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TRANSITIVE SETS WITH DOMINATED SPLITTING

Manseob Lee*

Abstract. Let A be a transitive set for f. In this paper, we show 
that if a f-invariant set A has the C丄-stably shadowing property, 
then A admits a dominated splitting.

1. Introduction

It has been a main subject in differentiable dynamical systems during 

last decades to understand the influence of a robust dynamic property 

on the behavior of the tangent map of the system. Also, the notion of 

pseudo-orbits often appears in the several branches of modern theory of 

dynamical systems, and shadowing property usually plays an important 

role in the investigation of stability theory and ergodic theory as well 
as expansivity. In [4], the authors proved that C1-generically, if f has 

the C 1-stably weak shadowing property on a chain transitive set then it 

admits a dominated splitting. And [5], M. Lee proved that if f has the 
C 1-stably average shadowing property on a transitive set then it admits 

a dominated splitting.

Let M be a closed C1 manifold, and let Diff(M) be the space of 
diffeomorphisms of M endowed with the C1-topology. Denote by d the 

distance on M induced from a Riemannian metric ，on the tangent 

bundle TM.

For 5 > 0, a sequence of points {xi}iEz is called a 5-pseudo-orbit of 

f G Diff(M) if d(f (的),的+1) < 5 for all i G Z. Let A c M be a closed 

and f-invariant set. We say that f |a has the shadowing property if for 

every e > 0, there is 5 > 0 such that for any 5-pseudo-orbit {xi}iEz C A, 

there is y G M such that d(fn(y),Xn) < e for all n G Z. We say that 

f has the shadowing property if M = A in the above definition. Note
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that f has the shadowing property if and only if fn has the shadowing 

property for n E Z \{0}.

We say that A is locally maximal if there is a compact neighborhood 

U of A such that

「|fn (U )=A(U).

n2Z
We say that A admits a dominated splitting if the tangent bundle T^M 

has a continuous Df-invariant splitting E ® F and there exists constants 

C > 0 and 0 <、人 < 1 such that

IID.f %(x)IHDxf "n\F (f S)M C>*

for all x E A and n > 0.

Definition 1.1. We say that f has the C' -stably shadowing prop

erty on A if there exists a C'-neighborhood U(f) of f and a compact 

neighborhood U of A such that:

-A is locally maximal,

-for any g E U(f), g\^g(u) has the shadowing property, where 

Ag(U) = P|gz gn(U) and which is called the continuation of A.

Definition 1.2. Let Abea closed f-invariant set. A splitting T^M = 

E ® F is called a /-dominated splitting for a positive integer l if E and 

F are Df -invariant and

llDfl\E(x)II/m(Df 1\f(x)) M 2,

for all x E A, where m(A) = inf{||A씨| : ||씨| = 1} denotes the mininorm 

of a linear map A.

We say that A is called a transitive set for f if there exists a point 

x E A such that 心(x) = A.

Theorem A. Let A be a transitive set. If f has the C'-stably shad

owing property on A, then A admits a dominated splitting.

2. Preliminary known-results

Let M be as before, and let f E Diff(M).

Lemma 2.1. [3] Let U(f) be any given C'-neighborhood of f. Then 

there exists e > 0 and a C1-neighborhood Uo(f) C U(f) of f such that 

for given g E Uo(f), a finite set {xi,x2, ,…,xn}, a neighborhood U 
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of {xi,X2,，…,xn} and linear maps L : TXiM t Tg(x.)M satisfying 

||Li — Dxig|| < c for all 1 < i < N, there exists g C U(f) such that 

@(x) = g(x) if x C {xi,X2, - - - , xn} U (M \ U) and Dxig = Li for all 

1 < i < N.

We use Mane’s result which is on a uniformly family of periodic se

quences of linear maps of Rn(n = dimM). Let GL(n) be the group 

of linear isomorphisms of Rn. If a sequence £ : Z t GL(n) is peri

odic if there is k > 0 such that £j+k = & for k C Z. We call a finite 

subset A = {& : 0 < i < k — 1} C GL(n) is a periodic family with 

period k. For a periodic family A = {& : 0 < i < n — 1}, we denote 

Ca = £n-1 ◦ £n-2 e &.

Definition 2.2. We say that the periodic family A = {& : 0 < i < 

n — 1} admits a /-dominated splitting, if there is a splitting Rn = E ® F 

which satisfies:

(a) E and F are Ca invariant, i.e., Ca(E) = E and Ca(F) = F,
(b) For any k = 0,1, 2,…,

||&+Z—1。…。&+1 o £k^Ek |l 1

m任k+i—i ◦ ■■ ■◦ £k+i o £k ^Fk) — 2'

where Ek = &—io&一2。…•◦ &(E) and Fk = i。&—2o* - •。&(F).

We know following theorems for periodic family from [2].

Theorem 2.3. Given any c > 0 and K > 0, there is ni > 0 which 

satisfies the following property: Given any periodic family A = {& : 0 < 
i < n — 1} which satisfies the period n > ni and max{||&||, ||&T||} < K, 

for all i = 0,1, ,…,n, one can find a periodic family B = {Zi : 0 < n — 1} 

such that max{||G — &||, ||<尸—頒"} < c, for any i = 0,1,…,n — 1, 

and det(C^) = det(C^) and the eigenvalues of Cb are all real, multiplicity 

one and different moduli.

Theorem 2.4. Given any c > 0 and K > 0, there is positive integers 

n2 > 0 and I > 0 which satisfies the following property: Given any 

periodic family A = {& : 0 < i < n — 1} which satisfies the period 
n > n2 and max{||&||, ||&T||} < K, for all i = 0,1,…,n — 1, if A does 

not admits any l-dominated splitting, then one can find a periodic family 

B = {Zo,Zi,…，Zn-i} such that max{||G — &||, ||<尸—頒"} < c, for 

any i = 0,1, ,…,n — 1, and det(C^) = det(C^) and the eigenvalues of Cb 
are all real, and have same modulus.

To prove Theorem A, we need another lemma about uniformly con

tracting family. Let A = {& : 0 < i < k — 1} C GL(n) be a periodic 



68 Manseob Lee

family. We say the sequence A is uniformly contracting family if there is 

a constant d > 0 such that for any 5-perturbation of A are sink,.i.e, for 

any B = {Zi : 0 < i < k — 1} with ||G — &|| < 5, all eigenvalue of Cb have 

moduli less than 1. Similarly, we can define the uniformly expanding 

periodic family.

3. Proof of Theorem A

In this section, we will use the notation of pre-sink (pre-source). A 
periodic point p is called a pre-sink (pre-source) if Df”(p)(p) has an 

multiplicity one eigenvalue equal to +1 or —1 and the other eigenvalues 

has norm less than 1(bigger than 1).

Proposition 3.1. Let A be a transitive set for f. Then if f has the 
C 1-stably shadowing property on A, then we can choose natural numbers 

N and l such that fbr any n > N,Pn admits a l-dominated splitting.

Proposition 3.1 can be obtained by Lemmas 3.2 and 3.5. Let A be 
a closed f-invariant set. Suppose f has the C 1-stably shadowing prop

erty on A. There exist a C 1-neighborhood U(f) of f and a compact 

neighborhood U of A.

Lemma 3.2. Let A be a transitive set of f C Diff(M), and let U(f) 
and U as in above. If f has the C1 stably shadowing property on A, 

then for any g C U(f), g has neither pre-sink nor pre-sources with the 

orbit staying in U.

Proof. Suppose that f has the C1 -stably shadowing property on A. 

Then there are a C 1-neighborhood U(f) of f and a compact neighbor

hood U of A such that for any g C U(f), g has the shadowing property 

on Ag(U) = Plnczgn(U). Assume that there is g C U(f) such that g has 

a pre-sink p with O(p) C U. For simplicity, we may assume p is fixed 

point of g(other case is similar).

By making use of the Lemma 2.1, we linearize g at p with respect 

to the exponential coordinates expp, i.e, choose 口 > 0 and a > 0 with 

Ba(p) C U and there exists gi C1-qnearby g such that

() f expp o Dpg(p) o exppT(x) if x C Ba(p),

"x \g(x) if x C Bia(p).

Then g1(p) = g(p) = p.

Since p is pre-sink of g, Dpg has a multiplicity one eigenvalue such 

that I 시 = 1 and other eigenvalues of Dpg are with modulus less than 1. 
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Denote by Ep the eigenspace corresponding to 入,and Ep the eigenspace 

corresponding to the eigenvalues with modulus less than 1. Thus TpM = 

Ep ® Ep.

By Theorem 2.3, and Theorem 2.4, we consider 入 G R. Then dimEp =
1. For simplicity, we suppose that 入=1. Since the eigenvalue 入=1, 

there is a small arc Ip C Ba(p) A expp(Ep(a)) center at p such that 

gi\ip = id, where id is the identity map. Here Ep (a) is the a-ball in Ep 
center at the origin Op. Clearly, Ip C AP1 (U).

Since the above perturbation gi is C 1-close to f, gi is in U(f). There

fore gi has the shadowing property on Ag1 (U). Let 0 < 色 < §diam(Ip) 

be arbitrary. Then there exists 0 < 5 < 4 such that every 5-pseudo-orbit 

& of gi in Agi (U) is §e-shadowed by some point in M.

Consider a 5-pseudo-orbit & = {xi}iEz of gi as follows. Take the least 

natural number k such that 3e < k5. Fix k distinct points pi,p2, - - - ,Pk 
in Ip such that

1. d(pi,pi+i) < 5 for i = 1,…，,k - 1,

2. pi = p and d(pi,pk) > 3e.

Define & = {xi}iEz by Xki+j = pj for i G Z and j = 1,…,k - 1.

Since gi has the shadowing property on Ag1 (U), gi\ip has the shad

owing property. Therefore we can find a point in M shadowing the 

pseudo-orbit & for g《. And the shadowing point is in Ip or in M \ Ip. 

Note that the identity map on small arc does not have the shadowing 

property. In case that the shadowing point is in Ip, it is easily checked 

that the gi\ip does not have the shadowing property.

So the shadowing point should be contained in M \ Ip . Since p is 

pre-sink, g：(z) Up, as k — x, for any z G M \ Ip. Let z G M \ Ip 

be a shadowing point of the pseudo-orbit & of g1. Then we can choose a 

point w G Ip and n > 0 such that gn1 (z) G B5 (w) for ni > n. Since the 

5-pseudo-orbit & of gi is a subset of Ip, we can choose m > 0 such that 
d(gm(z), Xi) > 2色 for some Xi G &. Thus gi does not have the shadowing 

property on Ag1 (U). This is a contradiction. 口

Remark 3.3. Let A be a transitive set. There exist a sequence 

{gn}n2N of diffeomorphism and a periodic orbit Pn of gn with period 
n(Pn) — x as n — x such that gn — f in the C-1-topology and 

lim hPn = A, where lim^ is Hausdorff limit and n(Pn) is period of Pn.

By Remark 3.3, we can choose pn G Pn such that we get a periodic 

family An = {Dpn f, Df pf ■■- , Df K(pn)-1(pn)f}.
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Lemma 3.4. [4] Let A, Pn be as in Remark 3.3, and An be given 

in above. Then for any e > 0 there exists a no(c) > 0 such that for 

any n > no(e), An is neither e-uniformly contracting nor e-uniformly 

expanding.

Let Uo(f) be given by Lemma 3.2, and let g E "i(f). We consider a 

periodic family of linear maps A = {Dpg : for any p E P(g) A Ag(U)}. 

Let B = {& : for any p E P(g) AAg(U)} be a family of periodic sequence 

of linear maps close to A, and for any p E P(g) A Ag(U), consider the 

linear map

cb =財P)_i(p)°---° £ 

and denote by Xs(Cb), ^u(Cb) its eigenvalues. And 為皿 is a linear map 

nearby Dgi(p)g for 0 < i < n(p) — 1 and \Xs(Cb)| < *(*)|.

Lemma 3.5. [4] Let Pn, A be as in Remark 3.3. Then for any e > 

0 there are n(e),l(e) > 0 such that for any n > n(e) if Pn does not 
admits a l(e) dominated splitting, then we can choose g C1-nearby f 

and preserving the orbit of Pn such that Pn is pre-sink or pre-source 

respecting g.

Proposition 3.6. [1] Let gn convergent to f and if Agn be a closed 

gn-invariant set of gn and lim Agn = A. Then if Agn admits a l-dominated 

splitting respecting gn, then A admits a l-dominated splitting respecting 

f.

End of the proof of Theorem A: Suppose that f has the C 1-stably 

shadowing property on transitive set A. Then by Proposition 3.1, we can 

choose N,l > 0 such that for any n > N,Pn admits a dominated split

ting. And by Remark 3.3 and Proposition 3.6, A admits a l-dominated 

splitting.

References

[1] C. Bonatti, L. J. Diaz and E. Pujals, A C1 -generic dichotomy for diffeomor- 
phisms: weak forms of hyperbolicity or infinitely many sinks or sources, Annals 
of Math. 158 (2003), 187-222.

[2] C. Bonatti, N. Gourmelon and T. Vivier Perturbations of the derivative along 
periodic orbits, Ergodi. Th. & Dynm. Syst 26 (2006), 1307-1337.

[3] J. Franks, Necessary conditions for stability of diffeomorphisms, Trans. Amer. 
Math. Soc. 158 (1971), 301-308.

[4] K. Lee, G. Lu and X. Wen, C1-stably weak shadowing property of chain tran
sitive sets, preprint.

[5] M. Lee, Diffeomorphisms with C1 -stably average shadowing , preprint.
祠 R. Mane, An ergodic closing lemma, Ann. Math. 116 (1982), 503-540.



Transitive sets with dominated splitting 71

*

Department of Mathematics

Mokwon University

Daejeon 302-729, Republic of Korea

E-mail: lmsds@mokwon.ac.kr

mailto:lmsds@mokwon.ac.kr

