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ALMOST AUTOMORPHIC MILD SOLUTIONS OF
SEMILINEAR ABSTRACT DIFFERENTIAL EQUATIONS

Sunc Kyu Cuor* AND NamJip Koo**

ABSTRACT. We investigate the existence and uniqueness of almost
automorphic mild solutions of the semilinear abstract differential
equations.

1. Introduction

Bochner [1] introduced the concept of almost automorphy as an im-
portant generalization of almost periodicity. In the last decade, the
almost automorphy and almost periodicity of the solutions to various
evolution equations have been widely investigated (see, e.g., [5,6,8-10]).

Stepanov [11] introduced a generalization of almost periodic functions
- Stepanov almost periodic functions, which are not necessarily continu-
ous. Recently, N'Guérékata and Pankov [10] studied a generalization of
almost automorphic functions - Stepanov almost automorphic functions,
which are also not necessarily continuous.

Diagana [4] started the research on Stepanov-like pseudo-almost auto-
morphy. Now, the study of pseudo-almost automorphy, which is a mean-
ingful generalization of almost automorphy as well as pseudo-almost pe-
riodicity is very active (see, e.g., [3-6,9,10]).
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In this paper, we investigate the existence and uniqueness of almost
automorphic mild solutions to the semilinear abstract differential equa-
tion in a Banach space X:

2 (t) = Ax(t) + f(t,z(t)), t € R, (1.1)

where A is the infinitesimal generator of an exponentially stable Cop-
semigroup {7'(t) }+>0; that is, there exist M > 0 and w < 0 such that

IT()]| < Me*', >0 (1.2)
and the forcing term f : R x X — X is an almost automorphic function.

DEFINITION 1.1. [8] A continuous function f : R — X is called
almost automorphic if for every sequence (s},) in R, there exists a sub-
sequence (sp) C (s},) such that

g(t) == lim f(t+s,)
n—oo
is well-defined for each ¢t € R and

lim g(t — sn) = f(1)

n—oo

for each t € R. Denote by AA(R, X)) the set of all such functions.

If the convergence in Definition 1.1 is uniform on R, the function f
is said to be almost periodic in Bochner’s sense.
A classical example of an almost automorphic function (not almost
periodic) is
L t
" 2 + cost + cos /2t

f(t) =si €R

[6].

The following hold true [6]:

(i) For f € AA(R, X), the range of f is precompact in X, and so f
is bounded.

(i) If f,g € AA(R, X), then f+ g€ AA(R, X).

(iii) If f, € AA(R,X) and lim, . fr = f uniformly on R, then
feAAR, X).

(iv) AA(R, X) with the sup norm

[LFI] = sup [[f(£)]]
teR

becomes a Banach space.



Almost automorphic mild solutions of abstract differential equations 795

DEFINITION 1.2. [8] A continuous function f: R x X — X is called
almost automorphic in t for each x € X if for every real sequence (s),),
there exists a subsequence (s,) C (s),) such that

g(t,z) == lim f(t+ sn,)
n—oo
is well-defined for each t € R,z € X and

lim g(t — sn,x) = f(t,x)

n—oo

for each t € R,z € X. Denote by AA(R x X, X)) the set of all such
functions.

For more details on the basic results for almost automorphic func-
tions, see [8].

2. Main results

We need the following composition theorem for almost automorphic
functions, which is an extension of [8, Theorem 2.2.6].

THEOREM 2.1. Assume that f € AA(R x X, X)) satisfies
1F(t2) = fE )l < LO)lle —yll, =,y € Xt €R,

where L € L'(R,R), and h € AA(R, X). Then F € AA(R, X), where
F(t) = f(t,h(t)), t € R.

Proof. Let

(s),) be any sequence in R. Then there exists a subse-
quence (s,) C (s

1) such that

/
TL
/

lim f(t+ sp,z) =g(t,x), t e R,z € X,

n—oo

(
1im h(t+ sn) = ¢(t), t € R,
lim gt —sp,x) = f(t,x), te R,z € X,

n—oo

lim §(t = 5,) = h(t), t €R.

We show that G(t) = lim, o0 F(t + sp), t € R, is well defined and
limy, o G(t — sp) = F(t),t € R. Consider a function G : R — X
defined by

G(t) = g(t,¢(1)), t € R.
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Then
|F(t+sn) =GO = |[fE+ sn, bt + sn)) — g(t, &(2))l]
< If(E+ sn, h(t 4 50)) — f(E+ 50, 0(2))]]
+  [F(E+ 50, 0(2) — g(t, 6(1))]
< L(t+ sa)l[h(t + sn) — o(1)]]
+  [F(E A+ sn,0(2) — g(t, o(2))].

Thus we obtain that lim,,_. F(t+s,) = G(t), t € R. Also, lim,,_. G(t—
sn) = F(t),t € R, follows from the inequality

|Gt —sn) = F@OI = [lg(t = 50, 6t = sn)) — (£, h(D))]|
< lg(t = sn, @t = sn)) — (£, 9t — sn))l
+ (It ot = sn)) = £(E (D))
< lg(t = sn, @t = sn)) = (£, 9t = sn))l
+ LDt = sn) = h(D)]]-
Hence F € AA(R, X). O

We consider the semilinear abstract differential equation in a Banach
space (X, || - [[):
2 (t) = Az(t) + f(t), t € R, (2.1)

where A is the infinitesimal generator of an exponentially stable Cp-
semigroup {7'(t) }+>0; that is, there exist M > 0 and w < 0 such that

IT()]| < Me*', t>0 (2.2)
and the forcing term f belongs to AA(R, X). A mild solution of (2.1) is
given by

t
z(t) =Tt —a)x(a) + / T(t—s)f(s)ds, a e Rt > a, (2.3)

[7].
THEOREM 2.2. The mild solution x given by (2.3) belongs to AA(R, X).
Proof. Let

u(t) = / T(t — 5)f(s)ds

= lim tT(t —s)f(s)ds.
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Then u(t) is absolutely convergent since

M
H/ F(s)dsl) < eI 7 <t

We show that u € AA(R, X). Let (s),) be any sequence in R. Since
/€ AA(R, X), there exists a subsequence (s,) C (s),) such that

g(t) = Tm f(t+ s0)
is well defined for each ¢t € R, and
lim g(t —s,) = f(t), t € R.

Note that
t+sn t
u(t+sp,) = / t—i—sn—s)f(s)dS—/ T(t—o)f(oc+ sp)do
; _
= / T(t—o)fn(o)do
where f,(0) = f(o + sn), n=1,2,---. Moreover, we have

IIU(t+8n)H_‘ ‘Hfll n=

From the continuity of the Cy-semigroup, we have
T(t—o0)fnloc) > T(t—o0)g(oc) asn — o0, o0 € Rt > 0.

Put v(t) = ffoo T(t — s)g(s)ds. Then v(t) is also absolutely convergent
for all ¢ € R. Thus

lim w(t+s,) =v(t), teR
n—oo
by the Lebesgue’s dominated convergence theorem. Similarly, we get
lim v(t — s,) = u(t), t € R.
n—od

It follows that u € AA(R, X).
Now, for all ¢t > a,

/ T(t—s)f(s)ds = / T(t—s)f(s)ds — /a T(t—s)f(s)ds
= u(t) =Tt —a)u(a).
Hence

u(t) =Tt —a)u(a) + / T(t—s)f(s)ds.
If we fix x(a) = u(a), then x(t) = u(t). Therefore x € AA(R, X). O
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Consider the semilinear abstract differential equation
o' (t) = Ax(t) + f(t,z(t)), t € R, (2.4)

where A is the infinitesimal generator of an exponentially stable Cp-
semigroup {7'(t)}+>0, and f € AA(R x X, X). We obtain the following
result as an extension of [9, Theorem 3.2].

THEOREM 2.3. If f € AA(R x X, X) satisfies
f(tx) = f(& 9]l < L@llz —yll, 2,y € Xt €R,

where L € L'(R,R) with ||L||; < %, then (2.4) has a unique almost
automorphic mild solution.

Proof. Note that a mild solution = of (2.4) is given by
t
o) =Tt - a)a(a) + [ T(t = 5)f(s,a(9)ds. ac Rt = a

and is continuous [7]. Define the nonlinear operator F' : AA(R, X) —
AA(R, X) defined by

t
(Po)e) = [ T(t = 5)f(s.0(5)is.
—0o
Then F' is well-defined by Theorem 2.1. It is clear that F' is continuous.
We show that F'is a contraction.

Let ¢1, 92 € AA(R,X). Then

t

|F¢1 = Feol| = sup| [ T(t—s)[f(sd1(s)) = f(s, P2(s))]ds]]

teR —00

t
S Sup/ ||T(t—8)|| |‘L||1||¢1(8)_¢2(8)||d8
teR J—oo
t
< ’|L|\1|\¢1¢2||sup/ Me<t=9) g
teR J oo
LM
= LM g
|wl

Thus F' is a contraction and so there exists a unique fixed point u €
AA(R, X).
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Note that
/ T(t— 5)f(s,u(s))ds = /_ T(t— 5) (s, u(s))ds
- /a T(t—s)f(s,u(s))ds
= u(t) =Tt —a)u(a).
Hence

u(t) =Tt —a)u(a) + / T(t—s)f(s,u(s))ds, a e R,t > a

is a mild solution of (2.4).
Moreover, it follows that u € AA(R, X) along the same lines as in
Theorem 2.2.

We assume that = : R — X is bounded and satisfies the equation
2'(t) = Az(t),t € R. Then

(1) = T(t — a)z(a) + / T(t — 5)f (s, (s))ds.
Note that
[Tt —a)z(a)l] < [T —a)ll|lz(a)l
< MePtD||z]].

Thus lim, oo T'(t — a)x(a) = 0. Therefore

£(t) = / T(t - 8)f(s,2(s))ds = F(z)(1)

— 00
as a — —oo and this implies that = is the unique fixed point u of F.
This completes the proof. ]
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