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ANALOGUE OF WIENER MEASURE OVER THE SETS
BOUNDED BY SECTIONALLY DIFFERENTIABLE
BARRIERS

MaN Kyu Ivm*

ABSTRACT. In this paper, we find the formula for the analogue of
Wiener measure over the subset of C[0,T] bounded by the section-
ally differentiable functions, which is a generalization of Park and
Skoug’s results in [2].

1. Introduction

Let m,, be the classical Wiener measure on Cp[0, 7] with T > 0, the
space of all continuous functions = with z(0) = 0. From [6] and [7], we
can found the following equations ; for b > 0,

(1.1) my({x in Cpl0,T]| sup =(t) > b})
0<t<T
= 2y ({ in Col0, T)[(T) > b})

/+°° 1 u? J
=2 e 2du
b/VT V2T

and
(1.2)  myp({x in Cy[0,T]| sup (x(t) — at) > b})
0<t<T
+oo 1 W2 (aT-b)/VT 4 W2
= e” zdu+ e_zab/ e~ 2 du.
/(aT—&—b)/\/T V2T — oo V2

In [1], Park and Paranjape gave the probability of supy<;<p(W(t) —
f(t)) for a differentiable function f and for the standard Wiener process
Wt > o).
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Recently, Ryu proved an equation which is a generalization of Park
and Paranjape’s result, as following theorem in [4].

THEOREM 1.1. For 0 < t < T, G(t) satisfies the following Volterra’s
integral equation of the second kind

(1.3) G(t)

O e (u1 — up)?)
- /_oo (/f(t) o P T g Jdm)de(w)

¢
—2/ G(s)M(t,s)ds
0
where

u2
S JUOIEINES LeSdu (0<s<t<T)
0 0<t<s<T)

M(t,s) = {

Park and Skoug established formulas, generalizations of Park and
Paranjape’s work, for the Wiener integral of F'(x) bounded by sectionally
continuous functions in [2]. In 2002, the author and Ryu presented the
definition and the theories of analogue of Wiener measure m, on C[0, T,
the space of all continuous functions on [0, 7] in [3]. This measure is a
kind of generalization of standard Wiener measure. Indeed, if ¢ is the
Dirac measure dy at the origin in R, then m,, is the classical Wiener
measure M.

The main result of this paper is to find the analogue of Wiener mea-
sure my, of {x in C[0,T]|supg<i<r(x(t) — f(t)) > 0} for a sectionally
differentiable function f on [0, T7].

Throughout in this paper, ff f(u)du means the Henstock integral of
I

2. Statement of the result and proof

Let ¢ be a complete probability measure on R and let m, be the
analogue of Wiener measure on C[0,T] for a given measure .
From [3], we can find the following theorem.

THEOREM 2.1. (The Wiener integration formula for analogue of
Wiener measure) If g : R"*! — C is a Borel measurable function, then
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the following equality holds.

/ gx(to), w(tr), - a(tn)) duoy ()

Cla,b]

; / g(UO,Ul,"' 7'LLn)W<n+1;t_§U0,’U,1,"' ,Un)
Rn+1

d(HmL X ‘P)((ubu?’ T aun)aUO)

=1

where = means that if one side exists then both sides exist and the two
values are equal.

In this note, "a function f : [0,7] — R is sectionally differentiable”
means that there is a partition 0 = tg < t; < --- < t, = T such that f
is differentiable on each interval (¢;_1,t;) and the limits lim, - f(¢)
and lim, .+ f(t) exist for i = 1,2,---,n, and £(0) = lim,_os f(t)
and f(T) = lim, - f(t). Let SDJ[0,T] be the space of sectionally
differentiable functions on [0,7]. For f in SDI[0,T] with a partition
0=ty <ty <---<tp="T, welet f*(t;) = min{f(t;),lim, ,- f(1),
lithtj f@®)}, f*(s) =01if s <0, and f*(s) = f(s) otherwise. For ¢ in

0,7, we suppose the limit lim,_,,— FOZFG) oyists and equals to 0.
t—s

For z in C[0,T], let 7(z) be the first hitting time of the curve f in
SD[0,T] by z, that is, (7(z)) = f(7(x)). If x never hit the curve f, we
let 7(z) = 4o0.

For f in SDI0,T] with a partition 0 =tg < t; < --- < t, =T, we let
()= f*(s))/Vt=s 2

e 2dv

(2.1) Ur(t, s) \/%/

for0<s<t<T,
(22) Ua(t)
1 (f*(t)—f*(t0))/Vii—to
N
(f*(tp—1)—f*(tr=2))/VE—1—Tr—2 vf
/ e Zﬂli’dvk 1dvg_g - - - dvy

—0oQ0

for 0 <tp_1 <t<s<T,and

1
*Ug(t) for0<tp_1<t<s<T
—J) 2
(2.3) Ut s) { Ur(ts)Us(t)  forO<ty 4 <s<i<T
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Then Uj, Uy and U are all bounded by 1
Let G : R — R be a function defined by

{ 0 (t <0)
Gty ={ m(4)  (0<t<T)
mo(Ar)  (T'<1)
where
(24) A
={z in C[0,T]|z(0) < f*(0), and for some ¢ and for some sy
in (ti—1,t;] with so <t, x(so) > f*(s0)}

for ¢ in [0, 7).
We have the following Lemma 2.2 by similar method of proof in [4].

LEMMA 2.2. G is increasing continuous with G(0) = 0.

LEMMA 2.3. ([4]) If 0 < s <t < T then 7(x) = s and z(t) — z(s) are
independent.

The following theorem is one of main theorems in this paper.

THEOREM 2.4. For 0 < t < T, G(t) satisfies the following Volterra’s
integral equation of the second kind

(2.5) G(t)

5 [70) oo
2= Us(t) /—oo (/*(t) v2mt

2 t 3,
o /0 G(s)5-U(t,5)ds.

Proof. For 0 <t < T,
G(t) = ma(As (1 { in €0, T]j2(t) > 1*(D)})
+me(Ae N {z in C[0, T]|z(t) < f*()})
= mp({z in C[0,7][2(0) < £7(0) and 2(t) > £(1)})
+my,({z in C[0,T]|x(0) < £*(0),z(t) < f*(t), and
for some j and for some sg in (¢j_1,%;] with so <'¢,

z(s0) = [*(s0)})-

Ul — U 2
(IQtOH}dUl)dsﬁ(uo)

exp{—

Here,

(2.6) {»TIHCUTH()<f()and$()>f()})
+oo
/ / NG exp{— (1 ) )}dul)dga(uo)
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and
(2.7) my({x in C[0,T]]2(0) < f*(0),z(t) < f*(t), and
for some j and for some sg in (t;—1,t;] with so <,

s0) = f*(50)})
/ E7(x [ (t5),z(@t) < fr@)|r(z) = 5)dG(s)
/ B (2(t) — a(tj—1) < f7(t;) = f7(tj-1),
—z(s) < [*(t) — z(s)|7(x) = 5)dG(s)
/E“a z(t;) — x(tj—1) < f*(t5) — fF(tj-1),
—x(s) < fr(t) — x(s))dG(s)
/ /C[o T i H X{z in C0,T]|z(t;)—m(t;j—1)<f*(t;)—f*(t;— (@)

X{z in CIOT)o(t)—a(s)< f* (1) —a(s)} (T)dmy(x)) dG (s)

/ //R’““ \/27r kLt —s) s—ltk )H 1(t5 —tj-1)

H X (=00, f*(t5)— £ (t5-1)) (g = Uj—1) X (=00, (1) —a(s)) (Uk+1 — Uk)
j=1

(Up1 — Uk)2 (up — ukfl)z
el 2(t—s)  2(s—tr1) 20t —tjo1) J

duk+1duk duldtp(uo)dG( )

()= f*( t1—to
SN

/(f (to—1)—f"(th—2))/vT—1—th—2 /(f*(’f)f*(s))/\/tS

—00 —0o0

”k+1

U2.
e I dvg1dvg_1dvg_o - dvl)dG(s)

© [ s s
_/O Ut 5)dG(s)
™

lim U(t,s) im G(s) — lim U(¢,s) lim G(s)

s—>t+ s—tt s—0~ s—0~

81
9 o, /G 5)ds,
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where j = 1,2,--- ,k — 1 and s in (tx_1,tx]. Step (1) follows from
the basic properties of conditional expectation. From x(s) = f*(s), we
have Step (2). By Lemma 2.3, we obtain Step (3). Using the Wiener
integration formula for analogue of Wiener measure, we can check Step
(4). Step (5) come from the change of variables theorem. We get Step
(6) by (2.3). And by the integration by part, we have Step (7). Since
lim, ,o- G(s) = G(0) = 0, we obtain Step (8).

Hence, from (2.6) and (2.7), we have the equality (2.5), as desired. [

The equality (2.5) and the change of order of integration give

(2.8) G(1)
J}dul)dw(uo)

2 fr(0) +o0
:2—U2 / (A 2

2_U2 //f /*S)Fexp{( )}d'LH)

dep(uo)] - s U(t s)ds

4 0
+2—U2/ (/Z &U(S,Z)%U(t,s)ds)G(z)dz
if @a Uls, Z) ~U(t,s)G(z) is integrable on {(s,2)|0 < 2z < s < t}.

(u1

— exp{~

By [4, 8], we have the following theorem.

THEOREM 2.5. Ifft DU(s z) ~U(t, 5)ds is square integrable on { (z,
Ho<z<t<T} then the equatlon (2.5) has one and essentially on]y
one solution in the class Ly. This solution is given by the formula

(2.9) G(#)

+oo
n 2n+1 f* 400
+nz:1(_1 2—U2 / / / V2rs
exp{—w}dul)dcp(uo)] H,(t,s)ds

2s
where Hi(t,s) = 2U(t,s) and Hy1(t, s) f H,(t,2)H(z,5)dz.

REMARK 2.6. For f in SDI[0,T] with a partition 0 =ty <t < --- <
t, =T, if 7(x) = sisin (to, 1), then (2.5) and (1.3) are essentially same.
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EXAMPLE 2.7. For f in SD[0,T] with 0 < ¢; < T, and f(0) =
lim, o+ f(s), f(t1) = lims_nfl_ f(s) and lims_>tl— f(s) < limséﬁ f(s), let

Ay = {z in C[0,T]|£(0) < x(0), a— < z(t1) < o™ and 7(z) = s in [0,]}

where a_ =lim__,,- f(s) and at = lim_,+ f(s). Then

G(?)

/+°° /w / {5 +13)
76X — =\ ()
2—U2 t)/\/ﬁQﬂ' P ! 2

0
dUQdUl)dQO(UO) — 2—(]2(]5)/0 G(S)&U(t, S)dS
where

1
U(t,S):{zUﬁt) for0<t; <t<s<T

Ui(t, s)Us(t) forO0<ti<s<t<T "’

1 (FO—F()/VE=s 2
Ui(t,s) = \/%/ e 2 dv
oo

for 0 < s <t <T and

+oo  plat—uvp) /\F o2
"2 dud
Us( \/%/ /(a Y v1dep(vo)

forO<ti <t<s<T.
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