S @ §k-fine division of
[a, b)].

THEOREM 2.5. Let g € BV¥[a,b]. If (i) {(fn, g)} is said to be equi-
GRy-integrable (i) f, — f a.e on [a,b], then (f,g9) € GRyla,b] and

f: fdg =lim, f; fndg.
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Proof. We may assume that f,(z) — f(z) for each x € [a,b]. Since
{(fn,9)} is said to be equi-G Ry-integrable, for € > 0 there exists d; (z) >
0 for x € [a,b] independent n such that |s(f,, g; D) — Ay| < €, for all 6¥-
fine division D = {[zi, i1], & tizo.1,-.. n—k Of [a, b] where A, = f; fndg.
Also since g € BV¥]a, b], there exists d(x) > 0 for z € [a,b] and M >0
such that Z?;ok lg(zi,- - ,xi1k)| < M for any 65-fine partial division
D = {[z;, xiyk], & }i=01, n—k Of [a,b]. Define §(z) = min{d;(x), d2(z) :
z € [a,b]}. Let D = {[&;,zi1x), & }iz01, n—k Of [a,b] be a §*-fine divi-
sion of [a,b] and let A = {§ : 0 < i < n — k}. Since f,(z) — f(z) for
each € [a,b], we can find N such that | f,,(£) — f(§)| < 47 for alln > Ny
and for all £ € A. So for all n > N we have |s(fp, g; D) —s(f, g; D)| < e.
Now for m, n > N,

|An - Am| < |5(fma 95D) - Am| + |S(fma Q;D) - S(fna g; D)|
+8(fns g D) — An| < 4e.
So {A,} is a Cauchy sequence. Let A = lim,,_,o A,. Then there

exists K > N such that \fabfndg—A\ <eforalln > K. Foralln > K,
we have

1s(f, g:D) = Al < |8(fas g D) = Aul + [5(fn, 9; D) — s(f, g; D)
+|An, — A < 3e.

Thus (f, g) € GRy[a,b] and f;’fdg = limy, o0 f; fndg. O

THEOREM 2.6. (Uniform Convergence Theorem) Let g € BV
[a,b] and {f,}2, be a sequence of functions defined on |a,b] such that
(fn,9) € GRgla,b] for alln = 1,2,---. If {f,} is uniformly convergent

to f asn — oo, then (f,g) € GRya,b] and fffdg = lim,, o0 f; fndg.

Proof. Since g € BV¥[a,b], there exists d,(x) > 0 for 2 € [a,b] and
M > 0 such that Z:‘L;ok lg(zi, - ,xzi1k)| < M for any 6¥-fine partial
division D = {[zs, Ziyk], & }i=01, m—k Of [a,b]. Let A, = ff fndg and
let € > 0. Since (fn, g) € GRgla,b] for all n = 1,2,---. there exists
Sn(x) > 0 for = € [a,b] such that |s(f,, g; Dn) — An| < €, for all §%-
fine division Dy, = {[zi, it#], & }iz=0.1, n—k Of [a,b] with 6, < 0.. We
may assume that 6,41 < d, for all n. Also, since {f,} is uniformly
convergent to f, there exists N such that sup,<, < | fn(7) — fin(2)] < 37
and sup,<,<p |fu(®) — f(z)] < 7 for m,n > N. For m,n > N we
assume that n > m, then we have

’An - Am’ S |An - S(fnv g;Dn)| + ‘S(fna g; Dn) - S(fm; g;Dm)|
+I5(fms 9 D) — Am| < 3e
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Thus { A, }is a Cauchy sequence in R and A = lim,,,, A,. Now we can
find a positive integer £ > N such that for n < k we have |4,, — A| < e.
Define 6(z) = 6x(z) for € [a,b]. Then for any §*-fine division D =
{[zi, Titk), &itizo,1, n—k of [a,b] we have

s(f,9: D)—A| < [s(f, 9; D)—=5(fx, 9; D)|+|5(fx, 9; D) — Ag |+ Ax—A| < 3e
Thus (f,g) € GR[a,b] and f;fdg = limy, o0 fr dg. O
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