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YANG-MILLS INDUCED CONNECTIONS

JOON-SIK PARK*, HYUN WoONG KiM**, AND PU-YouNGg Kim***

ABSTRACT. Let G and H be compact connected Lie groups with
biinvariant Riemannian metrics g and h respectively, ¢ a group
isomorphism of G onto H, and E := ¢ 'TH the induced bundle
by ¢ over the base manifold G of the tangent bundle TH of H.
Let V and FV be the Levi-Civita connections for the metrics g
and h respectively, V the induced connection by the map ¢ and
HY. Then, a necessary and sufficient condition for V in the bundle
(¢7'TH,G, ) to be a Yang- Mills connection is the fact that the
Levi-Civita connection V in the tangent bundle over (G,g) is a
Yang- Mills connection. As an application, we get the following:
Let ¥ be an automorphism of a compact connected semisimple Lie
group G with the canonical metric g (the metric which is induced
by the Killing form of the Lie algebra of G), V the Levi-Civita
connection for g. Then, the induced connection @, by ¥ and V, is
a Yang-Mills connection in the bundle (¢ 'T'G, G, ) over the base
manifold (G, g).

1. Introduction

Let (M,g), (N,h) be two Riemannian manifolds. Let ¢ : M — N
be a smooth map. Let F := ¢~ TN be the induced bundle by ¢ over M
of the tangent bundle TN of N (cf.[8]). We denote by I'(E), the space
of all smooth sections V of E. We denote by V, MV the Levi-Civita
connections of (M, g), (N,h), respectively. Then we give the induced
connection V on E by

~ d _
(L) (VxV)a:= 2 " Py Voo, X €D(TM), V €T(E),
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where x € M, ~(t) is a curve through = at ¢ = 0 whose tangent vector
at xis Xp, and NPy 1 TN — Ty(o(n N is the parallel dis-
placement along a curve ¢(y(s)), 0 < s < t, given by the Levi-Civita
connection NV of (N,h) (cf. [8, p.126]). It is interesting to study con-
ditions for the induced connection V in the bundle (E := ¢ 'TN,M,n)
over the base manifold (M, g) to be a Yang-Mills connection.

The problem of finding metrics and connections which are critical
points of some functional plays an important role in global analysis and
Riemannian geometry. A Yang-Mills connection is a critical point of the
Yang-Mills functional

(12) yMD) =5 [ IRPIF v,

on the space €g of all connections in a smooth vector bundle E over a
closed (compact and connected) Riemannian manifold (M, g), where RP
is the curvature of D € €. Equivalently, D is a Yang-Mills connection
if it satisfies the Yang-Mills equation (cf. [1, 5, 6])

(1.3) SpRP =0,

(the Euler-Lagrange equations of the variational principle associated
with (1.2)). If D is a connection in a vector bundle E with bundle
metric h over a Riemannian manifold (M, g), then the connection D*
given by
(1.4)

h(D*xs,t) = X(h(s,t)) — h(s,Dxt), (X € X(M)) and s,t € I'(E)

is referred to conjugate (cf. [1, 5]) to D. A connection D in E is a
Yang-Mills connection if only if (cf. [1, 5, 6])

(1.5) (OpRP)(X)s == (D:,RP)(e;, X)s =0
=1

for arbitrary given X € X(M), where s € I'(E) and {e;}"; is a local
orthonormal frame on(M, g).

Let G and H be compact connected Lie groups with biinvariant
Riemannian metrics g and h, ¢ : G — H a group isomorphism,
E := ¢~'TN the induced bundle by ¢ over G of the tangent bundle
TH of H. Let V and 'V be the Levi-Civita connections of (G, g) and
(H,h), respectively. Then we get the fact that the induced connection

V, by ¢ and ¥V, is a metric connection in the bundle (¢~ 'TH, G, )
with bundle metric h. Moreover, we have the main result
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THEOREM 1.1. Let G and H compact connected Lie groups, g and
h biinvariant Riemannian metrics on G and H respectively. Let ¢ be
a group isomorphism of G onto H, V and ¥V the Levi-Civita con-
nections for the metric g and h respectively. Then, a necessary and
sufficient condition for the induced connection V in the induced bundle
(¢~'TH,G,7) over the base manifold (G, g) to be a Yang-Mills connec-
tion is the fact that the Levi-Civita connection V for g on (G,g) is a
Yang-Mills connection.

Now, let G be a compact connected semisimple Lie group, g the
Lie algebra of G, g the canonical metric (cf.[7, p.194]) (the biinvariant
Riemannian metric which is induced from the Killing form of g), ¢ : G —
G a group automorphism. Let V be the Levi-Civita connection for the
metric g. Then, we get that the Levi-Civita connection V in the tangent
bundle TG over (G, g) is a Yang-Mills connection (cf. Proposition 3.4).
By virtue of this fact and Theorem 3.2, we obtain

THEOREM 1.2. Let ¢ be an automorphism of a compact connected
semisimple Lie group G. Let V be the induced connection by v and V
the Levi-Civita connection for the canonical metric g on (G, g). Then,
the induced connection V in the induced bundle (v"'TG, G, ) over the
base manifold (G, g) is a Yang-Mills connection.

2. Yang-Mills connections in vector bundles over a Riemann-
ian manifold

Let E be a vector bundle, with bundle metric h, over an n-dimensional
closed (compact and connected) Riemannian manifold (M, g). Let D €
Cp and V the Levi-Civita connection of (M, g). The pair (D, V) induces
a connection in product bundles A\’ TM* ® E, also denoted by D. Set
AP(E) :=T (NP TM* ® E). We consider the differential operator

dp : AP(E) — APTYY(E),

(dD(p>(X17X27 T 7XP+1) - (_1)i+1(DXi90)(X1a T a)?ia T 7Xp+1)?

1
p eAP(E), X; € X(M) (i=1,2,--- ,p+1),
which are defined by
dp(w® &) : =dw® &+ (—1)Pw A DE,
Dx(w®§):=(Vxw)®&+w® DxE,
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forw e (NP TM*), £ € T(F) and X € X(M).
Let dp be the formal adjoint of dp with respect to the L2-inner
product

(‘va):/M<(P>¢>’U9

for o, € AP(E). Here < , > is the bundle metric in A’TM* @ E
induced by the pair (g, h) and vy is the canonical volume form on (M, g).
The following identity is elementary, yet crucial (cf. [1, 2])

(21)  dpp = (1P ("1 dpe - #)(p) = (1) (x - dp- - %)(p)
for any ¢ € APTY(E). Here, * : AY(E) — A"*Q(E) (0 < g <n),is the
Hodge operator with respect to g. Let {e;}I"; be a local orthonormal
frame on (M, g). Note that (2.1) may also be written as (cf. [1])
(22)  (5p@)(X1ie -, Xp) = = S (Dl (e Xi,o- , X,).

i=1
The connections D, D* € &g naturally induce connections, denoted
by the same symbols, in End(F) (:= £ ® E*). Then, a straightforward
argument shows that D, D* € Q:End( F) are conjugate connections. Thus,
we find from (1.3) and (2.2) that a connection D in E is a Yang-Mills
connection if and only if (cf. [1, 5, 6])
(2.3) (OpRP)(X)s == (D;,RP)(e;, X)s =0

i=1

for arbitrary given X € X(M) and s e I'(E).

3. Yang-Mills induced connections

3.1. Let us denote by V, V'V, the Levi-Civita connections on Rie-
mannian manifolds (M, g), (NN, h) respectively. Then for a C*°-map ¢
of M into N, we can define the induced connection V in the induced
bundle £ = ¢~ 'TN = UzemTy(e)N over the base manifold (M, g) as
follows: .

For X € X(M), V € T'(¢~'TN), define VxV € I'(¢~'TN) by

(31)  (VxV)(z) ="VyxV = !t NP, V(a(t), e M,
where t — o(t) € M is a smooth curve in M satisfying o(0) = =,

d'(0) = X, € T,M, and oy is a curve given by o¢(s) := o(s), 0 <
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s < t, i.e., the restriction of o to the part between x and o(t). Here
NPd,OUt t Tyz)N — Ty(o@))N is the parallel transport along the curve
¢ o oy with respect to the Levi-Civita connection V'V on (N, h), and ¢,
is the differential map of ¢. Then, since V'V is torsion free, the following
Lemma ([8; Lemma 1.16, p.219]) is obtained.

LEMMA 3.1. For any C*°-map ¢ : (M, g) — (N,h) and X,Y € X(M),

we have

(3.2) Vx(¢:Y) = Vy (6. X) — ¢ ([X,Y]) = 0.

3.2. Let G be a compact connected Lie group, ¢g a biinvariant Rie-
mannian metric on G, and g the Lie algebra of G. Here, g is identified
with the algebra of all left invariant vector fields on G. Then, the Levi-
Civita connection V for the metric g is given as follows (cf. [4, Theorem
13.1]):

(3.3) ViV = %[X, Y], (X,Y €g).

3.3. Let G and H be compact connected Lie groups, g and h biin-
variant Riemannian metrics on G and H respectively, V and 7V the
Levi-Civita connections for the metrics ¢ and h on G and H respec-
tively. Let {X;}7 , (respectively {Y,}7_;) be an orthonormal basis of
the Lie algebra g (resp. h) with respect to the metric g (resp. h). Let
¢ be an isomorphism of G onto H, ¢~ 'TH := UzecTy(z)H the induced
bundle with fibre metric h over the base manifold (G, g), V the induced
connection in the bundle ¢~ 'TH by ¢ and “V. Then, for X € X(M)
and s,t € T(¢p~1TH),

X (h(s,1)) = (Vxh)(s,t)+h(Vxs, t)+h(s, Vxt) = h(Vxs, t)+h(s, Vit),

and so V = V*, i.e., V is a metric connection. From this fact and (1.5),
we have

(%Rﬁ)( )0« Xg = —Z (Vx, RY)( )( X, X)X,
(34) = —Zizl{vxxRV(Xi,Xj)@Xk) ~ RY(Vx, X1, X;)6. X,
— RY(Xi, Vx, X;) 6. X5, — RY (X, X;)Vx, (6 Xp) }-

For the orthonormal bases {X;}, and {Y,},, we put
(3.5)

0 Xp =1 Y O Vo [Xi, Xj] =1 ) Dig" X, (Yoo, Vgl =2 ) CagVs.
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Each ¢, appeared in (3.5) is constant. We get from this fact, (3.3) and
(3.5)

~ 1
i a8
(3.6) Vi (9 Xp) = 5D 00k Cag' V.
By the help of (3.2), (3.3), (3.5) and (3.6), we obtain
(3.7) 2. O, 0% Cag” = 3 0" D)V, = 0.
’ k
From (3.3) and (3.7), we get
Since

RY(Xi, X)6: Xk = Vx,Vix, (0:X4) — Vix, Vix, (62 X3) — Vi, x;) (6 Xk),

we have from (3.8)

(3.9) RY (X, X;) X1, = (R (X1, X;) Xp).
By virtue of (3.4) and (3.9), we obtain
(3.10) (06 RY)(X) 0. X1, = 6 (6w RY) () Xi).

Thus, we get from (3.10)

THEOREM 3.2. Let G and H compact connected Lie groups, g
and h bi-invariant Riemannian metrics on G and H respectively. Let
¢ be a group isomorphism of G onto H, V and 'V the Levi-Civita
connections for the metric g and h respectively. Let V be the induced
connection by ¢ and HY/. Then, a necessary and sufficient condition for
the connection V to be a Yang-Mills connection is the fact that V is a
Yang-Mills connection.

Let G be an n-dimensional compact connected semisimple Lie group.
Then, minus the Killing form of its Lie algebra g (the set of all left
invariant vector fields on G) is said to be the canonical metric on the
Lie group G. Let g be the canonical metric on the Lie group G. Then,
g is bi-invariant on G. Let {X;}!'; be an orthonormal basis of the
semisimple Lie algebra g with respect to the canonical metric g. Let
{67 "_1 be the dual basis of the basis {X;};";. Then each 97 is left
invariant, that is, LX(67) = 67 (z € G). From (3.3), the Levi-Civita
connection V for the metric g is given by

1
(3.11) 0'(Vx,X;) = 5 Ciil.
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where C;;' := 0'([X;, X;]) for the orthonormal frame {X;}?_,. By virtue
of (3.3) and properties of the Killing form on the semisimple Lie algebra
g, we have for X,Y,Z € g (cf. [2, 3, 7])

(3'12) g([X, Y]’Z) +9(Ya [Xv Z]) =0, RV(Xa Y) = _i ad([Xa Y])a

where ad is the adjoint representation of the semisimple Lie algebra g.
From (3.12) and the definition of the Killing form B of the semisimple
Lie algebra g such that B(X,Y) := Trace (ad(X) ad(Y)) (X,Y € g),
we get for YV, Z € g (cf. [2, 3, 7])

n

(3.13) Y 9(RY(X,,Y)Z,X;) =
=1

1
~ Y. Z
49(7 )s

that is, the Riemannian manifold (G, ¢) is an Einstein manifold of Ricci
curvature . From the fact g(Vx, X;, X;) +9(X;, Vx,X;) = 0, (3.3) and
(3.11), we have

(3.14) Ci* = —Cy? = —Cyy".
By virtue of (3.12), (3.13) and (3.14), we get
n .
(3.15) D CitCid = by
i=1
Putting RV(XZ-,Xj)Xk =), RijktXt, we have from (3.11)
1
(3.16) Rij' = i D (Cp*Cis' = CyCyst = 2C3°Cai).

s

From (2.3), we get
(3.17)

(6w RY) (X)) Xk = — Y AVx,(RY (X, X;) X)) — RY (Vx, X3, X;) X,
— RY(X;,Vx,X;) X} — RV (X;, X;)Vx, Xy}
By the helf of (3.11),(3.14)-(3.17), we have

1
(318)  (OvRV)(X))Xk = —5 D> (O =2)_ Cy'Cu*Cai') i,
l %t

On the other hand, we get
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LEMMA 3.3. .
2 Z Cij'Cu*Cyit = Oyl
i,s,t=1

Proof. By virtue of (3.12), (3.14) and (3.15),

Z Cij Cp* Ci!
,8,t
= g(([1Xs, X;], Xil, Xi, X1)
1,8,
= 3 g1, X1, X, [0, Xi])
,8,t
= _Zg X]?Xk ] [[XkaXi]vXj]’[Xile])
%,8,t
== (Ci'Cii*Cy® + Cri' Ci°C)
1,8,t
= Cil =Y CyiCrs'Cy’ = Ci! = Cij'Cu* Ci.
i,s,t 7;7Sat
Thus, the proof of this Lemma is completed. O

By virtue of (3.18) and Lemma 3.3, we obtain

ProprosiTION 3.4. Let G be a compact connected semisimple Lie
group, g the canonical metric on G, V the Levi-Civita connection for
the metric g. Then, V is a Yang-Mills connection in the tangent bundle
over the base manifold (G, g).

By the help of Theorem 3.2 and Proposition 3.4, we get

THEOREM 3.5. Let G be a compact connected semisimple Lie group,
g the canonical metric on G, V the Levi-Civita connection for g. Let ¢
be an automorphism of G, $~'TG := UxEGT¢( )G the induced bundle, v

the induced connection by ¢ and V. Then, V is a Yang-Mills connection
in the bundle ¢~ 'T'G over the base manifold (G, g).
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