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GAUSS SUMS ON F,[T]

SUNGHAN BAE* AND PYUNG-LYUN KANG**

ABSTRACT. We study Gauss sums on Fy[T] and get some functional equa-
tions for L—functions.

0. Introduction

Gauss sum on F,[T], which is called polynomial Gauss sum, was first
studied by Hayes [3] and he proved an analogue of Davenport-Hasse The-
orem about Gauss sums on finite fields. In this note we study polynomial
Gauss sums by studying additive characters. Polynomial Gauss sums are
just the usual Gauss sums for finite fields if the modulus of the character
is irreducible. It is not only a generalization of Gauss sums on finite fields,
but can also be thought as an analogue of classical Gauss sums on Z.

In the first section we associate to each additive character A a matrix
A which enables us to do some linear algebra. Our first result is to deter-
mine the absolute values of Gauss sums (Theorem 1.5). We then prove an
analogue of Polya inequality for character sums by using Gauss sums and
additive character sums.

In the second section, we fix a specific additive character A\ and express
Dirichlet L-function on F,[T] in a simple and explicit way (Theorem 2.1)
with the help of the associated matrix A and Gauss sum. We use this
expression to get functional equations for L-functions (Theorem 2.2). The
more general form of functional equations for even characters was known
before ([2]), but our method is very elementary and also covers the case of
odd characters.

In the third section we use Gauss sums and the methods in the previous

sections to deduce certain analogues of large sieve inequalities.
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Notations

p : an odd prime number, ¢ : a power of p.

[F, : the finite field with ¢ elements containing a subfield F), ~ Z /pZ.
A:=F,T|, A":={M € A: monic}.

For an integer r» > 0,

A ={MeA:degM =71}, AF=ANAT,

Ac,:={M e A:degM <7}, AL =A. NAT

Aoy = {MeA:degM <r}, AL, =A_, NA*.

For F € A}',

A(F):={M e A:degM < deg F'}, AT(F):=A(F)nAT.

For M € A,

Mg = the polynomial of degree < deg F', which is congruent to M modulo
F,

cri(M) = the coefficient of T* in Mp,

cp(M) = (cro(M),cpai(M),. .. crf-1(M)).

Cp : a fixed primitive p-th root of unity in C.

Tr =Trg, v, : Fq — F, the trace map.

1. Basic properties of polynomial Gauss sums
For a multiplicative character y and an additive character A modulo F'

of degree f, define Gauss sum 7(x,\) by

(L.1) TGN = Y X(DAM) = Y X(MAM).

M mod F MeA(F)

Note that when F' is irreducible, then our 7(y, \) is just the usual Gauss
sum on the finite field [Fpaez 7. Hence we may view our Gauss sum as a
generalization of classical Gauss sum for finite field.

We need to investigate the properties of additive characters. Note that
an additive character A modulo F' is completely determined by the additive
characters A\ : F, —C*fori=0,---,f—1, f =degF, where

2D (@) = A(aT).
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Since the bilinear form < «, >= CpT r(ah) g nondegenerate, each additive

character \(*) is determined by \; € F, such that
(@ (o) = Cg"r(o&w)_

Thus we say that an additive character modulo F' is determined by (Ao, .. .,
A f—l) S F(J; if

f—1 f—1
A aiThy = ] ¢,
=0 1=0

For an additive character A and A € A, \4 is an additive character defined
by Aa(M) = A(AM). We say that an additive character A modulo F' is said
to be primitive if the IF,-bilinear form <, > defined by < A, B >:= A(AB) is
nondegenerate. It is clear from the definition that if A is primitive, then any
additive character modulo F' is of the form A4 for some A € A, and M4 is
primitive if and only if g.c.d.(A, F) = 1. We get easily, for g.c.d.(A, F) =1,

(1.2) T(x; Aa) = X(A)T(x, A).-

where X(A) = x(A), the conjugate of x(A) in C. In fact, this will be
generalized in Lemma 1.4 for all A € A.

We are going to associate an f x f matrix A to each additive character
A modulo F. Write

F=T" —b; ,T/7 . — 0T — by.

Write cp ;(M) by ¢;(M) to simplify notations. For ¢ > 0, write

f—1
{7 =Y € TF mod F.
k=0

Then we have the following recursive formula
€itl,j = €ij—1 T bj€if1,

where €, = 0 for j < 0, €0,j = 0forj < f—1, €0,f—1 = 1 and €1,j = bj.
Define A; ; for 0 <14,j < f — 1 by the following:

Ai,j:)\i—i-j 1f0§j<f—’b
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-1
)\i,f—i—l—k = Z ek,j)\j for 0 < k <1.
j=0
Let A be the f x f matrix with entries A; ;. Then we can easily see that
f—1 t
(1.3) AAX) = Cgr(Ek:o er(AX)Ae) _ CZ’T’(CF(A)ACF(X) ).

Thus we have the following lemma. Note that A is symmetric, since A(AX) =
AXA). In fact, \; j = A\p¢ whenever i+ j =k + .

LEMMA 1.1. An additive character X\ is primitive if and only if the asso-

ciated matrix A is nonsingular.

EXAMPLE 1.2. Let A be the additive character determined by (0, ...,0,1).

Then the associated matrix A is given by

0 0 - 0 1

0 0 e 1 €0,d—1
A= 0 0 e €0,d—1 €1,d-1

1 €,g-1 ... €d-3d-1 €d—2,d-1

Therefore A is nonsingular and so A is primitive.

LEMMA 1.3. Let A be an additive character modulo F' of degree f and

A its associated matrix. Then

(1.4) Z AMAX) = { qf if Axt =0

4= 0 otherwise

In particular, if A is primitive, then

(1.4) S AAX) = { ¢ IX=0

4= 0  otherwise.

As in [6], Lemma 4.7, we have the following lemma.

LEMMA 1.4. Let x be a primitive multiplicative character and )\ an ad-

ditive character modulo F' of degree f. Then we have, for N € A,

(1.5) X(NTGA) = Y X(MAMN) =7(X, An)
M mod F
and
1 _
(1.6) A(A) = oF) ) ;j FX(A)T(Xa A).

The main theorem of this section is the following.
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THEOREM 1.5. Let x be a primitive multiplicative character and \ an

additive character modulo F' of degree f. Then

N~

(1.7) I7(x, \)| = { qz if A is primitive

0  if X\ is not primitive.

Proof. By Lemma 1.4 above, we have

TGP =706 M)T(GA)

I
i
a
>
=I
2
=

|
32

N mod F

= Y xDABDRNAC-N)

N mod FM mod F

= Y S (MAN(M - 1))

N mod FFM mod F

= 3 M) Y ANI-1).

M mod F N mod F

>
=

When A is primitive, the result follows at once from (1.4’). Suppose now
that A\ is not primitive. Let G(#Z 0 mod F) be a polynomial of minimal
degree with Acp(G)! = 0. By the minimality, we see that G | F' and any B
with Acp(B)! = 0 is divisible by G. Then, by (1.4),

(*) roeNP=d D x(H).
H=1 mod G
But since x is primitive, the right hand side of (*) must be 0. O

COROLLARY 1.6. Let x be a primitive multiplicative character and A a

primitive additive character modulo F of degree f. Then

(1.7) X(N) = T(Xq»}c)‘N) Z X(M))\(—MN) — T(X? )‘);—f(X7 )‘N) ]
M mod F

Proof. Note that 7(x,A) = 7(X,A). The result follows from Lemma 1.4
and Theorem 1.5. O
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For the later use we need to compute the following sums associated to
the primitive additive character A modulo F'. Let r be a nonnegative integer
and X € A.

ar(\X) = Y  A-NX)

NeAt (F)

Br(\X) = > A-NX)

NeA,(F)

Note that a, (A, X) = 0 for r > f and (,(A\,X) = 0 for » > f — 1, unless
X =0.

LEMMA 1.7. Let the notations be as before and write
ACF(X> = (Do(X),Dl(X), . ,Df_l(X))

Then we have

i) forr < f,
r Tr(Dp(X .
(1.8) ozr()\,X): q"Cp (£ (X0 if Do(X) =---=D,_1(X)=0
0 otherwise.
i) forr < f—1,
(1.9)
(g—1)¢" ifDy(X)=---=D.(X)=0
Br(AM X) =1 —q" it Dy(X)=---=D,_1(X)=0and D.(X) #0
0 otherwise.

Proof. From (1.2) and (1.3), we see that

r—1
(0, X) = IO T | 3 grep oo

i=0 \a;€F,
and the result for « follows. Also,

r—1

Br(N\, X) = (Z Cgr(aDr(X))) H Z Cgr(aiDi(X))

aGIFZ =0 \a;€F,
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Now the result follows from the fact that

Tr(apn(x)) _ J @ i Dn(X)=0
Z Cp - .

0 otherwise.
acF,

g

Now we will prove the following analogue of Polya inequality ([1], Theo-
rem 8.21).

PROPOSITION 1.8. Let x be a primitive multiplicative character modulo
F of degree f. Then

D) [ Cnear XN <2 and [ yepr x(N)] < fo!/?
) | SCnen, XV €2¢7/2 and [ Sye, x(N)] < 2fg7/2.

Proof. Note that, for r > f, ZNeAfr X(N)=0=3 nca, X(IN). We thus
assume that r < f. Let A be a primitive additive character modulo F. By
Theorem 1.5 and Corollary 1.6 we have, for any subset B of A,

1Y =13 Y XMA(-MN))|

NeB NeB M mod F

< > D AM-MN).

M mod FF Ne€B

We have to determine the sum Cg(M) := > g A(—MN) for each M.
First let B = A}. Then [Cy(M)| = |a.(A\,M)| = ¢" if and only if M
satisfies D;(M) = 0 for i = 0,...,r — 1, and 0 otherwise. Thus cp(M) =
(co(M),...,cp—1(M)) satisfies r linearly independent relations, and so there
are ¢/ =" possible M’s with |Cy+ (M)| = ¢". Hence we get the result in this
case. Similarly, by Lemma 1.7, |Cy (M)| = (¢ — 1)q" for ¢ ="' possible
M’s, and |Cy, (M)| = ¢" for qffr% possible M’s and 0 otherwise. Hence

a*] Y x(N)| <2(g—1)¢’ Tt < 2¢/,
NeA,

and we get the result in this case too. The other cases follows from these

by summing over r. O



764 Sunghan Bae and Pyung-Lyun Kang

2. Application to Dirichlet L-series

In this section we consider the Dirichlet L-series

L(S7X) = Z X](V]TZ’)’

NeA+

where |N| = gde& N,

Thus for primitive A, we have, using Lemma 1.2,

Hev= 3 x4 Y g

A€A(F) N=A, monic

- Y 4 Y qlf 3 A((A—N>X>]§|S

A€A(F) N monic XeA(F)

—5 X% apax ¥ A

A€A(F) XeA(F) NeA+
7(x, A _ AM—=NX)
ST s e Y M
XEA(F) Nea+
Since Y yeatr AMVB) =0 for B# 0 mod F and r > f, we have
T A - AM—NX
02 en= T8N S sy ALY

q/ [N®
XEeA(F) Neat,

Now let A be the primitive additive character given in Example 1.2. In
this case it is easy to see that D;(X) =0 fori =0,...,r — 1 is equivalent to
the condition that c¢y_1(X) =--- =cf_,(X) = 0. Then D,(X) = ¢y, (X)
in this case. Therefore, by Lemma 1.7,

rLr(cp—r(X .
0y (0 X) = g I i deg X < f — 1,
0 otherwise.

Write (X)) for the leading coefficient of X. Then, for X € A(F),
5 A(=NX)
NeA+(F) [Nl

=14+ ql—s RS q(f—degX—Z)(l—s) + CZT(E(X))q(f—degX—l)(l—s)'

Therefore we get the following theorem, which is analogous to [5], Theorem
2.1.
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THEOREM 2.1. Let x be a multiplicative character with conductor F' of
degree f. Let A be the additive character modulo F' defined by \; = 0 for
0<i< f—1and \s_1 =1. Then we have

(A

(2.3) Lisy) = T8 S 3(x)z(x.9),
T xenm
where
Z(X,s)
(2.4)

=1+ ql—s I q(f—degX—Q)(l—s) + CZT(Z(X))q(f—degX—l)(l—s)'

Now we will derive the functional equation for L-functions. Suppose that
X is a nontrivial character of conductor F of degree f. Since }ycp+ X(IV) =
0 for r > f, we have
(25)  Lissx)= Y, x(XOIX|™*= Y x(X)g =X,

XeA(F)+ XeA(F)*

By Theorem 2.1, we see that
(2.6)
L(l - S?Y)
— T(Y? )\> E X(X) ((1 + qs NI q(f—degX—2)8 + q(f—degX—l)ngT(Z(X)))

_ T(Y? )\> q(ffdengl)s —1 (f—deg X—1)s ~Tr(£(X))

We say that a multiplicative character x is even if x(a) = 1 for any

a € Fy. Otherwise, x is said to be odd. Note that x is odd if and only if

> acw X(a) = 0. Assume first that x is even. Then (2.6) becomes, since
q

T
ZaGIFq CP re) = 0?

L(]' - S)Y)
_ T(Ya )‘) q(f—degX—l)s —1 (f—deg X—1)s
== > x(X) ((q D1 q
XEA(F)+
_ T(y’ >‘) (f=1)s q— 1 o —sdeg X
== i > x(X)q
XeA(F)t

T(X:\) N Ak )

5,%)-
qf ¢ —1 ()



766 Sunghan Bae and Pyung-Lyun Kang

If we take
1

A(S7X) = 1 _ q_s

L(s,x),
we have the following functional equation (cf; [2], Proposition 3.3)

. T 7’)\ (f*Q)S
A= 5,%) = “‘q}?lA(s,x»

Now assume that x is odd. Then

— _ T A “1)s, —
L(l—S,X): ( ) Z X(X)q(f 1)sq sdegXC;“r(Z(X))

f
XeA(F)
v (f-1)s
_ T(Xa/\)jc] Z X(X)qfsdegX Z X(a) Z“r(a)
q XeA(F)+ a€ly
_ T(y, A)TI(X7 Cp)q(fil)s L(S X)

qf

where 71(x,(p) = EaeIF; x(a) gr(a). We summarize these results in the

following Theorem

THEOREM 2.2. Let x be a Dirichlet character of conductor F degree f.
Let A be the additive character modulo F defined by A; =0 for 0 < i < f—1
and Ay = 1.

i) If x is even, then

70X, A _1sq—¢°
2.7) L(1—s5) = 0N 00 = 4y

qf ¢ —1
or, equivalently

- T Y’ A q(f_2)5
(2.8) Al —s,X) = (q;_lA(s, X)

ii) If x is odd, then

(%, A)71 (X ) s
i

(2.9) L(1-s,%) = L(s, x)
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3. Large sieve inequalities
For each F € A;{ we let AT to be the primitive additive character modulo
F' defined by )\f =0for0<i<d-—1and )‘?—1 = 1. Let A¥ be the associ-

ated matrix. We are going to derive analogues of large sieve inequalities.

LEMMA 3.1. Let F,G € A}L. Suppose that n > f, A € A(F), B € A(G),
not both 0, and the pairs (F,A) # (G,B). Write DY = cp(A)AY and
D$ = cq(B)AC. Then

> M(AN)AG(BN)
NeAf

F i\t G £yt
_ ) (IrPaer(M =D5ec (DN o1 ify = f and DE = DS
0 otherwise

Proof. Write x; = cp(T%) and y; = cg(T?). Then, for n > f, writing
N=T"+a, T" '+ - +aqg,

> M(AN)AG(BN)

NeAf
— ET(Dixn—DgYn)( Z Cgr(an—l(Dixn—l_Dgyn—l))) .
an—1€Fg
Tr(as(DEx;—D§ Tr((DE—D$)cr (M
( Z Cp (af(Daxy BYf)))( Z C;D (D4 Jer( )))’
ay€ly MeAy_ 1

since cp(M) = cq(M) for deg M < f. Now it is not hard to see that

3 (TrDE-Der (M) _ { ¢/ if D§ = Dg

Méng 0 otherwise.

It is clear that xy # y unless F' = (G, and

Z Cgr(af(Dixf*Dg.Yf)) —0

)

ay€ly
if DI = DS and x; # y;. Now the result follows since (F, A) # (G, B). O

We first prove the following analogue of additive large sieve inequality
([4] Theorem 7.11).



768 Sunghan Bae and Pyung-Lyun Kang

THEOREM 3.2. Let wy be a complex number for each N € A of degree

n. Then we have

(3.1) Yo > D wnATAN)P < (¢ + ¢ )lw])?,

Feaf A mod *F Neaf

where ||w|?* = >N lwy|?.

Proof. Let
C:={(F,A):FeA}, Ac A(F), Ais prime to F}.
From the Duality Principle([4], p170) it suffices to show that

S Y wraA AN < (g7 + )12,

Neaf (FLA)eC

where ||z]|? = > (F.A)eC |2(F,4)|*. The inner sum is equal to

_ A(AN)
(F,A)eC (G,B)eC

A (AN)

2 _

=[P+ > HPAEGB) 3G(BN)
(F,A)£(G,B)

Thus

S apaA(AN)P

Nea) (FA)eC
M(AN)
_ 2 =
=¢"Iz1°+>. Y. zEaZes Y X¢(BN)’
(F,A)#(G,B) NeAf
For n > f the result follows from Lemma 3.1 since we clearly have ¢" <
q" +¢*/. Now assume that n < f. Let D(F, A, G, B) = (DY — D§)*, where

(ag,a1,...,a5-1)" = (ag,a1,...,a,—1). Then it is easy to see that

N

Z MN(AN) { ¢yq"  for some integer a if D(F,A,G,B) =0
M¢(BN) o otherwise.

NeAt
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Then
_ A (AN)
‘ Z Z Z(F:A)Z(G:B) Z )\G(BN) |

(F,A)#(G,B) NeAt

<q"y > |2(r,4)Z(c,B)|

(F,A)#(G,B),D(F,A,G,B)=0
1
<q"y > 5(’Z(F,A)’2 + lza,m) ).
(F,A)#(G,B),D(F,A,G,B)=0
For a given (F, A) and G, there exist at most ¢/ =™ such B € A(G) making
D(F,A,G,B) = 0. Hence the result follows in this case too. O

Now we are going to prove the following analogue of multiplicative large

sieve inequality ([4] Theorem 7.13).
THEOREM 3.3. With the same notations as in Theorem 3.2, we have
f
q n
w2 wnx(NP <@+l
FeA} x mod *F  Nepf

where > | q
modulo F.

. Imeans summing over primitive multiplicative characters

Proof. Before starting the proof we introduce some notations. For an

additive character v modulo @,

cq,N):= > %(BN).

B mod *Q
For a positive integer n and A € A,

Sn(A,¢) = > wyp(AN).
NeA)
Suppose that x is induced by a primitive character xg modulo S with F' =
RS and (R,S) = 1. Then
> X(AA(AN)

A mod F

= Y > X(BS+CR)A((BS+ CR)N)

B mod *RC mod *S

= > Y xs(CRAG((BN)AR(CN)

B mod *RC mod *S
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=xs(BR) > AE(BN) > xs(C)AR(CN)

B mod *R C mod *S
= xs(R)cr(Ag, N)X(N)7(xs, ) by Lemma 1.3.

Thus
_ Y e mod  X(A M(AN
ST wnk(Mer(EN) = 3wy gfx%>
NeAt NeAt Xs>
XS(R) F
= 2 X(A)S, (A7),
s, 2
Then

S 2
XY grg XY e

F€A+ RS=F x mod *S NeAf

(R,S)=1
R,S monic
\SI o 1
FeA} x mod F A mod F \T(XS, R !

- Z ¢ ) Z | Z x(A)S, (A, \F)]? by Theorem 1.5

x mod F A mod F

= Z Z ] Z wy A (AN)|? by the orthogonality of characters
FeA} A mod *F Neaf

< (¢" + ¢*)|jw]? by Theorem 3.2.

Hence we get the result by ignoring all terms with R # 1. g
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