
JOURNAL OF THE
CHUNGCHEONG MATHEMATICAL SOCIETY
Volume 23, No. 4, December 2010

A GENERALIZED SINGULAR FUNCTION

In-Soo Baek*

Abstract. We study a singular function which we call a general
ized cylinder convex(concave) function induced from different gen
eralized dyadic expansion systems on the unit interval. We show 
that the generalized cylinder convex(concave)function is a singular 
function and the length of its graph is 2. Using a local dimen
sion set in the unit interval, we give some characterization of the 
distribution set using its derivative, which leads to that this sin
gular function is nowhere differentiable in the sense of topological 
magnitude.

1. Introduction

P. Billingsley([2]) makes us to arrive at an idea to generalize his sin
gular function from a mono base to a multiple base. In mono base case, 
he proved that the so-called Takdcs function is a singular function using 
that the function is increasing and has non-negative finite derivatives 
almost everywhere and the positive finite derivative cannot happen. We 
will use his idea to prove our new definition of a generalized singular 
function induced from a convex(concave) measure on the unit interval 
having a generalized dyadic expansion with a multiple base. We also 
study a local dimension on the unit interval having a generalized dyadic 
expansion with a multiple base. We apply the results regarding dimen
sions of distribution sets of unit interval having a generalized dyadic 
expansion with a multiple base to finding the derivatives of our gener
alized singular function induced from a convex(concave) measure.
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2. Preliminaries

Let N be the set of natural numbers. We define Fz (cf. [1]) the 
unit interval [0,1] having a generalized dyadic expansion with a base 
Z = {ci1::；in} where ij 2 {0,1} with j 2 N and 0 < %,...褊 < 1. We 
note that %,...,危1 = 1 — %顼..,扁,0 where ij 2 {0,1}. Let Io = [0, C0) and 
I1 = [co, 1]. Io = I00 U I01 with I00 = [0, C0C00) and I01 = [C0C00, C0). 
I1 = I10 U I11 with I10 = [C0,C0 + C1C10) and I11 = [c。+ C1C10,1] with 
Ci1;...;in;i = 1 — Cii,...,in,0. Continuing these processes, we obtain the 
fundamental intervals 套位…认 where ij 2 {0,1} and 1 < j < k for 
k 2 N.

If x 2 Fz = [0,1], then there is a unique code a 2 {0,1}N such that T1=1 시k = {x} (Here 이k = 愼 … ik where a = i\i，2 … ikik+1 … ). 
We call a code a 2 {0,1}N whereh Ia\k = {x} a generalized dyadic 
expansion with a base {Ci1;...;in } of x and identify x with the code a. We 
sometimes write [a]f^i^ in g for the generalized dyadic expansion with a 
base {Ci1;...;in } of x to avoid some confusion. We adopt the terminating 
expansion in the sense that [0,1] is a proper subset of {0,1}N. We note 
that F1 is the unit interval [0,1] having the dyadic expansion(cf. [3]).

If x 2 Fz = [0,1] and x 2 IT where r 2 {0,1}k, a cylinder Ck(x)
denotes the fundamental interval It and \Ck(x)| denotes the diameter of 
Ck(x) for each k = 0,1, 2,....

We define a base transformed identical code function f : Fx ! Fy 
such that f ([a]x) = [a]y. More precisely, f carries x(= [a]x 2 [0,1]) 
which has the generalized dyadic expansion a with a base X = {xi1;...;in } 
to y(= [a]Y 2 [0,1]) which has the same code a as its generalized dyadic 
expansion with a base Y = {yi1;...;in}. Then we easily see that it is a 
continuous strictly increasing function from [0, 1] onto [0, 1].

3. Main results

Lemma 3.1. Assume that

lim sup …褊'0 < 1
nn xii,...,in,0

and
liminf yi1,…"1 > 1
n!1 xi1,...,in,1

for each i1,..., in,... 2 {0,1}N. Then
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0 < lnmif£《1,...,盘0 • limsup责机,…鬲談 < 1.

Similarly
0 < limmf工、...,膈,1 < limsup需&,...,扁,1 < 1.

Proof. Assume that limsup^^o，皿'…'"。< 1. Then there exists real 
i1 '•••'in '。

numbers B and C such that
limsup 钢1'…‘膈< B < 1 <C < liminf 线1,…"1.

n—i xi1,...,in,0 n!1 xi1,...,in,1

Then there exists a positive integer N such that
勺认’…子扁,0 < B < 1 < C < yi1；...；in；1
xi1；：：：；in,0 xi1,：：：;in,1

for all n > N. Suppose that lim infn—i 亀牝，…,"：,。=0. Then a = 
i1,..., in,... such that lim„—i x、.*,0 = 0. Then lim„—i 히：,...,:;T = 
1, which is a contradiction. limsupn—i 亀牝,…,"：,。< 1 follows from the 
same arguments. Clearly

0 < lmmf需&,...,扁,0 < limsup需&,...褊,0 < 1

implies 0 < liminfn x«，…，扁,1 • limsup^—i £《1,...,扁,1 < 1. □

Theorem 3.2. Let f : Fx ! Fy be a base transformed identical 
code function such that f ([a]x) = [b]y where Fx is the unit interval 
[0,1] having a generalized dyadic expansion with a base X = {xi1,：：：,in } 
and Fy is the unit interval [0,1] having a generalized dyadic expansion 
with a base Y = fyiL.iL}. Assume that for each ii,..., in,... 2 {0,1}N, 
死1'…祈'0 < 1 with limsupn—8 히"'…'허"。< 1 and liminf^—g 히'1'…'허" > xi1；...；in；0 E!1 Xii '...'in'0 n!1 xi1 '...'in'1

1. Then f 0(x) = 0 almost everywhere.

Proof. We note that f(x) is a strictly increasing function on [0,1] 
with f(0) = 0 and f(1) = 1. We clearly see that 히'1 ‘…‘in」 > 1 from

八丿 八丿 ) Xi1'...'in'1X：1'"："。< 1. Assume that 0 < f 0(x) < 1. Then clearly we see that
i1 '•••'in '。

0 < lim f 의삐)1 = f(x) < 1. 
n* |Cn(x)| J ' 丿

Let x = [이x = Xii,..；in,：：. Then f (x) = [o]y = 9让,..,膈,., Further we
see that |*+i(x)| = Xi1；：：：；in；0\cn(x)\ or |*+i(x)| = Xi1；：：：；in；1\cn(x)\ with 
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If(Cn+1(湖1 = yi1,...,in,0If(Cn(x))I or If(Cn+1(湖1 =侬1,...為,11 f(cn(x))| 
respectively. From the above fact that 0 < f'(x) < 1, we see that

|If(Cn+1(湖1— . I T0

I If (Cn(x))I i1，...，in，in+11

as n — 1. Clearly we see that for each n 2 N,
If (cn+1(x))I =

I f (cn(x)) I =如m1

which gives
I iyii；,,,;in ；in + 1 Xi1;---；in；in+1 I ! 0

as n — 1. By the above Lemma, we easily see that
I yi1 ;...；in ；in + 1 q
&,...

as n — 1. Since limsup”—。。*1;…;"0 < 1 and liminf^^o ??”"" > 1, 
Xi1，-■■/^n ；0 xii ,...,in ；1

there exist real numbers B and C such that
limsup 钢1'…‘膈< B < 1 <C < liminf 线1'…"1. 
nn xii；…,in；0 n!1 xii；…,in；1

Then there exists a positive integer N such that
yi1,…；in ,0 < B < 1 < C < yi1,...;in；1
xii；...；in,0 xi1,...,in,1

for all n > N, which gives a contradiction. It follows from the fact that 
every increasing function f (x) has a derivatives f '(x) for almost every 
X 2 [0, 1]([5]). 口

We obtain the Riez-Ndgy singular function([4]) or the Takdcs function 
from the above singular function when we put X = {xi1,...,in} = {1} 
and Y = {yi1，…,in } = {p} where p < 2. We call such an above singular 
function a generalized cylinder convex function induced from different 
generalized dyadic expansion systems on the unit interval. The above 
Theorem holds even though we do not assume that 十顷5° < 1.

■xi1，...；tn,0

Corollary 3.3. Let f : Fx — Fy be a base transformed identical 
code function such that f ([o]x) = [a]y where Fx is the unit interval 
[0,1] having a generalized dyadic expansion with a base X = {xi1,...,in } 
and Fy is the unit interval [0,1] having a generalized dyadic expansion 
with a base Y = {勺认，…,in }. Assume that for each i1,…，i”,... 2 {0,1}N, 
limsupn—8 辭1'…"；< 1 and liminfn—8 p""： > 1. Then f'(x) = 0 

n 1 xi1'...'in'0 xi1'...;^n'1

almost everywhere. Further the length of its graph is 2.
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Proof. It follows the same arguments of the proof of the above The
orem. The length of its graph is 2 since f (^) is a strictly increasing 
singular function on [0,1] with f(0) = 0 and f(1) = 1 from 31.11 of 
[2]. 口

We call such an above singular function a generalized local convex 
function induced from di®erent generalized dyadic expansion systems 
on the unit interval. We can also consider a generalized local concave 
function induced from di®erent generalized dyadic expansion systems on 
the unit interval and similar results with respect to a generalized local 
concave function in a parallel way. The following example is a peculiar 
example to be considered.

Example 3.4. Let x，— i 0 = ! + 一丄7 and 饥〕 i 0 = ! + 七彳 for ，1 ； ••: ； in ；0 2 n+3 1 ； ••-； bn ；0 2 2n+4

any integer integer n > 0. Then x^；... ；膈,i = 1 一 느3 and 恥，… ；膈,i = 
1 — 2n+4 for any integer integer n > 0. Then the contraction ratios 
satisfy the condition 土1…;" < 1 < 十1;""1. We clearly see that 

xi1，...;tn；0 xii，...;tn；1

lim yi1，…,in , in + 1 = lim xi1,..., in , in+1 = X - nn nn 2
Remark 3.5. If f satisfies local convex or local concave condition 

for each point in the unit interval, then it is a singular function, so the 
length of its graph is 2.
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