JOURNAL OF THE
CHUNGCHEONG MATHEMATICAL SOCIETY
Velume 28, No. 1, March 2010

TRANSITIVE SETS WITH DOMINATED SPLITTING
MANSEOB LEE®

ABSTRACT. Let A be a transitive set for f. In this paper. we show
that if a f-invariant set A has the C-stably shadowing property.
then A admits a dominated splitting.

1. Introduction

It has been a main subject in differentiable dynamical systems during
last decades to understand the influence of a robust dynaric property
on the behavior of the tangent map of the system. Also, the notion of
pseudo-orbits often appears in the several branches of modern theory of
dynamical systems, and shadowing property usually plays an important
role in the investigation of stability theory and ergodic theory as well
as expansivity. In [4], the authors proved that C'-generically, if f has
the C'l-stably weak shadowing property on a chain transitive set then it
admits a dominated splitting. And [5]. M. Lee proved that if f has the
Cl-stably average shadowing property on a transitive set then it admits
a dominated splitting.

Let A be a closed (> manifold, and let Diff(Af) be the space of
diffeomorphisms of M endowed with the C'-topology. Denote by d the
distance on M induced from a Riemannian metric || - || on the tangent
bundle TAf.

For & > 0, a sequence of points {2;}.ez 18 called a §-pseudo-orbit of
f e Diff (M) if d(f(x).xi41) < dforalli e Z. Let A C M he a closed
and f-invariant set. We say that f|y has the shadowing property if for
every € > 0, there is § > 0 such that for any d-pseudo-orbit {z;};cz C A,
there is y € A such that d{f™(y), 2.} < ¢ for all n € Z. We say that
f has the shadowing property it Al = A in the above definition. Note
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that f has the shadowing property if and only if f™ has the shadowing
property for n € Z\ {0}.

We say that A is locally maximal if there is a compact neighhorhood

U7 of A such that

[ /() = AU).

nex
We say that A admits a dominated splitting if the tangent bundle Ty Af
has a continuous D f-invariant splitting E= F and there exists constants
> 0 and 0 < A < 1 such that

1Def | el - 1P ™ [ ppmienll < CA®

forall2 € Aand n > 0.

DEFINITION 1.1. We say that f has the Cl-stably shadowing prop-
erty on A if there exists a C'l-neighborhood U{f) of f and a compact
neighborhood 7 of A such that:

- A is locally maximal,
- for any ¢ € U(f). gla,qr) has the shadowing property, where
Ag(U) = N,z ¢ (17} and which is called the continuation of A.

DEFINITION 1.2. Let A be a closed f-invariant set. A splitting Ta M =
E = F is called a I-dominated splitting for a positive integer [ if £ and
F are Df-invariant and

”‘[)ftlE(:{')”/TH'(I)fllP(:L'_\.) = 5"

for all 2 € A, where m(A) = inf{
of a linear map A.

N |

Ar| - ||2|| = 1} denotes the mininorm

We say that A is called a fransitive set for f if there exists a point
x € A such that w(2) = A.

THEOREM A. Let A be a transitive set. If f has the C'-stably shed-
owing property on A, then A admits a dominated splitting.

2. Preliminary known-results

Let A be as before, and let f & Diff (A).

LEMMA 2.1. [3] Let U{f) be any given (''-neighborhood of f. Then
there exists € > 0 and a (''-neighborhood Us(f) C U(f) of f such that
for given ¢ € Ul f}. a finite set {x),ra, - ,rnx}. a neighborhood [7
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of {&1.02. -+ L} and linear maps L; « T, M — Tornn M satisfying
|L; — Dogll < ¢ for all 1 < i < N, there exists § € U(f) such that
glxy = glxy ifx € {ewp, - cant U AMANU) and Dyg = L; for all
1 <+<N.

We use Mané’s result which is on a uniformly family of periodic se-
quences of linear maps of R*(n = dimdf). Let (L{n) be the group
of linear isomorphisms of R™. If a sequence £ 1 Z — GL{n) is peri-
odic if there i3 £ > 0 such that 4 = & for & € Z. We call a finite
subset A = {& 00 < i <k — 1} C GL(n) is a periodic family with
period k. For a periodic family A = {& : 0 < i < n — 1}, we denote
Ca=E—128—20 " 0&.

DEFINITION 2.2. We say that the periodic family 4 = {0 <i <
n— 1} admits a I~dominated splitting, if there is a splitting R* = E<
which satisfies:

{a) F and F are C4 invariant, i.e., Ca(E) = E and C4{(F') = F,
{(b) Forany £ =0.1,2. -,
[§p4im10- o0& o&lal 1
M&epi—10 0 &1 9&klR) T 2
where By = {1080 - -08(E) and Fi, = r_108p_z0- - -0&(F).

1 o~

We know following theorems for periodic family from [2].

THEOREM 2.3. Given any ¢ > (0 and K > 0, there is 7y = 0 which
satisfies the following property: Given any periodic family A = {£&,:0 <
i <n— 1} which satisfies the period n > ny and max{||&]|. |71} < K.
foralli =0,1. - ,n, one can find a periodic family B = {(; : 0 <n—-1}
such that max{||G — &Gl I — 7MY < e forany i = 0.1, -+ .n — 1.
and det(C 4) = det(Cp} and the eigenvalues of Cp are all real, multiplicity
one and different moduli.

THEOREM 2.4. Given any € > 0 and K > (), there Is positive integers
ny 2 0 and ! = 0 which satisfies the following property: Given any
periodic family A = {& : 0 < i < n — 1} which satisfies the period
n > ng and max{|| & |67 < K, foralli=0.1.--- .n— 1, if A does
not admits any [-dominated splitting. then one can find a periodic family
B ={C.Cl.- . Cam1} such that max{||¢; = &[T = €72} < ¢, for
anvi=0,1.--.n—=1, and det{C 4} = det(Cg) and the eigenvalues of Cr
are all real. and have same modulus.

To prove Theorem A, we need another lemma about uniformly con-
tracting family. Let A = {& :0 < ¢ < k — 1} € GL(n) be a periodic
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family. We say the sequence A is uniformly contracting farnily if there is
a constant ¢ > 0 such that for any d-perturbation of A are sink..i.e, for
any B={¢:0<i<k—1} with || —&]| < é. all eigenvalue of Cg have
moduli legs than 1. Similarly, we can define the uniformly expanding
periodic family.

3. Proof of Theorem A

In this section, we will use the notation of pre-sink (pre-source). A
periodic point p is called a pre-sink (pre-source) if DT (p) has an
multiplicity one eigenvalue equal to +1 or —1 and the other eigenvalues
has norm less than 1(bigger than 1).

PrROPOSITION 3.1. Let A be a transitive set for f. Then if f has the
Cl-stably shadowing property on A, then we can choose natural numbers
N and I such that for any n > N, P, admits a I-dominated splitting.

Proposition 3.1 can be obtained by Lemmas 3.2 and 3.5. Let A be
a closed f-invariant set. Suppose f has the Cl-stably shadowing prop-
erty on A. There exist a C'l-neighborhood U{f) of f and a compact
neighborhood {7 of A.

LEMMA 3.2, Let A be a transitive set of f € DIff(A). and let U(f)
and U7 as in above. If f has the C' stably shadowing property on A.
then for any ¢ € U(f). g has neither pre-sink nor pre-sources with the
orbit staying in UV,

Proof. Suppose that f has the Cl-stably shadowing property on A.
Then there are a C''-neighborhood U(f) of f and a compact neighbor-
hood I7 of A such that for any g € U(f). ¢ has the shadowing property
on Ag(l7) = M,z ¢ (I). Assume that there is ¢ € 24(f) such that g has
a pre-sink p with O(p) C V. For simplicity, we may assume p is fixed
point of g{other case is similar).

By making use of the Lemma 2.1, we linearize ¢ at p with respect
to the exponential coordinates exp,,. L.e. choose €1 > 0 and « > 0 with
Ba(p) C U and there exists g1 Cl-enearby ¢ such that

ai() exp, o Dpg{p) o exp;'(;r) if v € Bua(p),
ir) = : .
g{z) if 2 & Bya(p).
Then g1(p) = g(p) = p.

Since p is pre-sink of ¢, D,g has a multiplicity one eigenvalue such

that |A| =1 and other eigenvalues of D,g are with modulus less than 1.
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Denote by Ej the eigenspace corresponding to A. and Ej the eigenspace
corresponding to the eigenvalues with modulus less than 1. Thus T, =

By Theorem 2.3, and Theorem 2.4, we consider A € R. Then dimE} =
1. For simplicity, we suppose that A = 1. Since the eigenvalue A = 1,
there is a small arc I, C Ba(p} Nexp,(E () center at p such that
g1lz, = id. where id is the identity map. Here ES(«) is the a-ball in B}
center at the origin Op. Clearly, Z, C Ay, (I7).

Since the above perturbation g, is C'!-close to f, ¢; is in U{f). There-
fore g, has the shadowing property on Ag, (I7). Let 0 < = < gdiam(Z,)

be arbitrary. Then there exists 0 < ¢ < 7 such that every d-psendo-orbit
1

£ of g1 in Ay, (I7) is 5e-shadowed by some point in .
Consider a é-pseudo-orbit & = {a;}ez of g as follows. Take the least
natural number £ such that 32 < kd. Fix k distinct points py, pe, - . ow

in Z, such that

Ldlp.py<édfori=1,-- k-1,
2. ;= pand d{py. ) > 3=

Define £ = {&i}icz by 2piy; =psfor i€ Zand j=1.---  k—1.

Since g1 has the shadowing property on Ag (I7). g1|z, has the shad-
owing property. Therefore we can find a point in A/ shadowing the
pseudo-orbit & for g;. And the shadowing point is in Z, or in M\ Z,.
Note that the identity map on small arc does not have the shadowing
property. In case that the shadowing point is in Z,, it is easily checked
that the g|z, does not have the shadowing property.

So the shadowing point should be contained in A\ Z,. Since p is
pre-sink, gi(z) = Zp, as k = oc, for any z € M\ T,. Let z € M\ T,
be a shadowing point of the pseudo-orbit € of ¢;. Then we can choose a
point w € T, and n > 0 such that ¢™(2) € Bs(w) for ny = n. Since the
d-pseudo-orbit £ of ¢ is a subset of Z,,, we can choose m > 0 such that
dlg™(z). 1) = %-—: for some a; € £&. Thus g, does not have the shadowing
property on Ag, (7). This is a contradiction. O

REMARK 3.3. Let A be a transitive set. There exist a sequence
{gn Fnen of diffeomorphism and a periodic orbit B, of ¢, with period
7(B,) — oc as n — oc such that g, — f in the Cl-topology and
lim g P, = A, where limg is Hausdorff limit and =(F,) is period of F,.

By Remark 3.3, we can choose p, € F, such that we get a periodic
falnil}' ./4” = {D-p” f’ Df{p”}j‘; T D}‘W[Pn]_l(pn}-}r}'
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LEmMA 3.4, [4] Let A, P, be as in Remark 3.3, and A,, he given
in above. Then for any € > 0 there exists a no(e) > 0 such that for
any n > np(e). A, Is neither e-uniformly contracting nor e-uniformly
expanding.

Let Up(f} be given by Lemma 3.2, and let ¢ € U\ (f). We consider a
periodic family of linear maps A = {Dpg : for any p € P(g) N A {U7)}.
Let B = {&, : forany p € P{g)NA(L7}} be a family of periodic sequence
of linear maps close to A, and for any p € P(g) N A (7}, consider the
linear map

CB = £gffp]—l.:p) Q-0 ‘Ep-.
and denote by A:(Cg). A,(Cs) its eigenvalues. And g, is a linear map

nearby Dyiing for 0 <1 < w(p} — 1 and |As(Cp)| < [A(CB)|-

LEMMA 3.5. [4] Let P,,A be as in Remark 3.3. Then for any ¢ >
0 there are n(e),{(¢) > 0 such that for anyv n > n{¢) if F, does not
admits a I{¢) dominated splitting, then we can choose g C'l-nearhy f
and preserving the orbit of P, such that F, is pre-sink or pre-source
respecting 4.

PROPOSITION 3.6. [1] Let g, convergent to f and if Ay, be a closed
gn-invariant set of gn and lim Ay, = A. Then if Ay, admits a l-dominated
splitting respecting g¢,. then A admits a l-dominated splitting respecting

1.

End of the proof of Theorem A4: Suppose that f has the (-stably
shadowing property on transitive set A. Then hy Proposition 3.1, we can
choose N, ! > 0 such that for any n > N, P, admits a dominated split-
ting. And by Remark 3.3 and Proposition 3.6, A admits a {~dominated
splitting.
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