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NONLINEAR HEAT EQUATIONS WITH
TRANSCENDENTAL NONLINEARITY IN BESOV
SPACES

HeEE CHUL PAK* AND SANG-HoON CHANG**

ABSTRACT. The existence of solutions in Besov spaces for nonlinear
heat equations having transcendental nonlinearity:

0
au—Au—F(u)

is investigated. In particular, it is proved the local existence and
blow-up phenomena of the solutions in Besov spaces for nonlinear
heat equations corresponding to two transcendental nonlinear func-
tions F(u) = |u\e"2 and F'(u) = e of rapid growth.

1. Introduction

We are concerned with the initial value problem of nonstationary
nonlinear heat equations:

0
& u({]j,t) — Au(x,t) = F(u(l‘at))’

u(z,0) = uo(z),

where x € R™, F' is a given nonlinear function and u is unknown. Ex-
istence and uniqueness theories of solutions of nonlinear heat equations
have been extensively studied by many mathematicians and physicists.
Unlike other studies, we focus on nonlinear heat equations with tran-
scendental nonlinearities such as:

0 2
1.1 —u—Au = “
(1) o Au = fule
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and

0 u
(1.2) au—Au—e.

Both nonlinearities in the above problems grow so fast that the solu-
tions may blow up very fast. Even though we present problems with
specific nonlinear functions, the nonlinearity F(u) = |ule” in the equa-
tion (1.1) speaks for the nonlinear heat equations with transcendental
nonlinearities that grow very fast with F'(0) = 0. On the other hand, the
equation (1.2) with the nonlinearity F'(u) = e* represents for the non-
linear heat equations with transcendental nonlinearities with F'(0) # 0.
We recognized that nonlinear heat equations with other transcendental
nonlinearities could be handled similarly as either (1.1) or (1.2). So, we
mainly focus on the two kinds of problems like (1.1) and (1.2) which
exemplify the nonlinearities with rapid growth.

The existence theory has been developed in many function spaces.
For example, in [5], (nonlinear) heat equations have been studied in the
space Cp(2) of continuous functions with compact support. Those equa-
tions were investigated on Holder spaces C™(2) in [8] and [11]. F.B.
Weissler [19] handled the problems in Lebesgue spaces LP(€2). More-
over, in Lebesgue spaces LP(f2), certain singular phenomena, such as
non-uniqueness, have been observed (see [1], [4], and [10]). There are
some cases in which the regularizing effect allows one to solve the Cauchy
problem of nonlinear heat equations with singular initial data, such as
measures (see [3]). In this paper, we treat the problems on Besov spaces
By -

We prove a local in time existence and persistence of Besov space reg-
ularity of solutions for the nonlinear heat equations of the type (1.1) and
(1.2). The Besov spaces we deal with cover almost all the Besov spaces
B, , which have more regularity than the Sobolev borderline spaces - we
even include the critical cases when p, ¢ = 1 or oo.

To verify local existence of the solution, we choose to use a fixed point
theorem rather than a compactness argument([13]) or a standard itera-
tive algorithm ([6]). The essential tools for a priori estimates are Bony’s
para-product formula and Littlewood-Paley decomposition.

Notation Throughout this paper, C' denotes various real positive con-
stants.
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2. Preliminaries and a priori estimates

Let S(R™) be the Schwartz class of rapidly decreasing functions. We
consider a nonnegative radial function xy € S(R™) satisfying supp x C
{€e R J¢] < 8}, and x = 1 for [¢] < 2. We set h;(€) := x(2777'¢) —
x(279¢), and we notice that (&) + > 2o hi(€) =1, for £ € R™. Let g;
and @ be defined by ¢; := F~1(h;), j > 0 and ® := F (), where F(f)
denotes the Fourier transform of f on R". Note that ¢; is a mollifier of

0, that is, p;(x) := 27 (27x) (or $;(€) = ¢(2779¢)). For f € S'(R™),
we denote A;f = h;j(D)f = ¢;* f if j € Z, and the partial sums:

Spf=f— Z Ajf for k € Z. Assume s € R, and 1 < p,q < co. The
j=k+1
Besov spaces B, ,(R") are defined by
f € By (R") & {[12°A; f || o} jez €19

We define Bony’s para-product formula which decomposes the prod-
uct f - g of two functions f and g into three parts:

fr9=Trg+Tyf + R(f,9),

where T'rg represents Bony’s para-product of f and g defined by Tyg =
> iSi—af Djg = Y ic; o AifAjg and R(f,g) denotes the remainder
of the para-product R(f,g) = >_;_;<1 AifAjg. The following remark

exhibits the relationship between the role of the scaling factor 27¢ and
the role of the differentiation index s in Bj ;. The proof of the remark
can be found in [6, p. 16].

REMARK 2.1 (Bernstein’s Lemma). 1. For f € §'(R™) with

supp f C {€ € R": ¢ <7},

there exists a constant C = C(s) such that

1_ 1
1l < G 3| fl, 1< p<pr < oo,

1D flle < Cr¥||flle, 1< p< oo
2. For f € LP(R™) with p € [1,00] and
supp f C {€ e R : 277 < |¢] < 2771
there exists a constant C' such that

C 2| flle < |V Flle < C 2| f| Lo
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Now, we provide with a-priori estimates that are essential for prov-
ing the main theorems. The main techniques are Littlewood-Paley de-
composition and Bony’s para-product formula. First, we begin with
Sobolev-type imbedding lemma in Besov spaces.

REMARK 2.2. Let 1 < p < o0 and s > %. We have
[ull oo (gn) < Cllull s, (Rn)-

Proof. By applying Bernstein’s lemma and Hélder’s inequality on 7,
we get the estimate

lullz < C S 27| Agul| o 27

JEZL
1 g=1
q . q
. n_g . J9
<c S amul)] [ S@FE | = Clullg, @
JEZL JEZ
with the usual modification in the case of ¢ = co. O

The following product rule claims that most of Besov spaces are Ba-
nach algebra if the differential index s is bigger than the dimension of
the space.

PROPOSITION 2.3. Let s > 0 and 1 <p, ¢ < cc. For f,g € B, ,(R")N
L>(R™), we have

1£9ll55,, < Cliglz=lfls5, + Clf < lglls;,

p.qa —

Therefore the spaces B, ,(R") N L*°(R") are Banach algebras, and in
particular, for s > % and 1 < p, q < oo, the Besov spaces B, ,(R") are
Banach algebras.

Proof. We omit the details since the result can be obtained by mod-
ifying Proposition 4.1 in [14](page 10). O

The following proposition asserts that the transcendental function of
the type ue?” is locally Lipschitz continuous in Besov spaces.

PROPOSITION 2.4. Let s > %, 1 <p, ¢ <oc. Foru,ve By, (R"),
there exist constants L > 0, L' > 0 satisfying

2 2
lule*” —|vle” || ps ,@n) < Lllu = vl Bs &),
le* — e”ll g5, rn) < L'llu = vl ps (&0,

respectively. The constants L(||ul|; , [vllBs, ), L'(IullBs, . Ivl5s,) de-
pend only on the Besov norms ||- HBg,q of the given functions u and v.
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Proof. We deliver the proof of the first assertion, and then the second
one can be proved similarly. We start with the estimate

N—ivi

. ,
< (2C)N ! E IIUIIBS @ [vllBs @y,
Bs (&™) ’

for some positive constant Cy. In fact, by Proposition 2.3, we can easily
get that fort=1,2,--- 2N,

=50 33, < 2C0) s ol

for some positive constant Cy. Hence we compute

)N - N
< (2¢0) 1ZHU”BS Yol -

S
P.q =0

N—z,Uz

By the continuity of the Besov norm, we have

N ) o0 1 2k ' '
lule®” = o1 g < 3= o = 01 (32 a1t
k=0 """ i=0 Bj 4(R™)

Choose any number M > max{HuHst)’q(R”), vl Bs, (R")} and we ob-
tain

00 1 2k
it 1
I[ule” — |v]e”” Is;,, < 2 57 (2C0)u —vl5;, D ol
k=0 i=0 B3
00 2k 2k
200 k
Z ZIIUH%S Nollss llu—vls;,
k=0
oo
2k
< 3 L (CMY*(2k+ 1)]u— ollsg,
k=0

< (8C3M? + 1)ePCOMP ||y — o]y .
Take L = (8CZM? + 1)e2CM)* and we get the desired estimate:
2 2
lfule® = fole” gy ey < Lllu—vll sy .
O

The following proposition is essential to prove the existence of solu-
tions for nonlinear heat equations on Besov spaces.
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ProrosITION 2.5. Let 1 < p, q < 0o,s > 0. Then for any u €
Bst2(R™), we have the following estimate:

[ull pst2gny < Cllu — Aullps @n).-
Proof. We refer [9]. O

REMARK 2.6. Let 1 < p,q < co. The Laplacian A: B5t? — Bj  is
a dissipative operator. In fact, in the proof of Proposition 2.5, one has
for A > 0,

[Ajullzr < [|Aj(u = AAu)||Lp,  j=-1,0,1,---.
Therefore we have for A > 0,
1/q

oo
lullzs, < [ D I127°4;(w= 2w, | = llu—AAu|ps,-
j=—1

3. Main theorems

In this section we present existence theorems for the two kinds of
nonlinear heat equations (1.1) and (1.2) in Besov spaces.

The following proposition presents the linear stationary problem which
explains the m-dissipative property of the Laplacian on Besov spaces.

ProrosiTiON 3.1. Let s > 0, 1 < p, ¢ < oo, and A > 0. For
any f € By (R"), there exists u € B;;Q(R") satisfying the following
stationary problem:

Au— Au = f.

Proof. It suffices to verify the case when A = 1([5], page 19): that is,
for f € B; ,(R"), we will find u € B5H?(R") satisfying u — Au = f. To
accomplish it, we will first choose a possible candidate for u. We start
with splitting f into pieces by Littlewood-Paley decomposition

F=2> Aif.
j=—1
For each j = —1,0,1,---, we shall find u; satisfying
(31) Uj; — AUJ' = A]f
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To provide an explicit expression for u;, we take the Fourier transform
on both sides of (3.1) to get

_ I =

- A f.
e

Then from the well-known fact that

2
}-_1< 1 ) 1 /°° e—t—Ttdt
1+¢2) 23 )y 2

(by the principle of subordination and the Fourier inversion theorem),

we have
@ = Aife [
wilz) = _ A,

Next, we will show that the series Z Aju converges in B5t?(R™), and

j=-—1
SO U = Z Aju is an element of B5t2(R™).
j=—1
Let F,, = Z Ajf. Then Fy, converges to f in B, (R"). In fact, we
j=—1
note that
1/q
e} o q
1Fm = fllg ey = | D 2%9|Ak Y Af
k=—1 j=m+1 Lr(R™)
1/q
< Z Z 2ksq”AkA fHLp(Rn
k=—1j=m+1

For a fixed k, consider the supports of the functions, and we see that
ApA; f survives only when |k — j| < 1. Hence we have the estimate

1/q
1 — fllg, ey < (Z S 2N e

j=m+1 |k—j|<1

o0 1/q
(32) <o X P AN )

j=m+1

1/q
Since ||f| s (&) = < Z 1275 A fHLp Rn ) < 00, we can make (3.2)

as small as we want by choosmg m sufficiently large.
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m
Now, let S, = ‘21%' Then we claim that {S,,} is a Cauchy se-
=
quence in B;f(R”). For any m,n € N with n > m, Proposition 2.5
leads to

n n
1Sm = Sull gz < D2 Musllpgon <C 3 Ny = Agugllg eny
j=m+1 j=m+l

(3.3) <C S 1857l wn)-
j=m+1

We can make (3.3) as small as possible with m being sufficiently large.
Therefore, we see that {S,,} is a Cauchy sequence in B5t?(R"). Let u

oo
be the limit of Sy, in B5E2(R"), Le, u= > uj.
j=——1

Finally, since (I-A)u; = A, f, we have (I-A) > uj =Y (I-A)u; =
j=—1 j=—1

m

'Zl Ajf. Now we claim that I — A : B5t?(R") — Bj , is continuous,
j==
so then we have

F=> Ajf=lim I-A)> uj=I-A) lim > uj=(-Au
j=—1 j=—1 j=—1

To verify it, we look at the estimate

-8 Y w-w-n | Y a
=1 j=—1 IBg,®™ 500 B q(R™)
(3.4) < Z 185 f 1l Bs,, (Rm)-
j=m+1

The right hand side of (3.4) goes to zero as m — oo . In all, for all
fe BISMI’ there exists u € B{;’;2 such that v — Au = f. This completes
the proof. ]

The proposition above and Remark 2.6 imply the m-dissipative prop-
erty of the Laplacian A.

COROLLARY 3.2. The Laplacian A : D — Bj  with D = B5t? is
m-dissipative.
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REMARK 3.3. Besides the case of Sobolev spaces, the domain of the
unbounded operator A is the Besov space B;jf itself, without any con-
straint on the domain.

Now, we present our main theorems: the existence theorems of the
solutions for the two kinds of nonlinear heat equations (1.1) and (1.2)
in Besov spaces.

THEOREM 3.4. Let 1 < p, q < o0, s > %. For any ug € B, ,(R"),
there exists a T* € (0,00] such that the initial value problem for the
nonlinear heat equation (1.1) with initial datum u(x,0) = ug(z) has a
unique solution u € C([0,7%), B; ).

Proof. Let ug € By ((R") and K = 2||u||ps (rn). Then by Proposi-
tion 2.4, there exists a constant L > 0 such that

2 2
lule® = lole® gy ey < Lllw— oll s
for any u,v € By ,(R") satisfying |[ullp;, < K and [jv[|ps, < K. Set
T= ﬁ and let

E= {u € C((0.71.B,) « llu(t)llps, zny < K, forall t € [O,T]} ,

and we equip F with the distance d generated by the norm of the space
C([0,T], B, ), that is,
d ; — t - t s nY, 5 c E
(1) = gmax u(t) ~ 0Ol e w0
Since C([0, T}, B, ,) is a Banach space, (E,d) is a complete metric space.
On the other hand, since A : D — Bj , with D = B5!? is m-dissipative,

)

it produces a semi-group on B, ,(R"), say 7. For all u € F, we define
A, € C([0,T7], B, ) by

Au(t) = T (t)uo + /0 T(t — s)|u(s)|e“) ds,

for all t € [0, T]. We claim that A, € E. Indeed, note that for s € [0, T,
we have, by Proposition 2.4,
[uollBs.,

[lus)le| -

<L . <L (2 \ ) _
B @S [u(s)llBs, < [uoll B,

It follows that

1
A0l < (14 07 ) lualag, < 2luolag, = K.

p,qa —
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Consequently, we have A : B — E, A(u) = A,. Furthermore, for any
u,v € E, we get

1Au(t) = Au(®)]l3;, < L / lus) — v(s)l| s, ds
L

1
< — .
< 2L+2d(u,v) < 2d(u,v)

Therefore, A, is a contraction mapping in E with the Lipschitz constant
%, and so by Banach fixed point theorem, A, has a fixed point A, = u €
E. This leads to

u(t) = T (t)ug + /0 T(t — s)|u(s)]e"®

for 0 < t < ﬁ = T. In all, we obtain a unique solution u in
C((0.7), By,,).

We may continue to use this argument until the value ||u(7™)]| B,
blows up, i.e., tlTHTn [u(®)|lBs,, = oo O

THEOREM 3.5. Let 1 < ¢ < oo, s > 0. For any up € B3, ,(R"), there
exists a positive constant T* € (0, oo| such that the initial value problem
for the nonlinear heat equation (1.2) with initial datum u(z,0) = up(x)
has a unique solution u € C([0,7*), B3, ,)-

Proof. The proof is very much the same as that of Theorem 3.4. So
we only point out the differences.

Let ug € B, ;(R") and K = 2||u| s, ,- Proposition 2.4 provides the
existence of a constant L > 0 with

le* = €"llps, ,&n) < Lllu—vllps,  &n

for any u,v € B, ,(R") satisfying |[ulps, , < K and [jv[|ps, , < K. We
set
—S
=——— withegg= ———
2L+Co HUOHB&W

and define the complete metric space E/ and the distance d by the exactly
same way as in the proof of Theorem 3.4. For the same 7 and A, with
u € E, we need to check that A,(t) € E. The reason is as follows: for
s € [0,T], by Proposition 2.4, we have

[ < Llju(s) sy, @) + 1l g, -

B (Rn)
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We observe that for j =0,1,2,---,
141 Lo = V27 [|5(0)| o = 0.

Hence we have that
1lss, gy = 2O )

Therefore we obtain

=277

Q=

- l|uo || Bs
le“llps , < LK +27° < L(2luoll ;) +eolluollzs,, = =
It follows that

1Al mr) < 2lluoll By, @n) = K.

Consequently, we have A : F — E, A(u) = Ay, and for all u,v € E, we
get

1
[Au(t) — Av(t)HBgo,q(R") < ) d(u,v).

Therefore, A, is a contraction mapping in F, and so by Banach fixed
point theorem, A, has a fixed point A, = v € E. This leads to

u(t) = T (t)ug + /O t T(t — s)e"®ds

for 0 <

0 t = T. In all, we obtain a unique solution u in
c([0,71, B

1
S 2L+cq

%.q)- This completes the proof of the local existence. O]

References

[1] P. Baras, Non unicité des solutions d’une équation d’évolution mon linéaire,
Ann. Fac. Sci. Toulouse 5 (1983), 287-302.

[2] J. M. Bony, Calcul symbolique et propagation des singularitiés pour les
équations aux dérivées partielles non linéaires, Ann. de I’Ecole Norm. Sup.
14 (1981), 209-246.

[3] H. Brezis and A. Friedman, Nonlinear parabolic equations involving measures
as initial conditions, J. Math. Pures Appl. 62 (1983), 73-97.

[4] H. Brezis, L. A. Peletier and D. Terman, A very singular solution of the heat
equation with absorption, Arch. Rat. Mech. Anal. 95 (1986), 185-209.

[5] T. Cazenave and Haraux, An Introduction to Semilinear Evolution Equations,
Clarendon Press, Oxford, 1988.

[6] J. Y. Chemin, Perfect incompressible fluids, Clarendon Press, Oxford, 1981.

[7] L. C. Evans, Partial Differential Equation, American Mathematical Society,
1998.

[8] A. Friedman, Partial Differential Equations of Parabolic Type, Prentice-Hall,
1964.



784

9
[10]
[11]
12
[13)
[14]
[15]
[16]
17]
18]

(19]

*

Hee Chul Pak and Sang-Hoon Chang

Hyuk Han and H-C Pak, Resolvent inequality of Laplacian in Besov spaces, J.
Chungcheong math. Soc. 22 (2009), no. 1.

A. Haraux and F. B. Weissler, Non uniqueness for a semilinear initial value
problem, Indiana Univ. Math. J. 31 (1982), 167-189.

O. A. Ladyzhenskaya, V. A. Solonikov and N. N. Ural’ceva, Linear and Quasi-
linear Equations of Parabolic Type, American Mathematical Society, 1968.

M. Nakamura and T. Ozawa, Nonlinear Schridinger Equations in the Sobolev
Space of Critical Order, J. Funct. Anal. 155 (1998), 364-380.

H-C Pak and Y. J. Park, Existence of solution for the Euler equations in a
critical Besov space BL, 1 (R™), Comm. Partial Diff. Eq. 29 (2004), 1149-1166.
H-C Pak and Y. J. Park, Vorticity existence for an ideal incompressible fluid
in BY, 1 (R*) N LP(R?), J. Math. Kyoto Univ. 45 (2005), 1-20.

E. M. Stein, Harmonic analysis; Real-variable methods, orthogonality, and os-
illatory integrals, Princeton Mathematical Series, Vol. 43, 1993.

H. Triebel, Theory of Function spaces II, Birkhauser, 1992.

M. E. Taylor, Tools for PDE Pseudodifferential Operators, Para-differential
Operators, and Layer Potentials, Mathematical surveys and Monographs, Vol.
81, American Mathematical Society, 2000.

M. Vishik, Hydrodynamics in Besov spaces, Arch. Rational Mech. Anal. 145
(1998), 197-214.

F. B. Weissler, Local ezistence and nonexistence for semilinear parabolic equa-
tions in LP, Indiana Univ. Math. J. 29 (1980), 79-102.

Department of Applied Mathematics and Institute of Basic Sciences
Dankook University

Cheonan 330-714, Republic of Korea

E-mail: hpak@dankook.ac.kr

kk

Department of Applied Mathematics
Dankook University

Cheonan 330-714, Republic of Korea
E-mail: shjang@dankook.ac.kr



