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A GENERALIZATION OF STURM’S BOUND TO A
GROUP T} (p)

SoYoung CHor*

ABSTRACT. Let p be a prime. We generalized Sturm’s bound to a
group T} (p) of which the genus is zero

1. Introduction

For any positive integer N, let
Lo(N) :={y=(2%) € SLy(Z)|e =0 (mod N)}

and
D(NY:={y€ SLaAZ}y=(}]) (mod N}}.

We call a subgroup of SL2(Z) containing I'(IV) for some N a congruence
subgroup of SLo(Z). Let T} (p) be the group generated by the congru-
ence group I'o{p) and a Fricke involution W, := (3-01 ). Let F be a
fixed number field, Rp be the ring of integers in ' and A be a prime
ideal of Rp. Sturm [3] gave a criterion for deciding when two modular
forms with algebraic integer coefficients for the congruence subgroups of
SL2(Z) are congruent modulo a prime A. In this paper we generalize
Sturm's result to the group T'f (p) when p is a prime and the genus of

I'f(p) is zero.

DEFINITION L1.1. Let f:= 3", ¢(n)g™ be a formal sum with ¢(n) €
Rp. Then
ordy f := inf{n € NU{0}|A fe(n)},

with the convention ordy f = oo if Ale(n) for all n.
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Let Mp(T") be the space of modular forms of integral weight & for T
We start with stating Sturm’s result.

THEOREM 1.2. {[3] Sturm} Let T" be a congruence subgroup of SL2(Z).
Let f,q € Mp(T'} with Fourier coefficients in Rp. Then we have that if
E[SL(Z):T
ord\(f —g) > MSL2(2) : T ],
12
then
ordy(f —g) = oc.
we now generalize Sturm’s result to the group I'f (p) when p is a
prime and the genus of I (p) is zero. Our main result is as follows:

THEOREM 1.3. Let p be a prime such that the genus of T'§(p) is
equal to zero. Let f € M;(T'{(p)) have the Fourier expansion f(z} =
o2 ac{n)g™ at the cusp oo such that o(n) € Rp for all n > 0. Then we
have that if

1
ordyf > B2,

24
then
ordy f = .
2. Proof of Theorem 1.3
Let.
8 iftp=2
12, ifp=3

12, itp=1 (mod 12)

4, ifp=5 (mod 12)

12, itp=7 (mod 12)

4, ifp=11 (mod 12}.

By using [1, Theorem 3.6 | we can check that A¥(z) := ((2)n(pz))° is a

cusp form for the group T'd (p). Here we note that A;' has the following
a Fourier expansion at oo of the following form:

Af(z) = g5+ 0T,

Let j;,r be a Hauptmodul for I (p) with integral coefficients in its Fourier
expansion at the cusp oc. We are ready to prove Theorem 1.3.
Suppose that ordy f > p;;—]k Then ord, f > %ké. Since

(Af(2))F = 30K 4 O(g 5T M+,
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we have that

¢
TIRY) —k
FE(AS ()" = Yo dme®
n=—(p+1)}kd4/24
for some d(n) € Rp and Ald(n) if n < 0.

On the other hand, f‘S(Aj;L )= is a weakly holomorphic modular fune-
tion on I'd (p) and hence it is a polynomial in ,r;r with coefficients in Rp.
For each positive integer m, let j;fm be a unique weakly holomorphic
modular function for I'§ (p} with the following Fourier expansion:

, L

Jpm(z) = o O(g).
Then one can show that j;" m 18 a polynomial in j;f with integer coeffi-
cients. Let .'f;:o = 1. We obtain that

(p+1)ké/24

fNAF = YT A=)t

n=0
and hence
PO € ARp[i]]
which implies
f° € ARpliF1(A)"
Consequently we come up with ordy f® = oo and we see that ordy f = oc.

REMARK 2.1. We note that if f € Mp(T§(p)) then f € Mp(To(p)).
By Theorem 1.2, we see that if

ordyf > %
then
ordy f = 0.
But our theorem says that if
ordy f > %k,
then
ordy f = .

This means that our bound (p + 1}%/24 is sharper than Sturm’s bound.
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