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GAUSS SUMS ON Fq[T ]

Sunghan Bae* and Pyung-Lyun Kang**

Abstract. We study Gauss sums on Fq [T ] and get some functional equa-
tions for L−functions.

0. Introduction

Gauss sum on Fq[T ], which is called polynomial Gauss sum, was first

studied by Hayes [3] and he proved an analogue of Davenport-Hasse The-

orem about Gauss sums on finite fields. In this note we study polynomial

Gauss sums by studying additive characters. Polynomial Gauss sums are

just the usual Gauss sums for finite fields if the modulus of the character

is irreducible. It is not only a generalization of Gauss sums on finite fields,

but can also be thought as an analogue of classical Gauss sums on Z.

In the first section we associate to each additive character λ a matrix

Λ which enables us to do some linear algebra. Our first result is to deter-

mine the absolute values of Gauss sums (Theorem 1.5). We then prove an

analogue of Polya inequality for character sums by using Gauss sums and

additive character sums.

In the second section, we fix a specific additive character λ and express

Dirichlet L-function on Fq[T ] in a simple and explicit way (Theorem 2.1)

with the help of the associated matrix Λ and Gauss sum. We use this

expression to get functional equations for L-functions (Theorem 2.2). The

more general form of functional equations for even characters was known

before ([2]), but our method is very elementary and also covers the case of

odd characters.

In the third section we use Gauss sums and the methods in the previous

sections to deduce certain analogues of large sieve inequalities.
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Notations

p : an odd prime number, q : a power of p.

Fq : the finite field with q elements containing a subfield Fp ' Z/pZ.

A := Fq[T ], A+ := {M ∈ A : monic}.
For an integer r ≥ 0,

Ar := {M ∈ A : deg M = r}, A+
r = Ar ∩ A+,

A≤r := {M ∈ A : deg M ≤ r}, A+
≤r = A≤r ∩ A+,

A<r := {M ∈ A : deg M < r}, A+
<r = A<r ∩ A+.

For F ∈ A+
f ,

A(F ) := {M ∈ A : deg M < deg F}, A+(F ) := A(F ) ∩ A+.

For M ∈ A,

MF := the polynomial of degree < deg F , which is congruent to M modulo

F ,

cF,i(M) := the coefficient of T i in MF ,

cF (M) := (cF,0(M), cF,1(M), . . . , cF,f−1(M)).

ζp : a fixed primitive p-th root of unity in C.

Tr = TrFq/Fp
: Fq → Fp the trace map.

1. Basic properties of polynomial Gauss sums

For a multiplicative character χ and an additive character λ modulo F

of degree f , define Gauss sum τ(χ, λ) by

(1.1) τ(χ, λ) :=
∑

M mod F

χ(M)λ(M) =
∑

M∈A(F )

χ(M)λ(M).

Note that when F is irreducible, then our τ(χ, λ) is just the usual Gauss

sum on the finite field Fpdeg F . Hence we may view our Gauss sum as a

generalization of classical Gauss sum for finite field.

We need to investigate the properties of additive characters. Note that

an additive character λ modulo F is completely determined by the additive

characters λ(i) : Fq → C∗ for i = 0, · · · , f − 1, f = deg F , where

λ(i)(α) = λ(αT i).
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Since the bilinear form < α, β >= ζ
Tr(αβ)
p is nondegenerate, each additive

character λ(i) is determined by λi ∈ Fq such that

λ(i)(α) = ζTr(αλi)
p .

Thus we say that an additive character modulo F is determined by (λ0, . . . ,

λf−1) ∈ Ff
q if

λ(
f−1∑

i=0

αiT
i) =

f−1∏

i=0

ζTr(αiλi)
p .

For an additive character λ and A ∈ A, λA is an additive character defined

by λA(M) = λ(AM). We say that an additive character λ modulo F is said

to be primitive if the Fp-bilinear form <,> defined by < A, B >:= λ(AB) is

nondegenerate. It is clear from the definition that if λ is primitive, then any

additive character modulo F is of the form λA for some A ∈ A, and λA is

primitive if and only if g.c.d.(A,F ) = 1. We get easily, for g.c.d.(A, F ) = 1,

(1.2) τ(χ, λA) = χ(A)τ(χ, λ).

where χ(A) = χ(A), the conjugate of χ(A) in C. In fact, this will be

generalized in Lemma 1.4 for all A ∈ A.

We are going to associate an f × f matrix Λ to each additive character

λ modulo F . Write

F = T f − bf−1T
f−1 − · · · − b1T − b0.

Write cF,j(M) by cj(M) to simplify notations. For i ≥ 0, write

T f+i
F ≡

f−1∑

k=0

εi,kT k mod F.

Then we have the following recursive formula

εi+1,j = εi,j−1 + bjεi,f−1,

where εi,j = 0 for j < 0, ε0,j = 0 for j < f − 1, ε0,f−1 = 1 and ε1,j = bj .

Define λi,j for 0 ≤ i, j ≤ f − 1 by the following:

λi,j = λi+j if 0 ≤ j < f − i
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λi,f−i+k =
f−1∑

j=0

εk,jλj for 0 ≤ k < i.

Let Λ be the f × f matrix with entries λi,j . Then we can easily see that

(1.3) λ(AX) = ζ
Tr(

∑f−1
k=0 ck(AX)λk)

p = ζTr(cF (A)ΛcF (X)t)
p .

Thus we have the following lemma. Note that Λ is symmetric, since λ(AX) =

λ(XA). In fact, λi,j = λk,` whenever i + j = k + `.

Lemma 1.1. An additive character λ is primitive if and only if the asso-

ciated matrix Λ is nonsingular.

Example 1.2. Let λ be the additive character determined by (0, . . . , 0, 1).

Then the associated matrix Λ is given by

Λ =




0 0 . . . 0 1
0 0 . . . 1 ε0,d−1

0 0 . . . ε0,d−1 ε1,d−1

...
...

. . .
...

...
1 ε0,d−1 . . . εd−3,d−1 εd−2,d−1




.

Therefore Λ is nonsingular and so λ is primitive.

Lemma 1.3. Let λ be an additive character modulo F of degree f and

Λ its associated matrix. Then

(1.4)
∑

A mod F

λ(AX) =
{

qf if Λxt = 0
0 otherwise

In particular, if λ is primitive, then

(1.4’)
∑

A mod F

λ(AX) =
{

qf if X = 0
0 otherwise.

As in [6], Lemma 4.7, we have the following lemma.

Lemma 1.4. Let χ be a primitive multiplicative character and λ an ad-

ditive character modulo F of degree f . Then we have, for N ∈ A,

(1.5) χ(N)τ(χ, λ) =
∑

M mod F

χ(M)λ(MN) = τ(χ, λN )

and

(1.6) λ(A) =
1

φ(F )

∑

χ mod F

χ(A)τ(χ, λ).

The main theorem of this section is the following.
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Theorem 1.5. Let χ be a primitive multiplicative character and λ an

additive character modulo F of degree f . Then

(1.7) |τ(χ, λ)| =
{

q
f
2 if λ is primitive

0 if λ is not primitive.

Proof. By Lemma 1.4 above, we have

|τ(χ, λ)|2 = τ(χ, λ)τ(χ, λ)

= τ(χ, λ)
∑

N mod F

χ(N)λ(−N)

=
∑

N mod F

∑

M mod F

χ(M)λ(M)χ(N)λ(−N)

=
∑

N mod F

∑

M mod F

χ(M)λ(N(M − 1))

=
∑

M mod F

χ(M)
∑

N mod F

λ(N(M − 1)).

When λ is primitive, the result follows at once from (1.4’). Suppose now

that λ is not primitive. Let G(6≡ 0 mod F ) be a polynomial of minimal

degree with ΛcF (G)t = 0. By the minimality, we see that G | F and any B

with ΛcF (B)t = 0 is divisible by G. Then, by (1.4),

(*) |τ(χ, λ)|2 = qf
∑

H≡1 mod G

χ(H).

But since χ is primitive, the right hand side of (*) must be 0. ¤

Corollary 1.6. Let χ be a primitive multiplicative character and λ a

primitive additive character modulo F of degree f . Then

(1.7) χ(N) =
τ(χ, λN )

qf

∑

M mod F

χ(M)λ(−MN) =
τ(χ, λ)τ(χ, λN )

qf
.

Proof. Note that τ(χ, λ) = τ(χ, λ). The result follows from Lemma 1.4

and Theorem 1.5. ¤
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For the later use we need to compute the following sums associated to

the primitive additive character λ modulo F . Let r be a nonnegative integer

and X ∈ A.

αr(λ,X) :=
∑

N∈A+
r (F )

λ(−NX)

βr(λ,X) :=
∑

N∈Ar(F )

λ(−NX)

Note that αr(λ,X) = 0 for r ≥ f and βr(λ,X) = 0 for r ≥ f − 1, unless

X = 0.

Lemma 1.7. Let the notations be as before and write

ΛcF (X) = (D0(X), D1(X), . . . , Df−1(X)).

Then we have

i) for r < f ,

(1.8) αr(λ,X) =

{
qrζ

Tr(Dr(X))
p if D0(X) = · · · = Dr−1(X) = 0

0 otherwise.

ii) for r < f − 1,

(1.9)

βr(λ, X) =





(q − 1)qr if D0(X) = · · · = Dr(X) = 0
−qr if D0(X) = · · · = Dr−1(X) = 0 and Dr(X) 6= 0
0 otherwise.

Proof. From (1.2) and (1.3), we see that

αr(λ,X) = ζTr(Dr(X))
p

r−1∏

i=0


 ∑

ai∈Fq

ζTr(aiDi(X))
p




and the result for α follows. Also,

βr(λ,X) = (
∑

a∈F∗q
ζTr(aDr(X))
p )

r−1∏

i=0


 ∑

ai∈Fq

ζTr(aiDi(X))
p



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Now the result follows from the fact that

∑

a∈Fq

ζTr(aDr(X))
p =

{
q if Dr(X) = 0
0 otherwise.

¤

Now we will prove the following analogue of Polya inequality ([1], Theo-

rem 8.21).

Proposition 1.8. Let χ be a primitive multiplicative character modulo

F of degree f . Then

i) |∑N∈A+
r

χ(N)| ≤ qf/2 and |∑N∈A+
≤r

χ(N)| ≤ fqf/2

ii) |∑N∈Ar
χ(N)| ≤ 2qf/2 and |∑N∈A≤r

χ(N)| ≤ 2fqf/2.

Proof. Note that, for r ≥ f ,
∑

N∈A+
r

χ(N) = 0 =
∑

N∈Ar
χ(N). We thus

assume that r < f . Let λ be a primitive additive character modulo F . By

Theorem 1.5 and Corollary 1.6 we have, for any subset B of A,

q
f
2 |

∑

N∈B
χ(N)| = |

∑

N∈B

∑

M mod F

χ(M)λ(−MN)|

≤
∑

M mod F

|
∑

N∈B
λ(−MN)|.

We have to determine the sum CB(M) :=
∑

N∈B λ(−MN) for each M .

First let B = A+
r . Then |CB(M)| = |αr(λ,M)| = qr if and only if M

satisfies Di(M) = 0 for i = 0, . . . , r − 1, and 0 otherwise. Thus cF (M) =

(c0(M), . . . , cf−1(M)) satisfies r linearly independent relations, and so there

are qf−r possible M ’s with |CA+
r
(M)| = qr. Hence we get the result in this

case. Similarly, by Lemma 1.7, |CAr (M)| = (q − 1)qr for qf−r−1 possible

M ’s, and |CAr (M)| = qr for qf−r q−1
q possible M ’s and 0 otherwise. Hence

q
f
2 |

∑

N∈Ar

χ(N)| ≤ 2(q − 1)qf−1 < 2qf ,

and we get the result in this case too. The other cases follows from these

by summing over r. ¤
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2. Application to Dirichlet L-series

In this section we consider the Dirichlet L-series

L(s, χ) :=
∑

N∈A+

χ(N)
|N |s ,

where |N | = qdeg N .

Thus for primitive λ, we have, using Lemma 1.2,

(2.1)

L(s, χ) =
∑

A∈A(F )

χ(A)
∑

N≡A, monic

1
|N |s

=
∑

A∈A(F )

χ(A)
∑

N monic

1
qf

∑

X∈A(F )

λ((A−N)X)
1
|N |s

=
1
qf

∑

A∈A(F )

∑

X∈A(F )

χ(A)λ(AX)
∑

N∈A+

λ(−NX)
|N |s

=
τ(χ, λ)

qf

∑

X∈A(F )

χ(X)
∑

N∈A+

λ(−NX)
|N |s .

Since
∑

N∈A+
r

λ(NB) = 0 for B 6≡ 0 mod F and r ≥ f , we have

(2.2) L(s, χ) =
τ(χ, λ)

qf

∑

X∈A(F )

χ(X)
∑

N∈A+
<f

λ(−NX)
|N |s .

Now let λ be the primitive additive character given in Example 1.2. In

this case it is easy to see that Di(X) = 0 for i = 0, . . . , r− 1 is equivalent to

the condition that cf−1(X) = · · · = cf−r(X) = 0. Then Dr(X) = cf−r(X)

in this case. Therefore, by Lemma 1.7,

αr(λ,X) =

{
qrζ

Tr(cf−r(X))
p if deg X < f − r,

0 otherwise.

Write `(X) for the leading coefficient of X. Then, for X ∈ A(F ),
∑

N∈A+(F )

λ(−NX)
|N |s

= 1 + q1−s + · · ·+ q(f−deg X−2)(1−s) + ζTr(`(X))
p q(f−deg X−1)(1−s).

Therefore we get the following theorem, which is analogous to [5], Theorem

2.1.
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Theorem 2.1. Let χ be a multiplicative character with conductor F of

degree f . Let λ be the additive character modulo F defined by λi = 0 for

0 ≤ i < f − 1 and λf−1 = 1. Then we have

(2.3) L(s, χ) =
τ(χ, λ)

qf

∑

X∈A(F )

χ(X)Z(X, s),

where

(2.4)
Z(X, s)

= 1 + q1−s + · · ·+ q(f−deg X−2)(1−s) + ζTr(`(X))
p q(f−deg X−1)(1−s).

Now we will derive the functional equation for L-functions. Suppose that

χ is a nontrivial character of conductor F of degree f . Since
∑

N∈A+
r

χ(N) =

0 for r ≥ f , we have

(2.5) L(s, χ) =
∑

X∈A(F )+

χ(X)|X|−s =
∑

X∈A(F )+

χ(X)q−s deg X .

By Theorem 2.1, we see that

(2.6)
L(1− s, χ)

=
τ(χ, λ)

qf

∑

X∈A(F )

χ(X)
(
(1 + qs + · · ·+ q(f−deg X−2)s + q(f−deg X−1)sζTr(`(X))

p

)

=
τ(χ, λ)

qf

∑

X∈A(F )

χ(X)
(

q(f−deg X−1)s − 1
qs − 1

+ q(f−deg X−1)sζTr(`(X))
p

)
.

We say that a multiplicative character χ is even if χ(a) = 1 for any

a ∈ F∗q . Otherwise, χ is said to be odd. Note that χ is odd if and only if∑
a∈F∗q χ(a) = 0. Assume first that χ is even. Then (2.6) becomes, since

∑
a∈Fq

ζ
Tr(a)
p = 0,

L(1− s, χ)

=
τ(χ, λ)

qf

∑

X∈A(F )+

χ(X)
(

(q − 1)
q(f−deg X−1)s − 1

qs − 1
− q(f−deg X−1)s

)

=
τ(χ, λ)

qf
q(f−1)s

(
q − 1
qs − 1

− 1
) ∑

X∈A(F )+

χ(X)q−s deg X

=
τ(χ, λ)

qf
q(f−1)s q − qs

qs − 1
L(s, χ).
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If we take

Λ(s, χ) :=
1

1− q−s
L(s, χ),

we have the following functional equation (cf; [2], Proposition 3.3)

Λ(1− s, χ) =
τ(χ, λ)q(f−2)s

qf−1
Λ(s, χ).

Now assume that χ is odd. Then

L(1− s, χ) =
τ(χ, λ)

qf

∑

X∈A(F )

χ(X)q(f−1)sq−s deg XζTr(`(X))
p

=
τ(χ, λ)q(f−1)s

qf

∑

X∈A(F )+

χ(X)q−s deg X
∑

a∈F∗p
χ(a)ζTr(a)

p

=
τ(χ, λ)τ1(χ, ζp)q(f−1)s

qf
L(s, χ),

where τ1(χ, ζp) =
∑

a∈F∗q χ(a)ζTr(a)
p . We summarize these results in the

following Theorem

Theorem 2.2. Let χ be a Dirichlet character of conductor F degree f .

Let λ be the additive character modulo F defined by λi = 0 for 0 ≤ i < f−1

and λf−1 = 1.

i) If χ is even, then

(2.7) L(1− s, χ) =
τ(χ, λ)

qf
q(f−1)s q − qs

qs − 1
L(s, χ)

or, equivalently

(2.8) Λ(1− s, χ) =
τ(χ, λ)q(f−2)s

qf−1
Λ(s, χ)

ii) If χ is odd, then

(2.9) L(1− s, χ) =
τ(χ, λ)τ1(χ, ζp)q(f−1)s

qf
L(s, χ)
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3. Large sieve inequalities

For each F ∈ A+
f we let λF to be the primitive additive character modulo

F defined by λF
i = 0 for 0 ≤ i < d− 1 and λF

f−1 = 1. Let ΛF be the associ-

ated matrix. We are going to derive analogues of large sieve inequalities.

Lemma 3.1. Let F, G ∈ A+
f . Suppose that n ≥ f , A ∈ A(F ), B ∈ A(G),

not both 0, and the pairs (F, A) 6= (G,B). Write DF
A = cF (A)ΛF and

DG
B = cG(B)ΛG. Then

∑

N∈A+
n

λF (AN)λG(BN)

=

{
ζ

Tr(DF
AcF (T f )t−DG

BcG(T f )t)
p qf if n = f and DF

A = DG
B

0 otherwise

Proof. Write xi = cF (T i) and yi = cG(T i). Then, for n ≥ f , writing

N = Tn + an−1T
n−1 + · · ·+ a0,

∑

N∈A+
n

λF (AN)λG(BN)

= ζ
Tr(DF

Axn−DG
Byn)

p (
∑

an−1∈Fq

ζ
Tr(an−1(D

F
Axn−1−DG

Byn−1))
p ) · · ·

· (
∑

af∈Fq

ζ
Tr(af (DF

Axf−DG
Byf ))

p )(
∑

M∈Af−1

ζ
Tr((DF

A−DG
B)cF (M))

p ),

since cF (M) = cG(M) for deg M < f . Now it is not hard to see that

∑

M∈Af−1

ζ
Tr((DF

A−DG
B)cF (M))

p =
{

qf if DF
A = DG

B

0 otherwise.

It is clear that xf 6= yf unless F = G, and
∑

af∈Fq

ζ
Tr(af (DF

Axf−DG
Byf ))

p = 0,

if DF
A = DG

B and xf 6= yf . Now the result follows since (F,A) 6= (G,B). ¤

We first prove the following analogue of additive large sieve inequality

([4] Theorem 7.11).
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Theorem 3.2. Let wN be a complex number for each N ∈ A of degree

n. Then we have

(3.1)
∑

F∈A+
f

∑

A mod ∗F

|
∑

N∈A+
n

wNλF (AN)|2 ≤ (qn + q2f )‖w‖2,

where ‖w‖2 =
∑

N |wN |2.

Proof. Let

C := {(F, A) : F ∈ A+
f , A ∈ A(F ), A is prime to F}.

From the Duality Principle([4], p170) it suffices to show that

∑

N∈A+
n

|
∑

(F,A)∈C
z(F,A)λ

F (AN)|2 ≤ (qn + q2f )‖z‖2,

where ‖z‖2 =
∑

(F,A)∈C |z(F,A)|2. The inner sum is equal to

∑

(F,A)∈C

∑

(G,B)∈C
z(F,A)z(G,B)

λF (AN)
λG(BN)

= ‖z‖2 +
∑ ∑

(F,A)6=(G,B)

z(F,A)z(G,B)
λF (AN)
λG(BN)

.

Thus ∑

N∈A+
n

|
∑

(F,A)∈C
z(F,A)λ

F (AN)|2

= qn‖z‖2 +
∑ ∑

(F,A)6=(G,B)

z(F,A)z(G,B)

∑

N∈A+
n

λF (AN)
λG(BN)

.

For n > f the result follows from Lemma 3.1 since we clearly have qn <

qn + q2f . Now assume that n ≤ f . Let D(F, A,G, B) = (DF
A −DG

B)∗, where

(a0, a1, . . . , af−1)∗ = (a0, a1, . . . , an−1). Then it is easy to see that

∑

N∈A+
n

λF (AN)
λG(BN)

=
{

ζa
p qn for some integer a if D(F, A, G,B) = 0

0 otherwise.
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Then

|
∑ ∑

(F,A)6=(G,B)

z(F,A)z(G,B)

∑

N∈A+
n

λF (AN)
λG(BN)

|

≤ qn
∑ ∑

(F,A)6=(G,B),D(F,A,G,B)=0

|z(F,A)z(G,B)|

≤ qn
∑ ∑

(F,A)6=(G,B),D(F,A,G,B)=0

1
2
(|z(F,A)|2 + |z(G,B)|2).

For a given (F,A) and G, there exist at most qf−n such B ∈ A(G) making

D(F,A, G, B) = 0. Hence the result follows in this case too. ¤

Now we are going to prove the following analogue of multiplicative large

sieve inequality ([4] Theorem 7.13).

Theorem 3.3. With the same notations as in Theorem 3.2, we have

∑

F∈A+
f

qf

φ(F )

∑

χ mod ∗F

|
∑

N∈A+
n

wNχ(N)|2 ≤ (qf + qn)qf‖w‖2,

where
∑

χ mod ∗F means summing over primitive multiplicative characters

modulo F .

Proof. Before starting the proof we introduce some notations. For an

additive character ψ modulo Q,

cQ(ψ,N) :=
∑

B mod ∗Q

ψ(BN).

For a positive integer n and A ∈ A,

Sn(A,ψ) :=
∑

N∈A+
n

wNψ(AN).

Suppose that χ is induced by a primitive character χS modulo S with F =

RS and (R, S) = 1. Then
∑

A mod F

χ(A)λF (AN)

=
∑

B mod ∗R

∑

C mod ∗S

χ(BS + CR)λF ((BS + CR)N)

=
∑

B mod ∗R

∑

C mod ∗S

χS(CR)λF
S ((BN)λF

R(CN)
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= χS(R)
∑

B mod ∗R

λF
S (BN)

∑

C mod ∗S

χS(C)λF
R(CN)

= χS(R)cR(λF
S , N)χ(N)τ(χS , λF

R) by Lemma 1.3.

Thus

∑

N∈A+
n

wNχ(N)cR(λF
S , N) =

∑

N∈A+
n

wN

∑
a mod F χ(A)λF (AN)

χS(R)τ(χS , λF
R)

=
χS(R)

τ(χS , λF
R)

∑

A mod F

χ(A)Sn(A, λF ).

Then

∑

F∈A+
f

∑

RS=F
(R,S)=1

R,S monic

|S|
φ(RS)

∑

χ mod ∗S

|
∑

N∈A+
n

wNχ(N)cR(λF
S , N)|2

≤
∑

F∈A+
f

|S|
φ(F )

∑

χ mod F

|
∑

A mod F

χ(A)Sn(A, λF )|2 1
|τ(χS , λF

R)|2

=
∑

F∈A+
f

1
φ(F )

∑

χ mod F

|
∑

A mod F

χ(A)Sn(A, λF )|2 by Theorem 1.5

=
∑

F∈A+
f

∑

A mod ∗F

|
∑

N∈A+
n

wNλF (AN)|2 by the orthogonality of characters

≤ (qn + q2f )‖w‖2 by Theorem 3.2.

Hence we get the result by ignoring all terms with R 6= 1. ¤
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