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ABSTRACT. By developing and using certain operators like those
initiated by Burchnall-Chaundy, the authors aim at investigating
several decomposition formulas associated with the Kampé de Fériet
function F;g’g’ [,y]. For this purpose, many operator identities in-
volving inverse pairs of symbolic operators are constructed. By
employing their decomposition formulas, they also present a new
group of integral representations of Eulerian type for the Kampé de
Fériet function F20::03;;03 [x,y], some of which include several hyperge-
ometric functions such as 2 Fy, 3F%, an Appell function F3, and the
Kampé de Fériet functions F200303 and F100213 .

1. Introduction and preliminaries

A great interest in the theory of multiple hypergeometric functions
(that is, hypergeometric functions of several variables) is motivated es-
sentially by the fact that the solutions of many applied problems in-
volving (for example) partial differential equations are obtainable with
the help of such hypergeometric functions (see, for example, [13], [14],
and [17]). In fact, the energy absorbed by some nonferromagnetic con-
ductor sphere included in an internal magnetic field was shown to be
calculated with the help of such functions [12]. Multiple hypergeomet-
ric functions are used in physical applications as well (cf. [5] and [16]).
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Especially, many problems in gas dynamics lead to solution of degen-
erate second-order partial differential equations which are then solvable
in terms of hypergeometric functions of several variables. Among exam-
ples, we can cite the problem of adiabatic flat-parallel gas flow without
whirlwind, the flow problem of supersonic current from vessel with flat
walls, and a number of other problems connected with gas flow (see [7]).
It is noted that Riemann’s functions and the fundamental solutions of
the degenerate second-order partial differential equations are express-
ible by means of multiple hypergeometric functions [8]. In investigation
of the boundary-value problems for these partial differential equations,
we need decompositions for hypergeometric functions of several vari-
ables in terms of simpler hypergeometric functions of (for example) the
Gauss and Appell types. Burchnall and Chaundy [2, 3], and Chaundy
[4] systematically presented a number of expansion and decomposition
formulas for some double hypergeometric functions in series of simpler
hypergeometric functions. Their method is based upon the following
inverse pairs of symbolic operators:
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Indeed, as already observed by Srivastava and Karlsson [17], the afore-
mentioned method of Burchnall and Chaundy (cf. [2, 3], see also [4])
was subsequently applied mutatis mutandis by Pandey [10] and Srivas-
tava [15] in order to derive the corresponding expansion and decompo-

sition formulas for the triple hypergeometric functions F (3), Fg, Fg,
Fur, Fn, Fp, Fr, Hya, He respectively (see, for definitions, [17, 19, 20]),
and by Singhal and Bhati [13] for deriving analogous multiple-series ex-
pansions associated with several multivariable hypergeometric functions.
Subsequently, by making use of the Laplace and inverse Laplace trans-
form techniques in conjunction with the principle of multidimensional
mathematical induction, Srivastava established several general families
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of expansion and decomposition formulas for Kampé de Fériet’s double
hypergeometric function [1, 17]:

pgk | (ap) : (bg);(ck);
Fl:mm |: (al) : (ﬁm) ) ('7n)? wY

where, for convergence,

D p+g<li+m+lorp+k<li+n+1
|z] < oo and |y| < oo;

(I) p+g=l+m+lorp+k=I1l+n+1

|7+ ylrt < 1, if p>1,
max {|z|, |y|} <1, if p<I.

Some other closely related results involving Kampé de Fériet’s double
hypergeometric function can also be found in the works by Ragab [12]
and Verma [20]. Here, by developing and using certain operators like
those initiated by Burchnall-Chaundy, the authors aim at investigating
several decomposition formulas associated with the Kampé de Fériet
function Fz();g;g [,y]. For this purpose, many operator identities involv-
ing inverse pairs of symbolic operators are constructed. By employing
their decomposition formulas, they also present a new group of inte-
gral representations of Eulerian type for the Kampé de Fériet function
FQO(-‘;’(‘? [x,y], some of which include several hypergeometric functions such
as oI, 3F, an Appell function F3, and the Kampé de Fériet functions

0:3;3 0:2;3
F500 and Fro7.

2. A set of operator identities

By applying the pairs of symbolic operators in (1.1) to (1.3), we
find the following set of operator identities involving Kampé de Fériet’s
double hypergeometric functions FZ% [z 4] (cf. [1, p. 150, Eq. (29)]

l:m;n
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and [18, Section 1.3]):
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0:3:3 —;  b1,ba,b3; b1, b2, bs3;
F200 [d17d2; = - @
= A (b1) A (b2) A (b3) A (d1) A (d2) (2.9)
3:0,0 | b1,0b2,b3; - = .
‘Fo:2;2[ —; di,dg; dy,do; x,y},
0:3;3 —;  b1,b2,b3; by, b2, bs3;
F200 |:d17d2§ - = x’y]
3:00 | b1,b2,03; —; —;
:A(bl)A(bQ)A(bS)A(dQ)Flzl;l di; do; do; Y|
(2.10)
0:3:3 —;  b1,ba,b3; by, b2, bs3;
Fa0d [ di, d; = = x’y] (2.11)
_ A(b )A(b )A(b )F320;0 b17b27b3; - 3 T .
DEWRT00 | dydy; - - Y]

In view of the known Mellin-Barnes contour integral representations for
the Kampé de Fériet’s double hypergeometric function F} Tgﬁ [z,9], it
is not difficult to give alternative proofs of the operator identities (2.1)
to (2.11) above by using the Mellin and the inverse Mellin transforma-
tions [1, 8]. The details involved in these alternative derivations of the
operator identities (2.1) to (2.11) are being omitted here. It should be
noted that Mellin-Barnes integrals have their early history bound up in
the study of hypergeometric functions of the late nineteenth and early
twentieth centuries. It seems good to introduce a rather recent com-
prehensive book [11] to describe the theory of these integrals and to
illustrate their power and usefulness in asymptotic analysis.

3. Decomposition formulas for Kampé de Fériet function
0:3;3
F5000 [, y]

Making use of the principle of superposition of operators, in particu-
lar, the operator identities (2.1) to (2.11), we derive the following seven
decomposition formulas for the Kampé de Fériet functionFQOZZ(ig’ [z, y]:
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0:3;3 —;  bi,ba,b3;  b1,b2,b3;
Fap0 { di,dz; - - oY
i+j+k+1
_ i (DT ®0); (00454 2ma2 02)ig; (02)i i kgor (88)ig ok (08)igjnga (d2)a
- 2
i k=0 ()i 2 2hszr (d2 + 1 — 1), (d2)2i+j+k+l] ik
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[3:0:0 bi +i+2j+2k,ba+i+j+2kbs+i+5+k —  —; .
:050 di+2i4+2j+2k,do + 2 + 25+ 2k  — — DY
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dy + 20+ 2j + 2k, dy + 20+ 2j + 2k;x + ) .
(3.7)

Our operational derivations of the decomposition formulas (3.1) to (3.7)
would indeed run parallel to those presented in the earlier works [1, 17],
which we have already cited in the preceding sections. In addition to the
various operator expressions and operator identities listed in Sections 1
and 2, we also make use of the following operator identities [9]:

dn

0+ a), {f ()} = fl_“@ {em @)},

((5 = f;é; aeC;neNy:=NU{0}; N:= {1,2,3,...}>
and
) o
(=60, 06 ) = (-8 4 (@), (3= €55 n e )

for every analytic function f (§).

4. Integral representations for the Kampé de Fériet FQO(;D’S' [z, y]
Each of the following integral representations of Eulerian type for the

Kampé de Fériet hypergeometric function Fgof(ig’ [, y] holds true:
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033 —; by,ba,b3; c1,c2,c3; 2y
200 1 dy, do; = =

T (b)
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_F<b1>r(b—bl>/o STa-9 oy
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2:0;0 z,y

dy, d; =3 -

I (d1) T (d2)
F(b (Cl)F(CQ)F(dl —b1 —Cl)r(dz—bQ—CQ)

1
1 (4.2)
/ / tbl ltb2 1tcl 1tcz 1(1 tl)dlfblfclfl
0

(1 d2 bo—co—1 (1 o tg)chfclfl (1 o t4)d270271
. [1 — .Cl:tltg (1 — t3) (1 — t4)]_b3 (1 — t3t4y)_c3 dtldtgdt3dt4
(%(bl) > 0; %(CZ) > 0; %(dz) > §R(bz + Ci) >0;1=1, 2);

0:3:3 =5 b1,b2,b3; c1,c2,c3; .
2:0;0 di,do; — — Y
_ ['(d1)T (do)
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(R(d1) > R(b1) > 0);
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)

F0:33 —; b1,b2,b3; c1,c2,c3; .y
2001 dy, dy; ; ;o

I (dy) T (da)
F(bl)r(bg ( )F(CQ)F(dl—bl_Cl)F(dQ—bQ—CQ)

1 1
/ / iy lyer=lyea=1 (1 _ g yhi—bimei=l
0 0

(1 —tg) BT (L — )BT (1 — )
1= atity (1= t3) (1 — )] 7% (1 — tatay) ™

t1tatsty (1 — t3) (1 - t4) Ty
oI ( b3, c3; do;
211 < 3,C3; A2 [1—atits (1 —t3) (1 —t4)] (1 — tatay)

) dtidtadtsdty

(4.5)
(R(b;) > 0; R(c;) > 0; R(d;) > R(b;i +¢;) >0; i =1, 2);

0353 —; b1,b2,b3; c1,c0,c3; vy
20:0 1 dy, dy; -3 -

7 )

[ (d1)T (d2)
[ (b2) ' (dy — b1) T (d2 — b2)

/ / fbl 1 bg 1 £)d1,b1,1 (1 _ n)d2fb2*1 (1 _ xgn)*b
3 Fy (c1,c2,¢35d1 — bi,do — basy (1 =€) (1 —n)) dédn

(4.6)
(R(di) > R(bi) > 0; i =1, 2);
0:3;3 ) blab27b3; C1,C2, C3;
Fano [ b1 + c1,da; - — Y
bl +Cl / S ) Fy (bo, c2, b3, ¢35 do; €,y (1 — €)) dE
(4.7)

(R(b1) > 0; R(e1) > 0).

Proof. Each of the integral representations (4.1) to (4.7) can be proved
mainly by expressing the series definition of the involved special func-
tion in each integrand and changing the order of the integral sign and
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the summation, and finally using the following well-known relationship
between the Beta function B(«, ) and the Gamma function I':

/ Ll il (R(a) > 0 R(F) > 0),
0

B(a, B) = 4.8
Tatp) (o, B€ C\Zy),
where C and Z;, denote the set of complex numbers and the set of
nonpositive integers, respectively. [
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