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NONLINEAR HEAT EQUATIONS WITH
TRANSCENDENTAL NONLINEARITY IN BESOV

SPACES

Hee Chul Pak* and Sang-Hoon Chang**

Abstract. The existence of solutions in Besov spaces for nonlinear
heat equations having transcendental nonlinearity:

∂

∂t
u−∆u = F (u)

is investigated. In particular, it is proved the local existence and
blow-up phenomena of the solutions in Besov spaces for nonlinear
heat equations corresponding to two transcendental nonlinear func-

tions F (u) ≡ |u|eu2
and F (u) ≡ eu of rapid growth.

1. Introduction

We are concerned with the initial value problem of nonstationary
nonlinear heat equations:

∂

∂t
u(x, t)−∆u(x, t) = F (u(x, t)),

u(x, 0) = u0(x),

where x ∈ Rn, F is a given nonlinear function and u is unknown. Ex-
istence and uniqueness theories of solutions of nonlinear heat equations
have been extensively studied by many mathematicians and physicists.
Unlike other studies, we focus on nonlinear heat equations with tran-
scendental nonlinearities such as:

∂

∂t
u−∆u = |u|eu2

(1.1)
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and

∂

∂t
u−∆u = eu.(1.2)

Both nonlinearities in the above problems grow so fast that the solu-
tions may blow up very fast. Even though we present problems with
specific nonlinear functions, the nonlinearity F (u) ≡ |u|eu2

in the equa-
tion (1.1) speaks for the nonlinear heat equations with transcendental
nonlinearities that grow very fast with F (0) = 0. On the other hand, the
equation (1.2) with the nonlinearity F (u) ≡ eu represents for the non-
linear heat equations with transcendental nonlinearities with F (0) 6= 0.
We recognized that nonlinear heat equations with other transcendental
nonlinearities could be handled similarly as either (1.1) or (1.2). So, we
mainly focus on the two kinds of problems like (1.1) and (1.2) which
exemplify the nonlinearities with rapid growth.

The existence theory has been developed in many function spaces.
For example, in [5], (nonlinear) heat equations have been studied in the
space C0(Ω) of continuous functions with compact support. Those equa-
tions were investigated on Hölder spaces Cm,α(Ω) in [8] and [11]. F.B.
Weissler [19] handled the problems in Lebesgue spaces Lp(Ω). More-
over, in Lebesgue spaces Lp(Ω), certain singular phenomena, such as
non-uniqueness, have been observed (see [1], [4], and [10]). There are
some cases in which the regularizing effect allows one to solve the Cauchy
problem of nonlinear heat equations with singular initial data, such as
measures (see [3]). In this paper, we treat the problems on Besov spaces
Bs

p,q.
We prove a local in time existence and persistence of Besov space reg-

ularity of solutions for the nonlinear heat equations of the type (1.1) and
(1.2). The Besov spaces we deal with cover almost all the Besov spaces
Bs

p,q which have more regularity than the Sobolev borderline spaces - we
even include the critical cases when p, q = 1 or ∞.

To verify local existence of the solution, we choose to use a fixed point
theorem rather than a compactness argument([13]) or a standard itera-
tive algorithm ([6]). The essential tools for a priori estimates are Bony’s
para-product formula and Littlewood-Paley decomposition.

Notation Throughout this paper, C denotes various real positive con-
stants.
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2. Preliminaries and a priori estimates

Let S(Rn) be the Schwartz class of rapidly decreasing functions. We
consider a nonnegative radial function χ ∈ S(Rn) satisfying supp χ ⊂
{ξ ∈ Rn : |ξ| ≤ 5

6}, and χ = 1 for |ξ| ≤ 3
5 . We set hj(ξ) := χ(2−j−1ξ)−

χ(2−jξ), and we notice that χ(ξ) +
∑∞

j=0 hj(ξ) = 1, for ξ ∈ Rn. Let ϕj

and Φ be defined by ϕj := F−1(hj), j ≥ 0 and Φ := F−1(χ), where F(f)
denotes the Fourier transform of f on Rn. Note that ϕj is a mollifier of
ϕ0, that is, ϕj(x) := 2jnϕ0(2jx) (or ϕ̂j(ξ) = ϕ̂(2−jξ)). For f ∈ S ′(Rn),
we denote ∆jf ≡ hj(D)f = ϕj ∗ f if j ∈ Z, and the partial sums:

Skf := f −
∞∑

j=k+1

∆jf for k ∈ Z. Assume s ∈ R, and 1 ≤ p, q ≤ ∞. The

Besov spaces Bs
p,q(Rn) are defined by

f ∈ Bs
p,q(Rn) ⇔ {‖2js∆jf‖Lp}j∈Z ∈ lq.

We define Bony’s para-product formula which decomposes the prod-
uct f · g of two functions f and g into three parts:

f · g = Tfg + Tgf + R(f, g),

where Tfg represents Bony’s para-product of f and g defined by Tfg ≡∑
j Sj−2f ∆jg =

∑
i≤j−2 ∆if∆jg and R(f, g) denotes the remainder

of the para-product R(f, g) ≡ ∑
|i−j|≤1 ∆if∆jg. The following remark

exhibits the relationship between the role of the scaling factor 2js and
the role of the differentiation index s in Bs

p,q. The proof of the remark
can be found in [6, p. 16].

Remark 2.1 (Bernstein’s Lemma). 1. For f ∈ S ′(Rn) with

supp f̂ ⊂ {ξ ∈ Rn : |ξ| ≤ r} ,

there exists a constant C = C(s) such that

‖f‖Lp1 ≤ Cr
n
(

1
p
− 1

p1

)
‖f‖Lp , 1 ≤ p ≤ p1 ≤ ∞,

‖Dsf‖Lp ≤ C rs‖f‖Lp , 1 ≤ p ≤ ∞.

2. For f ∈ Lp(Rn) with p ∈ [1,∞] and

supp f̂ ⊂ {
ξ ∈ Rn : 2j−1 ≤ |ξ| ≤ 2j+1

}
,

there exists a constant C such that

C−12j‖f‖Lp ≤ ‖∇f‖Lp ≤ C 2j‖f‖Lp .
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Now, we provide with a-priori estimates that are essential for prov-
ing the main theorems. The main techniques are Littlewood-Paley de-
composition and Bony’s para-product formula. First, we begin with
Sobolev-type imbedding lemma in Besov spaces.

Remark 2.2. Let 1 ≤ p ≤ ∞ and s > n
p . We have

‖u‖L∞(Rn) ≤ C‖u‖Bs
p,q(Rn).

Proof. By applying Bernstein’s lemma and Hölder’s inequality on lp,
we get the estimate

‖u‖L∞ ≤ C
∑

j∈Z
2js‖∆ju‖Lp 2

jn
p
−js

≤ C


∑

j∈Z
(2js‖∆ju‖Lp)q




1
q

∑

j∈Z
(2

n
p
−s)

jq
q−1




q−1
q

= C‖u‖Bs
p,q(Rn)

with the usual modification in the case of q = ∞.

The following product rule claims that most of Besov spaces are Ba-
nach algebra if the differential index s is bigger than the dimension of
the space.

Proposition 2.3. Let s > 0 and 1 ≤ p, q ≤ ∞. For f, g ∈ Bs
p,q(Rn)∩

L∞(Rn), we have

‖fg‖Bs
p,q
≤ C‖g‖L∞‖f‖Bs

p,q
+ C‖f‖L∞‖g‖Bs

p,q
.

Therefore the spaces Bs
p,q(Rn) ∩ L∞(Rn) are Banach algebras, and in

particular, for s > n
p and 1 ≤ p, q ≤ ∞, the Besov spaces Bs

p,q(Rn) are

Banach algebras.

Proof. We omit the details since the result can be obtained by mod-
ifying Proposition 4.1 in [14](page 10).

The following proposition asserts that the transcendental function of
the type ueu2

is locally Lipschitz continuous in Besov spaces.

Proposition 2.4. Let s > n
p , 1 ≤ p, q ≤ ∞. For u, v ∈ Bs

p,q(Rn),
there exist constants L > 0, L′ > 0 satisfying

‖|u|eu2 − |v|ev2‖Bs
p,q(Rn) ≤ L‖u− v‖Bs

p,q(Rn),

‖eu − ev‖Bs
p,q(Rn) ≤ L′‖u− v‖Bs

p,q(Rn),

respectively. The constants L(‖u‖Bs
p,q

, ‖v‖Bs
p,q

), L′(‖u‖Bs
p,q

, ‖v‖Bs
p,q

) de-

pend only on the Besov norms ‖·‖Bs
p,q

of the given functions u and v.
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Proof. We deliver the proof of the first assertion, and then the second
one can be proved similarly. We start with the estimate

∥∥∥∥
N∑

i=0

uN−ivi

∥∥∥∥
Bs

p,q(Rn)

≤ (2C0)N−1
N∑

i=0

‖u‖N−i
Bs

p,q(Rn)‖v‖i
Bs

p,q(Rn),

for some positive constant C0. In fact, by Proposition 2.3, we can easily
get that for i = 1, 2, · · · , 2N ,

‖uN−ivi‖Bs
p,q
≤ (2C0)N−1‖u‖N−i

Bs
p,q
‖v‖i

Bs
p,q

,

for some positive constant C0. Hence we compute
∥∥∥∥

N∑

i=0

uN−ivi

∥∥∥∥
Bs

p,q

≤ (2C0)N−1
N∑

i=0

‖u‖N−i
Bs

p,q
‖v‖i

Bs
p,q

.

By the continuity of the Besov norm, we have

‖|u|eu2 − |v|ev2‖Bs
p,q(Rn) ≤

∞∑

k=0

1
k!

∥∥∥∥|u− v|
( 2k∑

i=0

|u|2k−i|v|i
)∥∥∥∥

Bs
p,q(Rn)

.

Choose any number M ≥ max
{
‖u‖Bs

p,q
(Rn), ‖v‖Bs

p,q
(Rn)

}
and we ob-

tain

‖|u|eu2 − |v|ev2‖Bs
p,q
≤

∞∑

k=0

1
k!

(2C0)‖u− v‖Bs
p,q

∥∥∥∥
2k∑

i=0

|u|2k−i|v|i
∥∥∥∥

Bs
p,q

≤
∞∑

k=0

(2C0)
2k

k!

2k∑

i=0

‖u‖2k−i
Bs

p,q
‖v‖i

Bs
p,q
‖u− v‖Bs

p,q

≤
∞∑

k=0

1
k!

(2C0M)2k(2k + 1)‖u− v‖Bs
p,q

≤ (8C2
0M2 + 1)e(2C0M)2‖u− v‖Bs

p,q
.

Take L ≡ (8C2
0M2 + 1)e(2C0M)2 and we get the desired estimate:

‖|u|eu2 − |v|ev2‖Bs
p,q(Rn) ≤ L‖u− v‖Bs

p,q(Rn).

The following proposition is essential to prove the existence of solu-
tions for nonlinear heat equations on Besov spaces.
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Proposition 2.5. Let 1 ≤ p, q ≤ ∞, s ≥ 0. Then for any u ∈
Bs+2

p,q (Rn), we have the following estimate:

‖u‖Bs+2
p,q (Rn) ≤ C‖u−∆u‖Bs

p,q(Rn).

Proof. We refer [9].

Remark 2.6. Let 1 ≤ p, q ≤ ∞. The Laplacian ∆ : Bs+2
p,q → Bs

p,q is
a dissipative operator. In fact, in the proof of Proposition 2.5, one has
for λ > 0,

‖∆ju‖Lp ≤ ‖∆j(u− λ∆u)‖Lp , j = −1, 0, 1, · · · .

Therefore we have for λ > 0,

‖u‖Bs
p,q
≤




∞∑

j=−1

‖2js∆j(u− λ∆u)‖q
Lp




1/q

= ‖u− λ∆u‖Bs
p,q

.

3. Main theorems

In this section we present existence theorems for the two kinds of
nonlinear heat equations (1.1) and (1.2) in Besov spaces.

The following proposition presents the linear stationary problem which
explains the m-dissipative property of the Laplacian on Besov spaces.

Proposition 3.1. Let s ≥ 0, 1 ≤ p, q ≤ ∞, and λ > 0. For
any f ∈ Bs

p,q(Rn), there exists u ∈ Bs+2
p,q (Rn) satisfying the following

stationary problem:

λu−∆u = f.

Proof. It suffices to verify the case when λ = 1([5], page 19): that is,
for f ∈ Bs

p,q(Rn), we will find u ∈ Bs+2
p,q (Rn) satisfying u−∆u = f . To

accomplish it, we will first choose a possible candidate for u. We start
with splitting f into pieces by Littlewood-Paley decomposition

f =
∞∑

j=−1

∆jf.

For each j = −1, 0, 1, · · · , we shall find uj satisfying

uj −∆uj = ∆jf.(3.1)
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To provide an explicit expression for uj , we take the Fourier transform
on both sides of (3.1) to get

ûj =
1

1 + |ξ|2 ∆̂jf.

Then from the well-known fact that

F−1

(
1

1 + |ξ|2
)

=
1

2
n
2

∫ ∞

0

e−t− |x|2
4t

t
n
2

dt

(by the principle of subordination and the Fourier inversion theorem),
we have

uj(x) =
1

(4π)
n
2

∆jf ∗
∫ ∞

0

e−t− |x|2
4t

t
n
2

dt.

Next, we will show that the series
∞∑

j=−1
∆ju converges in Bs+2

p,q (Rn), and

so u ≡
∞∑

j=−1
∆ju is an element of Bs+2

p,q (Rn).

Let Fm ≡
m∑

j=−1
∆jf . Then Fm converges to f in Bs

p,q(Rn). In fact, we

note that

‖Fm − f‖Bs
p,q(Rn) =




∞∑

k=−1

2ksq

∥∥∥∥∆k

∞∑

j=m+1

∆jf

∥∥∥∥
q

Lp(Rn)




1/q

≤



∞∑

k=−1

∞∑

j=m+1

2ksq‖∆k∆jf‖q
Lp(Rn)




1/q

.

For a fixed k, consider the supports of the functions, and we see that
∆k∆jf survives only when |k − j| ≤ 1. Hence we have the estimate

‖Fm − f‖Bs
p,q(Rn) ≤

( ∞∑

j=m+1

∑

|k−j|≤1

2ksq‖∆k∆jf‖q
Lp(Rn)

)1/q

≤ C

( ∞∑

j=m+1

2jsq‖∆jf‖q
Lp(Rn)

)1/q

.(3.2)

Since ‖f‖Bs
p,q(Rn) =

( ∞∑
j=−1

‖2js∆jf‖q
Lp(Rn)

)1/q

< ∞, we can make (3.2)

as small as we want by choosing m sufficiently large.
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Now, let Sm ≡
m∑

j=−1
uj . Then we claim that {Sm} is a Cauchy se-

quence in Bs+2
p,q (Rn). For any m,n ∈ N with n > m, Proposition 2.5

leads to

‖Sm − Sn‖Bs+2
p,q (Rn) ≤

n∑

j=m+1

‖uj‖Bs+2
p,q (Rn) ≤ C

n∑

j=m+1

‖uj −∆juj‖Bs
p,q(Rn)

≤ C
∞∑

j=m+1

‖∆jf‖Bs
p,q(Rn).(3.3)

We can make (3.3) as small as possible with m being sufficiently large.
Therefore, we see that {Sm} is a Cauchy sequence in Bs+2

p,q (Rn). Let u

be the limit of Sm in Bs+2
p,q (Rn), i.e., u ≡

∞∑
j=−1

uj .

Finally, since (I−∆)uj = ∆jf , we have (I−∆)
m∑

j=−1
uj =

m∑
j=−1

(I−∆)uj =

m∑
j=−1

∆jf . Now we claim that I −∆ : Bs+2
p,q (Rn) → Bs

p,q is continuous,

so then we have

f =
∞∑

j=−1

∆jf = lim
m→∞(I −∆)

m∑

j=−1

uj = (I −∆) lim
m→∞

m∑

j=−1

uj = (I −∆)u.

To verify it, we look at the estimate
∥∥∥∥(I −∆)

m∑

j=−1

uj − (I −∆)
∞∑

j=−1

uj

∥∥∥∥
Bs

p,q(Rn)

=
∥∥∥∥

∞∑

j=m+1

∆jf

∥∥∥∥
Bs

p,q(Rn)

≤
∞∑

j=m+1

‖∆jf‖Bs
p,q(Rn).(3.4)

The right hand side of (3.4) goes to zero as m → ∞ . In all, for all
f ∈ Bs

p,q, there exists u ∈ Bs+2
p,q such that u −∆u = f . This completes

the proof.

The proposition above and Remark 2.6 imply the m-dissipative prop-
erty of the Laplacian ∆.

Corollary 3.2. The Laplacian ∆ : D → Bs
p,q with D ≡ Bs+2

p,q is
m-dissipative.
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Remark 3.3. Besides the case of Sobolev spaces, the domain of the
unbounded operator ∆ is the Besov space Bs+2

p,q itself, without any con-
straint on the domain.

Now, we present our main theorems: the existence theorems of the
solutions for the two kinds of nonlinear heat equations (1.1) and (1.2)
in Besov spaces.

Theorem 3.4. Let 1 ≤ p, q ≤ ∞, s > n
p . For any u0 ∈ Bs

p,q(Rn),
there exists a T ∗ ∈ (0,∞] such that the initial value problem for the
nonlinear heat equation (1.1) with initial datum u(x, 0) = u0(x) has a
unique solution u ∈ C([0, T ∗), Bs

p,q).

Proof. Let u0 ∈ Bs
p,q(Rn) and K = 2‖u0‖Bs

p,q(Rn). Then by Proposi-
tion 2.4, there exists a constant L > 0 such that

‖|u|eu2 − |v|ev2‖Bs
p,q(Rn) ≤ L‖u− v‖Bs

p,q(Rn)

for any u, v ∈ Bs
p,q(Rn) satisfying ‖u‖Bs

p,q
≤ K and ‖v‖Bs

p,q
≤ K. Set

T ≡ 1
2L+2 and let

E ≡
{

u ∈ C
(
[0, T ], Bs

p,q

)
: ‖u(t)‖Bs

p,q(Rn) ≤ K, for all t ∈ [0, T ]
}

,

and we equip E with the distance d generated by the norm of the space
C([0, T ], Bs

p,q), that is,

d(u, v) = max
t∈[0,T ]

‖u(t)− v(t)‖Bs
p,q(Rn), u, v ∈ E.

Since C([0, T ], Bs
p,q) is a Banach space, (E, d) is a complete metric space.

On the other hand, since ∆ : D → Bs
p,q with D = Bs+2

p,q is m-dissipative,
it produces a semi-group on Bs

p,q(Rn), say T . For all u ∈ E, we define
Λu ∈ C([0, T ], Bs

p,q) by

Λu(t) ≡ T (t)u0 +
∫ t

0
T (t− s)|u(s)|eu(s)2ds,

for all t ∈ [0, T ]. We claim that Λu ∈ E. Indeed, note that for s ∈ [0, T ],
we have, by Proposition 2.4,

∥∥∥|u(s)|eu(s)2
∥∥∥

Bs
p,q(Rn)

≤ L‖u(s)‖Bs
p,q
≤ L

(
2‖u0‖Bs

p,q

)
=
‖u0‖Bs

p,q

T
.

It follows that

‖Λu(t)‖Bs
p,q
≤

(
1 + t

1
T

)
‖u0‖Bs

p,q
≤ 2‖u0‖Bs

p,q
= K.
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Consequently, we have Λ : E −→ E, Λ(u) = Λu. Furthermore, for any
u, v ∈ E, we get

‖Λu(t)− Λv(t)‖Bs
p,q
≤ L

∫ t

0
‖u(s)− v(s)‖Bs

p,q
ds

≤ L

2L + 2
d(u, v) <

1
2

d(u, v).

Therefore, Λu is a contraction mapping in E with the Lipschitz constant
1
2 , and so by Banach fixed point theorem, Λu has a fixed point Λu = u ∈
E. This leads to

u(t) = T (t)u0 +
∫ t

0
T (t− s)|u(s)|eu(s)2ds

for 0 ≤ t ≤ 1
2L+2 = T . In all, we obtain a unique solution u in

C([0, T ], Bs
p,q).

We may continue to use this argument until the value ‖u(T ∗)‖Bs
p,q

blows up, i.e., lim
t↑T ∗

‖u(t)‖Bs
p,q

= ∞.

Theorem 3.5. Let 1 ≤ q ≤ ∞, s ≥ 0. For any u0 ∈ Bs∞,q(Rn), there
exists a positive constant T ∗ ∈ (0,∞] such that the initial value problem
for the nonlinear heat equation (1.2) with initial datum u(x, 0) = u0(x)
has a unique solution u ∈ C([0, T ∗), Bs∞,q).

Proof. The proof is very much the same as that of Theorem 3.4. So
we only point out the differences.

Let u0 ∈ Bs∞,q(Rn) and K = 2‖u0‖Bs∞,q
. Proposition 2.4 provides the

existence of a constant L > 0 with

‖eu − ev‖Bs∞,q(Rn) ≤ L‖u− v‖Bs∞,q(Rn)

for any u, v ∈ Bs∞,q(Rn) satisfying ‖u‖Bs∞,q
≤ K and ‖v‖Bs∞,q

≤ K. We
set

T ≡ 1
2L + c0

with c0 =
2−s

‖u0‖Bs∞,q

and define the complete metric space E and the distance d by the exactly
same way as in the proof of Theorem 3.4. For the same T and Λu with
u ∈ E, we need to check that Λu(t) ∈ E. The reason is as follows: for
s ∈ [0, T ], by Proposition 2.4, we have

∥∥∥eu(s)
∥∥∥

Bs∞,q(Rn)
≤ L‖u(s)‖Bs∞,q(Rn) + ‖1‖Bs∞,q(Rn).
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We observe that for j = 0, 1, 2, · · · ,
‖∆j1‖L∞ = n

√
2π ‖φ̂j(0)‖L∞ = 0.

Hence we have that

‖1‖Bs∞,q(Rn) = (2−sq‖Φ̂(0)‖q
L∞(Rn))

1
q = 2−s.

Therefore we obtain

‖eu‖Bs∞,q
≤ LK + 2−s ≤ L(2‖u0‖Bs

p,q
)+c0‖u0‖Bs∞,q

=
‖u0‖Bs

p,q

T
.

It follows that

‖Λu(t)‖Bs∞,q(Rn) ≤ 2‖u0‖Bs∞,q(Rn) = K.

Consequently, we have Λ : E −→ E, Λ(u) = Λu, and for all u, v ∈ E, we
get

‖Λu(t)− Λv(t)‖Bs∞,q(Rn) <
1
2

d(u, v).

Therefore, Λu is a contraction mapping in E, and so by Banach fixed
point theorem, Λu has a fixed point Λu = u ∈ E. This leads to

u(t) = T (t)u0 +
∫ t

0
T (t− s)eu(s)ds

for 0 ≤ t ≤ 1
2L+c0

= T . In all, we obtain a unique solution u in
C([0, T ], Bs∞,q). This completes the proof of the local existence.
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