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DIFFEOMORPHISMS WITH THE STABLY
ASYMPTOTIC AVERAGE SHADOWING PROPERTY

Manseob Lee*

Abstract. Let p be a hyperbolic periodic point of f, and let Λ(p)
be a closed set which containing p. In this paper, we show that C1-
generically, if f |Λ(p) has the C1-stably asymptotic average shadow-
ing property, then it admits a dominated splitting.

1. Introduction

The notion of the pseudo-orbits very often appears in several branches
of the modern theory of dynamical system. For instance, the pseudo-
orbit property(shadowing property) usually plays an important role in
stability theory. The asymptotic average shadowing property is a special
version of the shadowing property. In this paper, we study dominated
splitting structure and the asymptotic average shadowing property. In
differentiable dynamical system, dominated splitting and partially hy-
perbolic are investigated by many authors ([2, 3, 5, 7, 8]). Let M be a
closed n-dimensional smooth manifold, and let Diff(M) be the space of
diffeomorphisms of M endowed with the C1-topology. Denote by d the
distance on M induced from a Riemannian metric ‖ · ‖ on the tangent
bundle TM. Let f ∈ Diff(M). For δ > 0, a sequence {xi}∞i=−∞ in M
is called a δ-average pseudo orbit of f ∈ Diff(M) if there is a natural
number N = N(δ) > 0 such that for all n ≥ N , and k ∈ Z,

1
n

n∑

i=1

d(f(xi+k), xi+k+1) < δ.

It is easy to see that a δ-pseudo orbit is always a δ-average pseudo
orbit. We say that f has the average-shadowing property or is average
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shadowable if for every ε > 0, there is a δ > 0 such that every δ-average
pseudo orbit {xi}∞i=−∞ is ε-shadowed in average by some z ∈ M , that
is,

lim sup
n→∞

1
n

n∑

i=1

d(f i(z), xi) < ε.

A sequence {xi}∞i=−∞ in M is called an asymptotic average pseudo orbit
of f if for k ∈ Z,

lim
n→∞

1
n

n−1∑

i=0

d(f(xk+i), xk+i+1) = 0.

A sequence {xi}i∈Z is said to be asymptotically shadowed in average by
the point z in M if

lim
n→∞

1
n

n−1∑

i=0

d(f i(z), xi) = 0.

Let Λ be a closed f -invariant set. We say that f|Λ has the asymptotic
average shadowing property if for every ε > 0, there is δ > 0 such that
for any asymptotic average pseudo orbit {xi}i∈Z ⊂ Λ of f, ε-shadowed
in asymptotic average by some z ∈ M.

Let f ∈ Diff(M), and let Λ be a closed f -invariant set. A closed
f -invariant set Λ ⊂ M is said to be chain transitive if for any points
x, y ∈ Λ and δ > 0, there exists a δ-pseudo orbit {xi}bδ

i=aδ
⊂ Λ(aδ < bδ)

of f such that xaδ
= x and xbδ

= y. We say that a chain transitive set
is nontrivial if it is not a single periodic orbit.

For any points x, y ∈ M, we write x Ã y if for any δ > 0, there is
a δ-pseudo orbit {xi}bδ

i=aδ
(aδ < bδ) of f such that xaδ

= x and xbδ
= y.

The set {x ∈ M : x Ã x} is called the chain recurrent set of f and is
denoted by R(f). If we denote the set of periodic points of f by P (f)
then P (f) ⊂ Ω(f) ⊂ R(f). Here Ω(f) is non-wandering set of f.

Define a relation ∼ on R(f) by x ∼ y if x Ã y and y Ã x. It is clear
that ∼ is an equivalent relation on R(f). The equivalence classes are
called the chain components of f. Clearly every chain components is a
maximal chain transitive set.

We say that Λ is locally maximal if there is a compact neighborhood
U of Λ such that

⋂
n∈N fn(U) = Λ.

Let Λ ⊂ M be a f -invariant closed set. We say that Λ admits a
dominated splitting if the tangent bundle TΛM has a continuous Df -
invariant splitting E⊕F and there exist constants C > 0 and 0 < λ < 1
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such that
‖Dxfn|E(x)‖ · ‖Dxf−n|F (fn(x))‖ ≤ Cλn

for all x ∈ Λ and n ≥ 0.
We introduce a notion of C1-stably the asymptotic average shadowing

property on a closed set.

Definition 1.1. Let Λ be a closed set of f ∈ Diff(M). We say that
f has the C1-stably asymptotic average shadowing property on Λ, (or Λ
is C1-stably asymptotic average shadowabe of f) if there are a compact
neighborhood U of f and a C1-neighborhood U(f) of f such that

• Λ(U) =
⋂

n∈Z fn(U),
• for any g ∈ U(f), g|Λg(U) has the asymptotic average shadowing

property, where Λg(U) =
⋂

n∈Z gn(U) is the continuation of Λ.

The following remark gives an equivalent definition of dominated
splitting.

Remark 1.2. Let Λ be a closed f -invariant set. A splitting TΛM =
E ⊕ F is called a l-dominated splitting for a positive integer l if E and
F are Df -invariant and

‖Df l|E(x)‖/m(Df l|F (x)) ≤
1
2
,

for all x ∈ Λ, where m(A) = inf{‖Av‖ : ‖v‖ = 1} denotes the minimum
norm of a linear map A.

Let p be a hyperbolic periodic point of f, and let Λ(p) be a closed
f -invariant set which contains p.

Theorem 1.3. Let Λ(p) be as the above. C1-generically, if f|Λ(p)
has

the C1-stably asymptotic average shadowing property then it admits a
dominated splitting.

2. Proof of Theorem 1.3.

Let M be as before, and let f ∈ Diff(M). In this section, we will
use the notation of pre-sink (resp. pre-source). A periodic point p is
called a pre-sink (resp. pre-source) if Dfπ(p)(p) has an multiplicity one
eigenvalue equal to +1 or −1 and the other eigenvalues has norm less
than 1(resp. bigger than 1)

In this section, we show that if a closed set which contains hyperbolic
periodic point is asymptotic average shadowable then C1-generically, it
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is the homoclinic class. Moreover, we show that it admits a dominated
splitting.

Let M be as before, and let f ∈ Diff(M). It is well known that if p
is a hyperbolic periodic point f with period k then the sets

W s(p) = {x ∈ M : fkn(x) → p as n →∞} and

W u(p) = {x ∈ M : f−kn(x) → p as n →∞}
are C1-injectively immersed submanifolds of M.

A point x ∈ W s(p)tW u(p) is called a homoclinic point of f . The clo-
sure of the homoclinic points of f associated to p is called the homoclinic
class of f and it is denoted by Hf (p).

Lemma 2.1. [4, 6] Let Λ be a closed set of f ∈ Diff(M). If f|Λ has
the asymptotic average shadowing property then Λ is a chain transitive
set.

Let p be a hyperbolic periodic point of f, and let Cf (p) denote the
chain component of f containing p.

Lemma 2.2. Let Λ(p) be a closed set of f with containing p. If f|Λ(p)

has the asymptotic average shadowing property then Λ(p) is Cf (p).

Proof. Let p be a hyperbolic periodic point of f, and let Λ(p) be a
closed set which containing p. It is sufficient to prove that x Ã p; i.e.,
for ε > 0, and x ∈ Λ(p) there is a ε-chain of f from x to p (for given
ε > 0, we say that a finite ε-pseudo orbit {xi}n

i=0 of f is a ε-chain from
x0 = x to xn = p.)

For simplicity, assume that p is a fixed point of f . Let l = diam(Λ(p)).
At first, we construct asymptotic average pseudo orbit of f. For any

x ∈ Λ(p),

x0 = x, x1 = x, x2, = x, x3 = p,

x4 = x, x5 = f(x), x6 = p, x7 = p,

x8 = x, x9 = f(x), . . . , x11 = f3(x), x12 = p, x13 = p, . . . , x15 = p,

. . . ,

x2k = x, x2k+1 = f(x), . . . , x2k+1−2 = p, x2k+1−1 = p,

. . .

Then we get an asymptotic average pseudo orbit ξ,

ξ = {x, x, x, p, x, f(x), p, p, x, f(x), f2(x), f3(x), p, p, p, p, x, . . .}.
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Thus for k ∈ Z, 2k ≤ n < 2k+1, and j ∈ Z,

lim
n→∞

1
n

n−1∑

i=0

d(f(xi+j), xi+j+1) <
lk

2k

Hence

lim
n→∞

1
n

n−1∑

i=0

d(f(xi+j), xi+j+1) = 0.

Since f|Λ(p)
has the asymptotic average shadowing property, we can

choose a point z ∈ M such that

lim
n→∞

1
n

n−1∑

i=0

d(f i(z), xi) = 0.

Let ε > 0 be as above. Since f is a continuous, choose a 0 < δ < ε such
that for any x, y ∈ Λ(p), d(f(x), f(y)) < ε whenever d(x, y) < δ. Then
we show that the following: there are infinitely many k ∈ N such that
xnk

∈ {x, f(x), f2(x), . . . , f2k−1(x)} and d(fnk(z), xnk
) < δ. Also, there

are infinitely many j ∈ N such that xnj = p, and d(fnj (z), xnj ) < δ.
To show this, assume that there is a m > 0 such that for all k > m,

we know that d(f i(z), xi) ≥ δ, whenever xi ∈ {x, f(x), · · · , f2k−1(x)}.
From the above facts, we can get the following that

lim inf
n→∞

1
n

n−1∑

i=0

d(f i(z), xi) ≥ δ/2.

This is a contradiction by f has the asymptotic average shadowing prop-
erty on Λ(p). Other cases we do the same. The proof is completed.

Therefore, we know that there are infinitely many k ∈ N such that
xnk

∈ {x, f(x), f2(x), . . . , f2k−1(x)} and d(fnk(z), xnk
) < δ. Also, there

are infinitely many j ∈ N such that xnj = p, and d(fnj (z), xnj ) < δ.
Thus we can choose i1 and i2 > 0 such that ni1 < ni2 and xni1

∈
{x, f(x), f2(x), . . . , f2i1−1

(x)} and d(fni1 (z), xni1
) < δ. Also, xni2

= p,

and d(fni2 (z), p) < δ.
By the above arguments, we can choose k1 > 0 and k2 > 0 such that

xni1
= fk1(x), and xni2

= fk2(x) = p.

We get the ε-chain from x to p; i.e.,

x, f(x), f2(x), . . . , fni1 (x) = xni1
, xni2

= p.

Thus if a closed set Λ(p) which containing a hyperbolic periodic point
p and f|Λ(p)

has the asymptotic average shadowing property then it is
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a chain transitive which containing hyperbolic periodic point p, that is,
x Ã p. Similarly, we show that p Ã x. Thus Λ(p) = Cf (p). Here
Λ(p) is the closed set of f containing p. The proof of Lemma 2.2 is
completed.

Let p be a hyperbolic periodic point of f.

Lemma 2.3. [1] There exists a residual set G ⊂ Diff(M) such that if
f ∈ G, the chain component Cf (p) is the homoclinic class Hf (p).

In [5], the authors proved that the number of sinks and sources of
a C1-stably weakly shadowing diffeomorphism f is uniformly bounded
in a C1-neighborhood of f. Then it is a consequence of the main result
of [2]. Every C1-stably asymptotic average shadowing diffeomorphism
f ∈ Diff(M) has neither pre-sinks nor pre-sources. Therefore, for a C1-
stably asymptotic average shadowing diffeomorphism g(C1-near by f),
we show that the number of sinks and sources is bounded from above in
a C1-neighborhood of g.

Let Λ be a closed f -invariant set, and suppose that f|Λ is C1-stably
asymptotic average shadowing in U, where U is as in the definition of
C1-stably asymptotic average shadowing property.

Lemma 2.4. (Lemma 4.1. [5]) Under the above notation and hy-
pothesis, there are a C1-neighborhood U0(f) of f , K > 0, λ ∈ (0, 1) and
m > 0 such that for any g ∈ U0(f),

k−1∏

i=0

‖Dgim(p)g
m‖ ≤ Kλk

(
resp.

k−1∏

i=0

‖Dg−im(p)g
−m‖ ≤ Kλk

)

for any sink (resp. source) p ∈ Λg(U) ∩ P (g) with π(p) > m, where
k = [π(p)/m].

Lemma 2.5. (Proposition 1. [5]) Under the notation and hypothesis
of Lemma 2.4, let U0(f) be given by Lemma 2.4. Then there exists a
neighborhood V(f) ⊂ U0(f) of f such that the number of sinks and
sources in Λg(U)(g ∈ V(f)) is bounded from above. More precisely, for
any g ∈ V(f),

sup{]sink(P (g) ∩ Λg(U)} < ∞, and

sup{]source(P (g) ∩ Λg(U)} < ∞,

where sink(P (g)∩Λg(U)(resp. source(P (g)∩Λg(U)) is the set of sinks(resp.
sources) of g|Λg(U)

.
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The assertion of Theorem 1.3 is directly obtained by the following
remarkable result proved in [2].

Lemma 2.6. (Theorem 1. [2]) Let f ∈ Diff(M), and let p ∈ P (f) be
a hyperbolic saddle. Then

· either the homoclinic class Hf (p) of p admits a dominated split-
ting,

· or for any neighborhood U of Hf (p), any k ∈ N and any U(f),
there exists g ∈ U(f) such that ]sink(P (g) ∩ Λg(U)) ≥ k or
]source(P (g) ∩ Λg(U)) ≥ k.

End of the proof of Theorem. Let f ∈ G. Suppose f|Λ is C1-stably
asymptotic average shadowing in U. Then by Lemma 2.1 and 2.2, Λ is a
chain transitive set and if Λ having a hyperbolic periodic point p then it
is a chain component, say, Cf (p). Since f ∈ G, Hf (p) = Cf (p). Also, by
the Franks’ Lemma for any g ∈ V(f) ⊂ U(f), g has neither pre-sink nor
pre-source. By Lemma 2.5 and 2.6, Hf (p) admits a dominated splitting.
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