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LINEAR «DERIVATIONS ON C*-ALGEBRAS

CHOONKIL PARK*, JUNG RYE LEE**, AND SUNG JIN LEE***

ABSTRACT. It is shown that for a derivation
k
flor - mjammipn - ap) = Y @ xiamien ok f ()
j=1

on a unital C*-algebra B, there exists a unique C-linear x-derivation
D : B — B near the derivation, by using the Hyers-Ulam-Rassias
stability of functional equations. The concept of Hyers-Ulam-Rassias
stability originated from the Th.M. Rassias’ stability theorem that
appeared in his paper: On the stability of the linear mapping in
Banach spaces, Proc. Amer. Math. Soc. 72 (1978), 297-300.

1. Introduction

Borelli [1] proved the Hyers-Ulam-Rassias stability problem of the
functional equation

D(zy) = 2D(y) + yD(x)

on the interval (0, 1], which is called a derivation, and Pales [5] proved the
stability of the functional equation for real-valued functions on [1,00).
Tabor [9] investigated the Hyers-Ulam-Rassias stability problem of the
functional equation for Banach space-valued functions and obtained the
following result: Let X be a Banach space with norm || - || and let
f:(0,1] — X be a mapping and 6 > 0. Suppose that

1f(zy) —xf(y) —yflz)| <0

for all z,y € (0,1]. Then there exists a derivation D : (0,1] — X such
that

1f(z) = D(x)]| < 4ed
for all z € (0,1].
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Let E1 and E9 be Banach spaces with norms ||-|| and ||-||, respectively.
Consider f : E1 — FE5 to be a mapping such that f(tx) is continuous in
t € R for each fixed x € F;. Assume that there exist constants 6§ > 0
and p € [0,1) such that

1f (2 +y) = f(@) = F)I < 0(=[[” + [lyl”)

for all z,y € E;. Th.M. Rassias [8] showed that there exists a unique
R-linear mapping T : F1 — FEs such that

26
2—-2p

1f(2) = T(z)]| <

[|[1P

for all x € E;. Gavruta [2] generalized the Th.M. Rassias’ result, and
Park [6] applied the Gavruta’s result to linear functional equations in
Banach modules over a C*-algebra. See [4, 7] for details.

Throughout this paper, let R* be the set of nonnegative real numbers
and k an integer greater than 1. Let BB be a unital C*-algebra with norm
|| - || and unitary group U(B).

In this paper, we prove that for a derivation

k

f($1 .o oee l‘j*lw‘]x]“”l DY l‘k‘) = Z '1:1 DY $J71$j+1 e xk/'f(x])
j=1

on a unital C*-algebra B, there exists a unique C-linear x-derivation
D : B — B near the derivation.

2. Stability of linear *-derivations on C*-algebras

We prove the Hyers-Ulam-Rassias stability of linear *-derivations on
C*-algebras.

THEOREM 2.1. Let f : B — B be a mapping satisfying

k

f(xl e ‘r]_lxjx]"rl ... l‘k) g Z xl ... x]_1$j+1 .. xkf(x])
j=1
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for which there exists a function ¢ : B¥ — [0, 00) such that
(1) @(1‘1, e 7$k) - Z k_](p(k]xlv T 7ijk’) < 00,

(i)

k k
T f (s )l = Hf(Zuxg Z (@)l < @, ),
(iii) ||f(k" ") - f( w)'[| < p(k"u, - k")

k times
forall y € T :={N € C| |\ =1}, allu € U(B), n = 0,1,---, and
all x1,---,z, € B. Then there exists a unique C-linear x-derivation
D : B — B such that

1
(iv) If(z) = D(@)ll < &z, )
k times
for all x € B.

Proof. Put u =1 € T!. Replacing x; by z in (ii) for all j = 1,--- , k,

we get,
[ (kx) — kf (@)l < oz, -, 2)

k times
for all x € B. So one can obtain that

15— ko)l < zola 1)

k times
and hence
1 n 1 n+1 1 n n
o FR2) = g F )] < (B, oK)
k times
for all x € B. So we get
1) 1@ = L) < LS Lo, k)
kn — k P Kl \%,’_/
- k times
for all x € B.
Let « be an element in B. For positive integers n and m with n > m,
n—1
1 n 1 m 1 1 l !
I/ (870) = G f G < 1 3 (il k),
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which tends to zero as m — oo by (i). So {%f(k"z)} is a Cauchy
sequence for all z € B. Since B is complete, the sequence { k%, f(k™x)}
converges for all z € B. We can define a mapping D : B — B by

) D(@) = lim — f(k"2)

n—oo kM

for all z € B.
By (i) and (2), we get

: 1 n n
ITaD(z1, -+ 2wl = lim D Taf (K 2y, K )|

forall x1,--- ,x € B. Hence ' D(z1,- -+ ,xx) = 0forall zq,-- -,z € B.
But by the assumption f(0) = 0. Putting 3 = -+ = x = 0, one can

obtain that D is additive. Moreover, by passing to the limit in (1) as
n — 00, we get the inequality (iv).
Now let S : B — B be another additive mapping satisfying

17(@) ~ 5@ < 13w )

k times

for all z € B.

1D (z) = S(z)|| = %IID(kll‘) — S(k'a)]

IN

1 1
EIID(klw) — f(E'z)| + y\lf(klft) — S(k'a)|
21 _ ., !
S Eﬁgp(kxv ,k]?),

k times
which tends to zero as | — oo by (i). Thus D(z) = S(z) for all x € B.
This proves the uniqueness of D.

By the assumption, for each p € T?,

1f (K" ) =k f (k" )| < o(R" - K" )

~
k times

for all x € B. And one can show that
I f (K"z) — kpf (K" )| < |p| - | f (K" 2) — kf(E" )|
S ('D(knflw7 e knflx)

k times
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for all 4 € T! and all z € B. So

1f (k" pz) — pf (K" @)l <||f (K" p) — kpof (k" )|
+ |k f (" ) — pf (K"a)|
<p(k" o, K" ) (B e R )

k times k times

for all p € T! and all x € B. Thus k|| f(k"uz) — pf(k"z)|| — 0 as
n — oo for all 4 € T' and all 2 € B. Hence

D(px) = lim fK" p) = lim RG] = uD(x)

n— 00 kn n— o0 kn

for all u € T! and all z € B.

Now let A € C (A # 0) and M an integer greater than 4|A|. Then

|%7] <+ <1—2%=1 By [3, Theorem 1], there exist three elements

1, p2, 13 € T such that 3% = p1 + p2 + p3. And D(x) = D(3 - %x) =
3D(3z) for all z € B. So D(3z) = £D(x) for all z € B. Thus

M A 1 A M A

M M
= 5 Dz + oz + psr) = o (D(z) + D(pzz) + D(psz))
M
3

= s+ o+ D) = 32 Dy

= AD(z)
for all € B. Hence
D(ax + fy) = D(ax) + D(By) = aD(x) + D(y)
for all o, € C(ar, 3 # 0) and all z,y € B. And D(0x) = 0 = 0D(z)
for all z € B. So the unique additive mapping D : B — B is a C-linear

mapping.
It follows from (2) that

D(z) = lim G

n—oo  kkn
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forallz € B. Since f(x1---aj---x) = Z;?:l Ty Tj1Tipn - T f (X)),

D(a;l L1 XTG4 a;k) = lim f(ﬂ?—133k)

Fmy - k)

n—00 f(k=1)n . [n

E(k=1)n Z?:l Ty X1 arkf(k”afj)
N—00 k(k=1)n . fn

k
— le cemjmjen - D ()
7j=1

for all z1,--- ,z € B.
By (i) and (iii), we get
n—00 kn n—00 kn n—oo kM
(3) = D(u)"

for all u € U(B).
Now let z € B (z # 0) and M an integer greater than 4|z|. Then
’x‘ 1H<|:1:\ 1<1 2 1
— | = —|X —_—— _ = = —.
M' T M Y] T 4 373
By [3, Theorem 1], there exist three elements u, us, us € U(B) such that
347 = u1 + uz + ug. Thus by (3)
M _z* M

D(a®) = D(5 -357) = 5 D(B;))

= S D(u} +ud +u5) = 5 (D(ui) + D(u3) + D(us3))

3
= 2 (D(u)* + Dlua)” + Dlus))

_ %(D(ul) + D(up) + D(us))*

_ %D(ul +ug +ug)t = D(%S%)*
~ D(ay’

for all x € B. Hence the additive mapping D : B — B is a C-linear
«-derivation satisfying the inequality (iv), as desired. O
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COROLLARY 2.2. Let f : B — B be a mapping satisfying
k
f(xl .. x]—lxjx]-i-l ... mk) g Z xl ... x]_1$j+1 .. xkf(x])
j=1

for which there exist constants § > 0 and p € [0,1) such that

k k k
1FO ) — > Fa)l <0 [l
j=1 j=1 j=1
1f(K™u™) — f(E"w)"|| < k- K"F0

forall p € T', allu € U(B), n =0,1,---, and all 21,--- ,x, € B. Then
there exists a unique C-linear x-derivation D : B — B such that

k6
I1£(z) - D)l <

||
for all x € B.

Proof. Define o(x1, -+ ,xx) =0 Z?:l ||z;||?, and apply Theorem 2.1.
O

THEOREM 2.3. Let f : B — B be a mapping satisfying
k
fleyxjimjajig - xp) = 2931 cemj1miyr - xR f(xg)
7=1

for which there exists a function ¢ : B¥ — [0, 00) satisfying (i) and (iii)
such that

k k
v) 1A ) — 13 Pl < ol o)
j=1 j=1
for p = 1,4, and all z1,--- ,x, € B. If f(tx) is continuous in t € R

for each fixed © € B, then there exists a unique C-linear x-derivation
D : B — B satistying the inequality (iv).

Proof. Put = 11in (v). By the same reasoning as the proof of Theo-
rem 2.1, there exists a unique additive mapping D : B — B satisfying the
inequality (iv). By the same reasoning as in the proof of [8, Theorem],
the additive mapping D : B — B is R-linear.

Put 4 =i in (v). By the same method as the proof of Theorem 2.1,
one can obtain that

ng; N n
D(iz) = lim (ki) = lim if (k") =iD(x)
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for all x € B.
For each element A € C, A = n +iv, where n,v € R. So

D(\z) = D(nz +ivx) = nD(x) + vD(iz) = nD(z) + ivD(x)
= AD(z)
for all A € C and all z € B. So
D(ax + By) = D(ox) + D(By) = aD(x) + 5D(y)

forall a, 6 € C, and all z,y € B. Hence the additive mapping D : B — B
is C-linear.
The rest of the proof is the same as the proof of Theorem 2.1. O

REMARK 2.4. Suppose that B is not unital. If the inequalities (iii) in
Theorems 2.1 and 2.3 are replaced by

(") = f(a)ll < elz,- - 2)

k times
for all x € B, then the results do also hold. The proofs are similar to
the proofs of Theorems 2.1 and 2.3.
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